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Abstract

Wk presenta novel stotasticPetri netformalismwhere
both discrete and continuousphase-typering delayscan
appear simultaneouslhin the samemodel. By capturing
non-Marlovian behaviorin discreteor continuougime, as
appmopriate, theformalismaffordshighermodeling delity.
Alone discrete or continuousphase-typePetri nets have
simpleunderlyingMarkov chains,but mixing the two com-
plicatesmattes. We showthat, in a mixedmodelwhele
discrete-timetransitionsare syndronized,the underlying
processis semi-egenertive and we can employ Markov
renaval theoryto formulate stationaryor time-dependent
solutions.Alsonotevorthyare thecomputationatrade-ofs
betweernthe so-calledembeddednd subodinate Markov
chains, which we employto improve the overall solution
efciency. We presenta preliminary stationary solution
methodthat showspromisein termsof time and spaceef-
ciencyanddemonstateit on an aemnauticaldatalink sys-
temapplication.

1. Intr oduction

We presenta new stochastidPetri net (SPN) extension
wherephase-typering