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Abstract

We presenta novel stochasticPetri net formalismwhere
both discreteand continuousphase-type�ring delayscan
appearsimultaneouslyin the samemodel. By capturing
non-Markovian behaviorin discreteor continuoustime, as
appropriate, theformalismaffordshighermodeling�delity.
Alone, discrete or continuousphase-typePetri nets have
simpleunderlyingMarkov chains,but mixingthetwo com-
plicatesmatters. We showthat, in a mixedmodelwhere
discrete-timetransitionsare synchronized,the underlying
processis semi-regenerative and we can employMarkov
renewal theory to formulatestationaryor time-dependent
solutions.Alsonoteworthyarethecomputationaltrade-offs
betweenthe so-calledembeddedand subordinateMarkov
chains, which we employto improve the overall solution
ef�ciency. We presenta preliminary stationary solution
methodthat showspromisein termsof timeandspaceef�-
ciencyanddemonstrateit on an aeronauticaldatalink sys-
temapplication.

1. Intr oduction

We presenta new stochasticPetri net (SPN)extension
wherephase-type�ring delaysin bothdiscreteandcontin-
uoustimecanappearsimultaneouslyin thesamemodel.To
ourknowledge,thisis the�rst timethatphase-typebehavior
in both discrete-andcontinuous-timehasbeencombined,
therebyextendingpreviousworksthatconsideredeachsep-
arately. We presentthis extension,which we call a phased
delayPetri net (PDPN),andsummarizeour proposedanal-
ysis technique,embeddingwith elimination, which allows
a certainlevel of freedomin how we de�ne theembedded
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process.Oursolutionapproach,while relatedto theonein-
troducedby Ajmone MarsanandChiola for deterministic
andstochasticPetrinets(DSPNs)[1], is novel in that it af-
fordscomputationalandmemorytrade-offs betweentheso-
calledembeddedandsubordinateMarkov chainsolutions
so that overall improvementsin solutionef�ciency canbe
realized.Suchtrade-offs have not beenaddressedbeforein
theliterature.A moreformalanddetailedtreatmentof such
trade-offs aswell asthesubtletiesof (age)memorypolicies,
marking dependencies,and the solution algorithmsthem-
selves,canbefoundin [2].

While thePDPNapproachhasthebene�t in �delity that
comesfrom mixing phase-typerandomvariables(r.v.'s) in
bothcontinuousanddiscretetime(denotedhereafterby PH
andDPH, respectively), theexpansionof thestatespacere-
quiredby this approachundoubtedlycompoundsthewell-
known state-spaceexplosionproblem.However, this extra
burdenon memorycanbe alleviatedby utilizing compact
state-spacestorageas presentedin [3] or employing im-
plicit state-spaceexpansionusing Kronecker operatorsas
presentedin [2, 4, 5, 6]. We feel thattheserecentadvance-
mentsin compactor implicit state-spacestoragetechniques
makephase-expansionapproachesworth revisiting.

Section2 presentsthePDPN,its foundationandformal-
ization,alongwith somenotationthatwill behelpfulin later
sections. Section2.3, in particular, brie�y highlightskey
conceptsof Markov renewal theoryusedin theformulation
of the stationarysolutionmethodof Section3. The solu-
tion methodis demonstratedin Section4 on a motivating
application.A summaryis givenin Section5.

2. Model Formalization

2.1.Foundation

ExtendedPetri nets having the most convenient un-
derlying stochasticprocessesinclude thosewith geomet-
rically distributed �ring delays[7], having an underlying



discrete-timeMarkov chain(DTMC), andthosewith expo-
nentiallydistributed�ring delays[8], having anunderlying
continuous-timeMarkov chain(CTMC). TheseMarkovian
SPNshave proven useful in the studyof certaindiscrete-
event systemswith randombehavior. However, with the
applicabilityof thesemodelsto morecomplex andrealistic
systemsin question,more recentextensionshave tried to
incorporatenon-Markovianbehavior.

Much of our research�nds its foundationin the early
work of Molloy [7], Bobbio andCumani[9], andAjmone
Marsanet al. [1, 10]. Molloy introducedexecutionpoli-
cies,thecombinationof deterministicanddiscrete-timeran-
dom behavior, and the expansionof phase-type�ring de-
laysatthestate-spacelevel,whileBobbio,Cumani,Ajmone
Marsan,et al. did thesamefor continuoustime. In this pa-
per, weadoptanenablingmemorypolicy, but ourapproach
allows any of the(age)memorypoliciesdiscussedin [10].
However, unlikecontinuous-timephase-typetransitionsun-
der the “preemptive-resume-same”memorypolicy, we as-
sumethatdiscrete-timephase-typetransitionsneedonly re-
sumethe“work” sincethe lastphaseadvancewhile losing
thework leadingup to thenext phaseadvance.

Recall that phase-typer.v.'s arede�ned as the time-to-
absorptionof Markov chainswith at leastone absorbing
state. An absorbingCTMC or DTMC is usedfor PH or
DPH distributions, respectively. Eachmust also include
a speci�cationof the initial stateprobabilitiesthat the ab-
sorbingMarkov chainassumeswhensampled. Hereafter,
the term samplingwill be synonymouswith the initializa-
tion of oneor morephase-typer.v.'s. We will write t . t0 to
signify that the �ring of t causesthe �ring time of t0 to be
(re)sampled:thiscanhappeneitherbecauset0becomesdis-
abled,or simply becausethe modelerexplicitly statedthis
behavior in thetiming speci�cationof theSPN.

Specialcasesof PH r.v.'s include exponential,Erlang,
hyper-exponential, and hypo-exponential. Special cases
of DPH r.v.'s include geometric,constants,and discrete-
uniform distributions over integer multiple of a common
“basicstep.” Thebasicstepis thetime betweenstatetran-
sitionsin theunderlyingDTMC andwill bedenotedhere-
afteras� . PH or DPH r.v.'s canapproximateany general
r.v. arbitrarily well. Indeed,theuseof phase-type�ring de-
lays hashad successin the pastas a way of broadening
the applicability of SPNmodels. For instance,the Erlang
r.v. canapproximateconstantvariablesby includingenough
stages(phases),sinceits variancediminishesasthenumber
of stagesincreases.Similarly, theDPH geometriccanap-
proximatean exponentialr.v. arbitrarily well as the basic
stepsizediminishestowardzero. However, approximating
generaltiming behavior usingeitherPH or DPH aloneof-
ferslessmodelingconvenienceand,possibly, requiresmore
computationalwork. Suchrestrictionsare fortunatelyun-
necessary, aswewill show.

Particularly relevant to the solution methoddiscussed
later is [1], whereAjmone MarsanandChiola introduced
theDSPNs;this marksthe�rst time deterministicbehavior
was integratedwith continuous-timerandombehavior. In
[7], Molloy showedthatwhentheprobabilitydistributions
of the �ring timesof SPNtransitionsareDPH, an other-
wisenon-Markovianunderlyingprocesscanbetransformed
into ahomogeneousDTMC de�ned overanexpandedstate
space.Molloy alsoshowedhow transitionswith determin-
istic �ring delayscanbe combinedwith geometric�ring-
delaytransitionswith the restrictionthat the deterministic
delaysareall equalto thebasicstepof thegeometricr.v.'s.
Theseideasweregeneralizedby Ciardo [11] while intro-
ducingthediscretedeterministicandstochasticPN formal-
ism that allows �ring delayswith DPH distributions, all
sharingthe samebasicstep,also giving rise to an under-
lying DTMC. As will be shown later, the notion of a ba-
sic stepis fundamentalto our ability to ef�ciently analyze
PDPNmodels.

2.2.The PhasedDelayPetri Net

We assumethestandardde�nition of a Petrinetwith in-
hibitor arcs,and we partition its set of transitionsT into
thesetTC having PH distributions,thesetTD having DPH
distributions,andthe setTZ of immediatetransitions.Al-
thoughtheimmediatetransitionsin TZ arejustspecialcases
of DPH transitions,anda limiting caseof PH transitions,
weconsiderthemseparatelysincethey aregivenhigherpri-
ority in �ring over the timedtransitionsin TC ∪TD, hence
arebesthandledseparatelyduring theanalysis.A general,
“asynchronousPDPN” speci�esanunderlyinggeneralized
semi-Markov process,which meansthattheprocesscanbe
studiedby supplementingstateswith clock readingsthat
recordthetimethateachenabledphase-typetransitionmust
wait beforethenext scheduledphaseadvance.Supplement-
ing thestatesin this way givesriseto a generalstatespace
Markov chain(GSSMC),which enjoys standardsolutions
with either simulationor numericalmeansdependingon
problemsize and complexity. When PH or DPH transi-
tions areusedalone(possiblyin conjunctionwith “imme-
diatetransitions”having zerotime delay),the GSSMCre-
ducesto a DTMC on an expandedstatespace,which en-
codesthe distribution of the remaining�ring times. The
underlyingstochasticprocessis built by determiningthe
spaceof possiblephasecombinations,representedby the
setD, ultimately leadingto phasesthatallow sometransi-
tion to �re. Transition�rings movethenetamongmarkings
thatmake up thereachabilitysetR. Consequently, our ex-
pandedstatespaceis givenby S ⊆ R×D. WhenPH and
DPH transitionsare allowed to coexist, we have a more
complicatedsituation,but onethatcanbegreatlysimpli�ed
if active DPH transitionsaresynchronized.



To explain theideaof synchronizedtransitionsmorefor-
mally, let F(m) denotethe set of transitionsenabledin
markingm, andT � thesetof transitionsequencesobtained
by concatenatingzeroor moretransitionsfromT . Notethat
thesetT � alsoincludesthenull sequence, which is usedto
representstatetransitionsdueonly to phasechangesandnot
actualtransition�rings. Then,therequirementthataPDPN
mustsatisfyto belongto the“synchronousPDPN” classis
that,wheneverthe�ring of aPHtransition(or animmediate
transition�ring after it) enables,disables,or even just re-
samplesa DPH transition,all theenabledDPH transitions
in thenew markingmustalsohave their �ring time resam-
pled.Formally: ∀m ∈ R;∀s ∈ TCT

�
Z suchthat ∃t ∈ TD,

(t 6∈F(m) ∧ m s
−→m0∧ t∈F(m0)) ∨ (t∈F(m) ∧ s . t)

⇒ ∀t0∈ TD ∩ F(m) ∩ F(m0); s . t0: (1)

Restriction(1) ensuresthat we do not have to storeclock
readingswithin the state at all becausethe underlying
stochasticprocessis actually semi-regenerative. That is
to saythe processprobabilisticallyrestartsitself at certain
randomtimes Tn ∈ R

+ given that it re-entersthe same
stateoccupiedat an earlier regenerationtime Tk < Tn

[12]. We let E = {X n : n ∈ N}, a DTMC with state
spaceE , representthe sequenceof statesenteredat con-
secutive regenerationtimes. E is referredhereafterasthe
“embeddedMarkov chain” (EMC). Unlike the simplerre-
generative process,which enjoys the Markov propertyat
certainrandomtimes Tn ∈ R

+ irrespective of E , semi-
regenerative processesenjoy the Markov propertyonly in
a “semi” way dueto thedependenceon E; for this reason,
semi-regenerativeprocessesareageneralizationof regener-
ative processes.Sincewe assumeconditionsthatgive rise
to time-homogeneousmodels,the actualvalueof the time
parametern of the EMC is irrelevant. Therefore,we will
simplyexaminetheregenerationperiod[T0; T1] for all pos-
sibleX 0; X 1 ∈ E .

The reason synchronous PDPNs specify semi-
regenerative processesis this: If only PH transitions
are enabled,the underlying processclearly behaves like
a CTMC while, if only DPH transitionsare enabled,it
behaveslikeaDTMC, andbotharespecialcasesof asemi-
regenerative process.Considerinsteadperiodswhenboth
PH andDPH transitionsareenabled. Becausethe �ring
sequencess ∈ TC(TC ∪TZ) � areexpandedinto exponen-
tial andimmediatestatetransitions,which arememoryless
at all times, we needonly observe the successive times
when DPH transitionsbecomeenabled,�re, or undergo
phasechanges. Events leadingto phasechangesinclude
passageof time, resamplingnew delays, or transition
disabling. Restriction(1) ensuresthat all sucheventsfor
different transitionsin TD are synchronizedand therefore
occurat successive jump timesTn = Tn� 1 + � whenstate
X n is entered,which alsocoincidewith regenerationtimes

for theprocesswhere0 < � ≤ � : � is lessthan� only if all
enabledDPH transitionsbecomedisabledor resamplenew
�ring delays,or it is equalto � otherwise.Thesequenceof
states{X n : n ∈ N} formsanembeddedDTMC with state
spaceE , while thesequence{(X n; Tn) : n ∈ N} formsthe
requisiteMarkov renewal process.It thenfollows that the
underlyingprocessis semi-regenerative [12].

Additional PDPN classescan be realizedwith further
simplifying assumptions. One of practical importance
ariseswhen,∀ m ∈ R: 1) transitionsin thesetF(m) ∩TD

are always synchronized,2) F(m) ∩TD 6= ∅, and 3) no
transitionin thesetF(m) ∩TD canbeforcedto resamplea
new �ring delayby a �ring sequencein s ∈ TCT

�
Z . Wecall

this classan“isochronousPDPN” sincetheseassumptions
causestrict synchronousexecutionthathasthesameclock
periodfor all time, with no “hiatus.” IsochronousPDPNs
have anadvantageover theasynchronousandsynchronous
classesin thateachregenerationperiodis deterministicand
identicalto thebasicclockperiod,� . This is becauseof the
always-present-and-uninterruptableclock progressionpro-
viding a �xed timelineto performtime-dependentanalysis,
which would otherwisebe quite dif�cult. Similar models
have alreadybeeninvestigatedin [13, 14] for specialcases
of DSPNswith periodicsequences,andthe samesolution
methodapplieshere.

2.3.Mark ov RenewalTheory

The problem of studying a semi-regenerative process
canbereducedto studyingits “subordinateprocesses”that
evolve betweenregenerationtimes. The meansto do this
becomesapparentwhenthe problemis formulatedaround
Markov renewal theory, which providesa powerful tool for
decomposingsuchcomplicatedproblemsinto simplerones.
Moreover, thesimplerthesubordinateprocesses,themore
ef�cient theoverall analysis.

For DSPN modelswhereonly one deterministictran-
sition is enabledat a time, the subordinateprocessesare
simple CTMCs, since the �ring delaysof other enabled
transitionsareexponentiallydistributed. For synchronous
andisochronousPDPNs,thesubordinateprocessesarealso
CTMCs,which we simply refer to hereafterassubordinate
Markov chains(SMCs).

With knowledgeaboutthe distribution of the lengthof
the renewal periodconditionedon the initial statei , Fi(� )
= Pr{T1 ≤ � | X 0 = i }, wecanstudythesubordinatepro-
cessthat originatesfrom eachi ∈ E and evolves among
statesk ∈ Si over the interval [T0; T1), ultimately lead-
ing to the next regenerationtime T1 when statej ∈ E
is entered. From such analyses,we can estimatequan-
tities like H ik(� ) = Pr{X (� ) = k; T1 > � | X 0 = i } and
Gij(� ) = Pr{X 1 = j ; T1 ≤ � | X 0 = i }, which character-
ize theSMC andEMC, respectively. Then,thestatetransi-



tion probabilitiesof E aregivenby

� ij = Gij(∞) = lim
θ!1

Gij(� ); i; j ∈ E : (2)

Theexpressionfor theentriesof G is deferredto thenext
section,but with Π = [� ij ], wecancomputethestationary
solutionx = [xi] ∈ R

jE j of E satisfyingxΠ = x subject
to

∑

i xi = 1. Finally, from

hik = E[ sojournin k during[0; T1) | X 0 = i ]

=
∫ 1

0

H ik(� ) d� ; i ∈ E ; k ∈ Si (3)

we convert x into thestationarysolutionπ = [� j ] ∈ R
jS j

of theoriginalprocessX = {X (� ) : � ≥ 0}, ∀j ∈ S:

� j = lim
θ!1

Pr{X (� ) = j } =

∑

i2E
xihij

∑

k2S

∑

i2E
xihik

: (4)

3. Stationary Analysis

Knowing that the underlying process is semi-
regenerative and formulating its solution aroundMarkov
renewal theory meansstudying the evolution of both the
EMC and eachSMC in concertas they interactwith one
another. Becauseof this,asynchronousPDPNenjoysprac-
tical advantages. First, the non-Markovian behavior can
becapturedarbitrarily well while still allowing concurrent
non-memorylesstransitionsin bothcontinuousanddiscrete
time, as long as restriction (1) is satis�ed. Second,the
SMC describingthe evolution startingfrom somei ∈ E
is solved using an appropriately-constructedin�nitesimal
generatorQi at appropriately-chosensolution times � .
Then, H ik(� ) =

[

eQi θ
]

ik
and hik =

∫ T1

0
H ik(� ) d� can

be computedat the sametime using the uniformization
procedure[15], just asin DSPNsolutionmethods[2, 16].
Third, thedistributionfunctionof T1, previously referredto
asF , canbe computedeasilyenoughto afford alternative
approachestowardsobservingandrecordingtheembedded
process,effectively trading-off computationsbetweenthe
EMC andSMC subproblems.This propertyis noteworthy
when consideringthat such computationaltrade-offs can
improve theoverall solutionef�ciency.

Considerasamplepathof asynchronousPDPNprocess.
At timeswhenat leastoneDPH transitionis enabled,we
canenvision the progressionof a clock with period� that
synchronizesall enabledDPH transitions;thephasesof all
suchtransitionsadvanceaftereach“tick” of theclock,cor-
respondingto the basicstepmentionedearlier. The states
occupiedduringperiodswhenonlyDPH transitionsareen-
abled, are themselves embeddedstatesdue to the strong
Markov propertyof aDTMC. DuringperiodswhenonlyPH

transitionsareenabled,thestatesoccupiedcanonceagain
be consideredembeddedstatesdue to the strongMarkov
propertyof aCTMC.PeriodswhenbothDPH andPH tran-
sitionsareenabledseesthe processevolve throughsubor-
dinatestatesbetweenregenerationtimes. Theseobserva-
tions leadto threemodesof analysis,correspondingto the
aforementionedperiodswhencertainphasetransitionsare
enabled.

The most straightforward embeddingoccurswhen the
processis observed at eachclock tick whentransitionsin
TD areenabled,andateachstatetransitionwhennot (when
only transitionsin TC areenabled).This is the sameem-
beddingapproachusedfor DSPNmodelswherethe clock
period is identically the delay of the deterministictransi-
tion enabledat the time. Suchembeddingsarejusti�ed in
the DSPNformalism,but they arenot necessarilythe best
optionwith ourPDPNformalismdueto someuniqueprob-
lemsor, perhaps,opportunities.

First, thenotionof aclock thatpermitsconcurrentDPH
transitionsbut requiresthattheprocessbeobservedateach
tick maymeanthattherewill bemany clock ticks thatonly
convey informationaboutphaseadvancements,not transi-
tion �rings leadingto new markings.Only the latter really
interestus. Another problemis obviously having to deal
with a larger statespacearisingfrom consideringall pos-
sible phasecombinationsthat eventually leadto transition
�rings. Thus,thePDPNformalismmaybene�t from alter-
native embeddingsthat (at leastheuristically)seekto bal-
ancethe effort of studyingmany SMCswith oneEMC: a
trade-off of effort betweenthe two subproblemstowardsa
netsavingsin time andspace.This trade-off is particularly
intriguing if weconsiderthatdifferentSMCscanbesolved
asindependentproblemsrequiringnosynchronization,thus
canbeeasilyspreadacrossmultiple computers.Hencethe
SMCproblemsarenotastimeandspaceconstrainedasthe
EMC problem.Sinceparallelizationof theEMC solutionis
nontrivial, removing theSMC problemsfrom thecomputer
occupiedby the EMC problemat leastmakesmoremem-
ory availablefor theEMC matrix, which is thengenerated
row-by-row elsewhere.

The objective of our approachis to eliminateas many
embeddedstatesaspossiblefromconsiderationby theEMC
problem,resultingin a reducedEMC solutioneffort even
thoughdoingsowill tendto increasetheeffort requiredfor
the SMC problems. Hopefully, we will realizea net sav-
ingsin mostcases,asshown theoreticallyin [2] anddemon-
stratedin thenext sectionwith anapplication.We refer to
this approachas embeddingwith elimination, and, in the
remainderof thissection,wewill summarizethebasiccon-
cept.

In the following, we denotetwo successive EMC states
X 0 and X 1 with the tuples(i; a) and (j ; b), respectively.
The“ i ” or “ j ” partmerelyrecordsthemarkingif only ex-



ponentialtransitionsareenabled;otherwise,it alsorecords
phaseinformation of PH transitionscomprising an ex-
pandedCTMC. Explicit considerationof the continuous
phasespaceof PH transitionsis unnecessarysincesuchin-
formationis capturedin anexpandedCTMC, whichenjoys
theMarkov propertyat all times.So,regardlessof whether
therearePH transitionsor just exponentialtransitions,our
analysisdoesnotchange;thedifferenceliesonly in thesize
of theSMC.Theinformationthatis essentialandexplicit in
theanalysisis the“a” or “b” part,which recordsthephase
informationassociatedwith DPH transitions.

For stateswhere only DPH transitions are enabled,
ratherthanobservingtheprocessaftereverystatetransition,
we caninsteadobserve theDTMC at timeswhenthe�ring
of somes ∈ TD(TD ∪TZ) � resultsin a new markingthat
enablessomet ∈ TC . Likewise, for stateswhereonly PH
transitionsareenabled,ratherthanobservingtheprocessaf-
tereverystatetransition,wecaninsteadobserve theCTMC
at timeswhenthe�ring of somes ∈ TCT

�
Z resultsin anew

markingthatenablessomet ∈ TD. In eithercase,not only
would sucheventscoincidewith perfectlyvalid andconve-
nient regenerationtimes,but would alsobe marked by the
startof adifferentanalysismodementionedabove.

Essentially, this approachde�nesa discriminatingEMC
thatexcludesmoststatesthatenjoy thestrongMarkov prop-
erty after eachjump to anotherstatewhereonly DPH (or
only PH asit may be) areenabled,but includesstatesen-
teredat regenerationtimeswhereDPH transitionsareen-
abledsimultaneouslywith PH transitions. Reducingthe
size (statesand transitions)of the EMC reducesthe per-
iterationcostwhencomputingits stationarysolutionwith
an iterative methodand often improves the convergence
rate—asdemonstratedin [17]—dueto theimprovedeigen-
structurethat often accompaniesa smallermatrix, which
is duein part to tighter (or more)connectionsbetweenthe
remainingstates.This is particularlyimportantbecauseit-
erative solutionmethodsareusedwhenthesematricesare
largeandsparse.

Computingthedistribution of T1 for theembeddingde-
scribed above is reducedto a time-to-absorption(TTA)
problemon a DTMC (or CTMC) wherethestatesenabling
transitionsin TC (or TD), which causesa changein the
analysismode,aremadeabsorbing.Ef�cient numericalal-
gorithmswith guaranteedconvergencefor thecomputation
of � k, theexpectedsojourntime in statek until absorption
startingfrom somestate(i; a) ∈ E , areknown. Further-
more,wecanconvenientlyderivewhatweneedto construct
theEMC from

h(i,a)k = � k (5)

G(i,a)(j,b)(∞) =
∑

k2S ( i;a )

� k� k(j,b); (6)

wherethe switchingfunction � , de�ned directly from the

PDPNspeci�cation,capturesthe transitionfrom statek to
state(j ; b) dueto all possible�ring sequences,andevalu-
atesto eithera probability, whenconsideringDTMCs, or
a rate, whenconsideringCTMCs. This alternative embed-
ding could alsobene�t a DSPNanalysisif markingsexist
whereonly exponentialtransitionsareenabled.We here-
afterrefer to theabsorbingMarkov chain usedin this TTA
analysisas the AMC, as opposedto the SMC discussed
next.

WhenDPH transitionsareenabledsimultaneouslywith
PH transitions,wealsohaveopportunitiesto discovermore
ef�cient embeddingsby consideringall likely �ring se-
quencesof DPH transitionsover a regenerationperiod
spanningmultiple clock ticks. We can condition on the
events{T1 = � } and{X (� ) = k } with

H ik(� ) = Pr{X (� ) = k | X 0 = (i; a) } = [eQi θ]ik

to formulateanequationfor G:

G(i,a)(j,b)(∞) =
∑

k2S i

1
∫

0

H ik(� ) dF(i,a)(� ) � k(j,b) (7)

for k ∈ Si, (i; a), (j ; b) ∈ E .
Fig. 1 portraysthe procedureusedto analyzesuchre-

generationperiods. Notice that the “a” part of the initial
state(i; a) ∈ E is implicit and neednot be included in
the constructionof the statesk ∈ Si in the SMC since
“a” doesnot changebetweenclock ticks unlessall en-
abledDPH transitionsresamplenew �ring delaysor be-
comedisabled. SMC statesthat causesuch“resampling”
and “disabling” eventsare madeabsorbing,so as to cap-
ture the probability of theseeventsover any time period
we choose.To capturethediscreteprobabilitiesassociated
with dF(i,a)(� ), we study Y = {Yn : n ∈ N; Y0 = a},
a separateDTMC de�ned only on the phasespaceof all
t ∈ F(i ) ∩TD, which evolvesfrom phasea. By evolving
Y over time in searchof all likely �ring opportunitiesat
times 0 < � 1 < � 2 < · · · < � m ≤ ∞ with sequences
s ∈ TD(TD ∪TZ) � suchthat theprobabilitymassfunction
f (i,a)(� n) = dF(i,a)(� n) = Pr{T1 = � n | X 0 = (i; a) } > 0
for n = 1; 2; : : : ; m and� k(j,b) > 0 dueto s, wecompute

g(i,a)(j,b) =
∑

k2S i

m
∑

n=1

f (i,a)(� n) H ik(� n) � k(j,b) (8)

wherem = min{` ∈ N : 1 −
∑`

n=1 f (i,a)(� n) ≤ � } for
small� ∈ R

+. Eq.8 is usedto approximateEq.7, since

g(i,a)(j,b) ≤ G(i,a)(j,b)(∞) ≤ g(i,a)(j,b) + �:

At thesametime,wecomputeh(i,a)k usingtheuniformiza-
tion procedureandEq.3.
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Figure 1. A por trayal of Eq. 8.

It shouldbementionedthatwedonotconstructamatrix
of conversionfactors,h = [hik] ∈ R

jE j�jS j , asimplied by
Eq.3. This would bevery memoryinef�cient. Instead,we
take a measure-driven approach,aspresented�rst in [16],
and,for eachmeasure,distill therewardstructure,ρ ∈ R

jS j

into theequivalentrewardstructureρ̂ ∈ R
jE j , de�ned only

on the embeddedstatespace,E . This is accomplishedby
computing�̂ i =

∑

k2S i
hik� k; i ∈ E for eachregeneration

period originating from i ∈ E when hik is computedas
a vector with entriesk ∈ Si, and then discardhik after
computing�̂ i.

The two embedding-with-eliminationproceduresdis-
cussedabove offer many possibilitiesin termsof trading
memoryandcomputationaleffort amongthe EMC, SMC,
andAMC problems.Nevertheless,any suchtrade-offs, no
matterhow varied, ultimately lead to only four outcomes
whenconsideringthatbothmemoryandcomputationtime
mayeitherincreaseor decrease.A decreasein bothmem-
ory andcomputationtimeis clearlyalwayswelcome,justas
an increasein bothshouldbeavoided. However, thereare
caseswherethe memoryrequirementsor the computation
timeof theEMC canbereducedby investingmorecompu-
tationaleffort in theSMC andAMC problems.Of course,
theperformancegain in theEMC solutionmustbegreater
thantheperformancecoststo theSMC andAMC solutions
for there to be a net improvement. In certaincases,the
memoryrequirementsof the EMC problemmay increase
dueto additionalstatetransitionsthatareintroducedwhen
EMC statesare eliminated. This can occur when a state
is eliminatedthatoriginally residedalongpathsconnecting
it to other embeddedstatesthat are preserved. Eliminat-
ing statesin suchcasesshouldbeavoidedif thesolutionis
alreadymemoryconstrained.On the otherhand,if mem-
ory usageis lesscritical thancomputationtime, the above
situationcanactuallyimprove its convergenceratewhenit-

erativemethodsareemployed,dueto theincreasedconnec-
tivity amongstates;the result is a shorteroverall runtime
aslong assuchconvergenceimprovementsmorethanoff-
set the increasein per-iterationcostsdueto the additional
nonzeroentries.In thenext section,wewill observetheper-
formancetrade-offs arisingfrom eitherpreservingor elimi-
natingcertainembeddedstateswith amodelingapplication.

4. Application

We now demonstratetheutility of thePDPNformalism
with an applicationthat helpedmotivate its development.
Theapplicationinvolvesthemodelingof a communication
servicethat supplementsvoice communicationswith digi-
tal datalinks to improve air-traf�c serviceswhile sharing
radio frequencies. Thesedata link systemsare currently
being developedby the internationalcivil aviation com-
munity and will residewithin the AeronauticalTelecom-
municationsNetwork, whichallows interoperabilityamong
ground,aircraft, and air-to-grounddatasubnetworks em-
ploying standardinterfacesand protocols. In reality, the
datalink systemresidesin a larger systemcomposedof a
groundstationandsomenumberof aircraftwithin a region
of airspacecenteredat the groundstation. While this sys-
tempossessesa wide rangeof attributes,we take a narrow
view of thesystemfor thesake of simplicity. Our modelis
composedfrom thevantagepoint(network node)of asingle
aircraft(user)within asinglegroup(of users)sharingasin-
gle communicationmedium(radio channel). We observe
the arrival of (voice or data)messagesinto a queue,and
observe their subsequenttransmissionover a sharedchan-
nel thatemploys two typesof mediaaccesscontrol(MAC):
time division multiple access(TDMA) andfrequency divi-
sionmultipleaccess(FDMA).

Theprimarymodeof operation,aswell asthe focusof
our model, is the TDMA link, which transmitsmessages
within deterministicslotsin discretetime. As portrayedin
Fig. 2, four TDMA time slots—hereafterreferredto sim-
ply as“slots”—constitutea frame,andtwo framesconsti-
tuteoneMAC cycle. A voiceor datamessageis transmit-
ted over sharedslots that areallocatedvia reservation re-
quests. We assumethat eachmessagecanoccupy one to
four slotswithin eachframewith equalprobability. Hence,
up to two messagescanbetransmittedwithin oneMAC cy-
cle. “Idle” slots,which �ll-in the unusedportion of each
frame,areavailablefor transmissionby otheruserssharing
themedium.

In contrastto a TDMA link, a FDMA link provides
seeminglycontinuousaccessin time since it divides fre-
quenciesinstead.That is, messagesaretransmittedin con-
tinuoustime, not in deterministic,discrete-timeslots. This
is considereda secondarymodeof operationin our model,
employedundernoisyandcertainotherconditions.We as-
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Figure 2. TDMA media access cycle.

sumethat thedatalink bandwidthunderFDMA control is
half that underTDMA control, so,on average,only a sin-
gle messagecanbetransmittedwithin a time equivalentto
eightslots.WemodeltheFDMA transmissiondelaywith a
simpleeight-stageErlangdistribution, which providesthe
desiredcontinuous-timerandomnessaccompaniedwith a
smallvariance.We alsoassumethata switchfrom TDMA
to FDMA controlandbackagain occursin intervalsequiv-
alentto � slotsonaveragewith anexponentialdistribution.

Otherassumptionsaboutthesystemareasfollows. Mes-
sagesarriveaccordingto aPoissonprocess,oneeveryseven
slotsonaverage.Thequeuehasa �nite capacityof 32mes-
sages.While in realityarriving messagescanbequeuedac-
cordingto priority, weassumea�rst-come-�rst-servequeu-
ing policy for the sake of simplicity. At the beginning of
eachMAC cycle underTDMA control, our referenceuser
is eithergrantedexclusiveaccessof thetwo associatedmes-
sageframeswith probability � , or is madeto idle until the
next cycle. We donotmodelthereservationof slots,which
is underthecontrolof thegroundstation.Our focusis in-
steadon thesharingof slots,which is a salientfeatureof a
TDMA datalink system,asit canhave a measurablein�u-
enceonmediaaccesscontrol,buffer occupancy, utilization,
and,ultimately, thequalityof service.

Our PDPN model of the data link systemdescribed
above is shown in Fig. 3. The arrival of a message
into the �nite queueis capturedby the �ring of transi-
tion NewMsg—with anexponentiallydistributed�ring de-
lay having a meanof seven slots—andthe subsequentde-
positingof a tokeninto placeQueue—with a tokenlimit of
B = 32dueto theinhibitor arcwith multiplicity B .

During its TDMA mode of operation—whenplace
TDMA hasa tokenandplaceFDMA doesnot—transitions
MACcycle, FrameSize, and Tx1 model the underlyingse-
quenceof deterministic,discrete-timeslotsthatpersistun-
der TDMA control. Each �ring of transition MACcycle
modelsthe accessof a new MAC cycle and the associ-
atedtwo messageframes,representedby thetwo tokensde-
positedinto placeFrames. The enablingof transitionTx1
modelsthestartof a TDMA messagetransmission,andits
�ring delaymodelsthemessagelength.Consequently, tran-
sitionsMACcycle, FrameSize, andTx1 areassignedDPH

MACcycle

Tx2

FrameSize

NewMsg

B

Frames

max(#Frames, 1)

2

Resume

FDMA

Switch

TDMA NewFrame

Tx1

Queue

SkipSend

#TxMsg

TxMsg

Figure 3. A PDPN model of a data link system.

distributions. The basicstep,chosenasunity (� = 1), is
synonymousto the slot width, and also serves as our ba-
sic unit of time. Hence,perour assumptions,we chosethe
�ring-delay distributionsof transitionsFrameSizeandTx1
to be a constantfour and discreteuniform in the interval
[1; 4], respectively. A specialgeometricdistribution is used
for the �ring delay of transitionMACcycleto adequately
capturethe randomaccessof a MAC cycle. Denotedby
geom(� , 8), this distribution causestransitionMACcycleto
delayeightstepsbeforetossinga coin with successproba-
bility � of actually�ring, or, with complementaryprobabil-
ity, repeatingtheprocess.As long astransitionMACcycle
is enabled,andregardlessof whetherit actually�res, a re-
peatingsequenceof eightslotsis generatedfor eachMAC
cycle. Each�ring of transitionFrameSizemarkstheendof
the previous frameandthe beginning of the next. If place
Queueis not emptywhentransitionFrameSizedepositsa
token into placeNewFrame, thentransitionSend�res im-
mediatelyanddepositsatokeninto placeTxMsg, whichen-
ablestransitionTx1andindicatesthestartof aTDMA mes-
sagetransmission.Hence,a messagethat arrives into an
emptyqueueduringa givenframeis transmittedwithin the
following frame. If the requisitemessagearrival doesnot
happenandthequeueis still emptywhentransitionFrame-
Size�res, transitionSkip�res immediatelyinsteadof tran-
sition Send, to discardtheunneededtokenoccupying place
NewFrame.

Finally, theswitchto theFDMA modeof operationfol-
lows the �ring of transitionSwitch, which removesthe to-
kenfrom placeTDMA, all tokensoccupying placeFrames,
andonefrom placeTxMsgif present,anddepositsoneto-
ken into placeFDMA. FDMA messagetransmissionsnow
coincidewith each�ring of transitionTx2, until transition



Resume�res and returnsthe systemto its TDMA mode
of operation. Basedon our assumptions,the �ring delay
of transitionTx2is givenaneight-stageErlangdistribution
with ameandelayof oneslotperstage.The�ring delaysof
transitionsSwitch andResumeareeachgiven exponential
distributionswith mean� .

We have the following transition sets:
TC = {NewMsg; Tx2; Switch; Resume}, TD =
{MACcycle; FrameSize; Tx1}, TZ = {Send; Skip}. By
construction,the transitions in TD are always synchro-
nized when active; the underlying processis, therefore,
semi-regenerative,andoursolutionalgorithmapplies.

Notethattheconcurrentenablingof thenon-memoryless
transitions, MACcycle, FrameSize, and Tx1, is either
not possible or computationallydif�cult in other non-
Markovian SPNswhenthey arenot startedat preciselythe
sametime. The enablingof transitionFrameSizecanco-
incide with the enablingof transitionMACcycle, (a situ-
ation that canbe analyzedwith “cascadedDSPNs” [18]),
but a subsequentenablingof FrameSizeoccursfour time
unitslater, whenMACcycleis still enabled(this is nolonger
“cascaded”behavior but is still solvable by our method).
ThesamecanhappenbetweentransitionsTx1andMACcy-
cle with a non-emptyqueue.Thesynchronizationof DPH
transitionsto an underlyingclock affords ef�cient station-
aryanalysis.

Wechooseto estimatethestationaryexpectednumberof
queuedmessages,theprobabilityof observinga full buffer,
the probability of being in oneof the two modes,andthe
conditionalutilization of eachmode. For the purposeof
demonstratingthe embedding-with-eliminationprocedure,
we conductedtwo casestudies,S1 andS2, bothof which
solved themodeldescribedabove exceptfor the following
differences:in S1, � = 0.67and� = 10,000;in S2, � = 1.0
and � = 100. Thesetwo casestudieswere in turn solved
under four different embeddingstrategies: E0 (preserve
all embeddedstates),E1 (eliminateembeddedstateswhen
only transitionsin TC areenabled),E2 (eliminateembed-
dedstateswhentransitionsin bothTC andTD areenabled),
andE3 (eliminateembeddedstateswheneverpossible).Ta-
ble 1 lists themeasureestimatesfor eachcasestudyusing
oursolutionalgorithmto constructtheEMC.TheEMC was
thensolvedusingtheGauss-Seideliterative methodwith a
stoppingcriterion of 10� 5, an entry-wise,relative differ-
encecomputedbetweentwo consecutive iterationvectors.

Giventhat transitionsSwitch andResumehave identical
distributions,onemayaskwhy theproportionof timespent
in eithermode,asgiven by the respective probabilities,is
not 0.5 in eachcase.Thereasonis that,whenresumingthe
TDMA mode,thereis a delayof at leasteightslotsbefore
transitionMACcycle�res andtheTDMA modeis fully re-
sumed.This is not a modelingartifact, but a re�ection of
the fact that theTDMA modecannotberesumedinstanta-

Table 1. Stationar y measure estimates.
Measures S1 S2

Pr{ using TDMA mode } 0.6016 0.5192
Pr{ using FDMA mode } 0.3983 0.4807
E[ utilization | TDMA mode ] 0.3600 0.4474
E[ utilization | FDMA mode ] 0.9991 0.9552
Pr{ full queue | TDMA mode } 0.0023 0.0045
Pr{ full queue | FDMA mode } 0.1812 0.0122
Pr{ full queue } 0.0736 0.0082
E[ # queued messages ] 14.87 8.720

neously;rather, it entailsaprotocolcommunicationwith the
groundstation,requiringat leastoneMAC cycle if � = 1,
moreif � < 1. Thereis alsoanadditionalfour-slot-frame
delaybeforetransitionFrameSizecan�re andqueuedmes-
sagescanonceagain be transmitted.We alsoassumethat,
until theTDMA modeis fully resumed,a switchbackover
to theFDMA modecannottakeplace;thisis re�ectedby the
cardinalitymax(# Frames; 1), insteadof just# Frames, for
the input arc from placeFramesto transitionSwitch. The
proportionof time spentin eachmodeis, therefore,biased
towardstheTDMA mode,morefor � = 0:67 andlessfor
� = 1:0. Notice,too, thattheconditionalutilization for the
TDMA modeis muchlessthanfor theFDMA mode. The
reasonfor this becomesapparentby noting the probabili-
tiesof observingafull queueconditionedonbeingin either
of thetwo modes.Despitethediscreteslots,especiallythe
idle ones,the TDMA modeis morethancapableof keep-
ing upwith themessagearrivals.Consequently, timeswhen
thequeueis foundempty, andhencethelink is notutilized,
occur more frequentlyduring the TDMA modeof opera-
tion whereasthe link is utilized almostconstantlyduring
the FDMA modeof operation.This propertypersistsinto
theoverall probabilityof observinga full queueandtheex-
pectednumberof queuedmessages,bothof whicharemost
affectedby thechangesassociatedwith thetwo studies.

More interestingthougharethecomputationalresources
neededto solve themodelunderthe four differentembed-
ding strategies. Of particularinterestarethe performance
trade-offs among the EMC, SMC, and AMC problems,
which arepresentedin Tables2 and3. Beforediscussing
thetrade-offs, a few commentsaboutthetablesthemselves
arein order. First, thepreservation strategy, E0, wasused
asour referencepointsothatonly thechangesarerecorded
for E1, E2, andE3 aseitherpercentagesor absolutediffer-
enceswith respectto E0 asappropriate.Second,theoverall
effort to constructthe SMC andAMC matricesis omitted
from thetables,asit is negligible in comparisonto thesolu-
tion effort. Third, theaggregatenumbersof operationsover
all SMCandAMC solutionsaregiven.

Considertheresultsfor casestudyS1 shown in Table2.



Table 2. Resour ce requirements for stud y S1.

Time/Space E0 E1 E2 E3

EMC states 1,712 -13% -39% -53%
EMC non-zeros 49,068 1% -8% -7%
EMC iterations 3,575 -85% 7% -83%
EMC operations 175:4E 6 -85% -1% -84%

SMC solutions 1,437 0% -47% -47%
SMC operations 4:5E 6 0% -12% -12%

AMC solutions 0 51 0 38
AMC operations 0 92:8E 6 0 92:8E 6

Total operations 179:9E 6 -32% -1% -31%

Relative to strategy E0, signi�cant improvementsoccurto
the EMC solutionperformancewhenusing the E1 or E3
eliminationstrategies. The savings in the EMC computa-
tion time is due almostentirely by its fasterconvergence
rate.Whereasthenumberof EMC non-zeroentriesactually
increasewhenusingE1, appreciablespacesavingsareob-
tainedusingE3. Overall, thenetimprovementsarestill no-
tableafterincludingthecostsassociatedwith theAMC so-
lutions.Not surprising,theparameter� = 10,000gave rise
to alargetimeconstantwithin thecontinuous-timebehavior
thatin turncontributedto theslow convergence.Moving the
continuous-timeaspectsout of the EMC problemandinto
theAMC problemwasa goodtradein this casesinceeach
AMC problemis muchsmaller. Hence,a netperformance
improvementwasrealizedbecauseof themuchsmallercost
per iteration. TheE2 embeddingstrategy wassupposedto
improve performanceby reducingthenumberof SMC so-
lutions,SMC operations,theEMC size,andthenumberof
EMC iterations.All occurred,exceptunfortunatelyfor the
latter, which insteadgot worse,and,becauseof this,nearly
all of thecomputationalsavingswascanceledout.

Becauseof thein�nite supportof thegeometricdistribu-
tion usedfor transitionMACcycle, thedistributionof possi-
ble �ring timesmustbetruncatedto only themostprobable
values. (We usedan � = 10� 5 to truncatethe geometric
distribution, asemployed in Eq. 8.) RecallingEq. 8, DPH
distributionswith in�nite supportmay requiremany SMC
solutionsto considerall likely �ring opportunities,the ac-
tualnumberdependingon theDPH distribution.

So unlessthe in�nite-support DPH distributions have
mostof theprobabilitymasscloseto theorigin, theelimina-
tion approachusedin E2 maynot alwaysbecost-effective.
CasestudyS2 offersa chanceto assesstheE2 embedding
strategy on DPH distributionswith a small, �nite support,
sincethe geometricdistribution degeneratesto a constant
when� = 1.

Referringnow to the resultsshown in Table3 for case

Table 3. Resour ce requirements for stud y S2.

Time/Space E0 E1 E2 E3

EMC states 1,392 -16% -44% -61%
EMC non-zeros 39,494 1% -18% -17%
EMC iterations 421 -50% 13% -34%
EMC operations 16:6E 6 -50% -7% -46%

SMC solutions 1,127 0% -54% -54%
SMC operations 4:3E 6 0% -46% -46%

AMC solutions 0 41 0 34
AMC operations 0 2:6E 6 0 2:6E 6

Total operations 20:9E 6 -28% -15% -33%

study S2, we can seethat the overall performancetrade-
offs and improvementsare more or less the sameas the
previous study, except for the E2 strategy, which now of-
fers more improvement. The performanceimprovements
now enjoyedby E2 is attributedto thefavorablesituationof
having DPH distributionswith �nite support,the constant
eightdelayof transitionMACcyclein particular, which re-
ducesthenumberof iterationsrequiredin Eq.8. Notealso
the fasterconvergencerateof theEMC solutiondueto the
� = 100 parameter, which gives rise to a much smaller
time constantwhen comparedto the previous casestudy.
Although an improvementin itself from the previous case
study, theconvergencerateof theEMC solutionwasmade
betterstill by usingtheE1 or E3 embeddingstrategies.The
E2 strategy also realizeda net performanceimprovement
despitetheincreasein numberof EMC iterations.

In summary, many of the performancetrade-offs were
demonstratedby themodelingapplication.An overall per-
formanceimprovementwasrealizedwheneliminatingem-
beddedstates,as opposedto preservingthem, and some
strategies were better than othersdependingon the case
study. However, eliminationof embeddedstatescould, in
principle, make mattersworse. So, clearly, the applica-
tion of the embedding-with-eliminationprocedureshould
be governedby a heuristicthat ensuresgoodperformance
for the majority of cases. While our investigationshave
identi�ed certainpropertiesthatfavor oneembeddingstrat-
egy over another, someof whichhave beenalludedto here,
moreresearchis neededtowards�nding agoodheuristic.

5. Summary

We have presentedthe PDPN, a new stochasticPetri
net formalism that affords improvementsin modeling �-
delity by allowing a mixture of discrete-and continuous-
time events,aswell asnon-Markovian behavior. Through
ourpreliminaryresearch,providedin detailin [2] andsum-



marizedhere, we have begun to formalize its de�nition,
semantics,and underlying stochasticprocess. Towards
this understanding,we have determinedthat the general
classof problems,whichwecall an“asynchronousPDPN,”
hastwo useful subclassesdenotedby “synchronous”and
“isochronous.” RestrictingPDPN modelsto one of these
two “synchronized”subclassesensuresthat the underly-
ing processis semi-regenerative. As such,we canemploy
Markov renewal theoryin anattemptto �nd ef�cient solu-
tions,eitherstationaryor time-dependent.

Indeed,we have presenteda preliminarystationaryso-
lution algorithmthat shows promisein termsof time and
spaceef�ciency. Our“embedding-with-elimination”proce-
durewasdemonstratedandassessedon a motivatingappli-
cation. While our solution techniquewas shown to yield
cost savings, the amountof savings can vary depending
on the model,andcould, in principle, even make matters
worse.Therefore,aheuristicis neededthatchooses,ateach
regenerationperiod,whetherto preserve or eliminateem-
beddedstatesandensureagoodtrade-off betweentheover-
all costsof oneEMC solutionagainstmany SMCsolutions.

Markov renewal theory has also shown us how dif�-
cult it is to obtaintime-dependentsolutionsfor all but the
isochronousclass, so future researchis plannedto �nd
ef�cient and reasonablyaccurateapproximationsfor cer-
taintime-dependentsolutions,preferablywith errorbounds.
Approximatesolutionswill alsobesoughtfor stationaryso-
lutionsof asynchronousPDPNs.
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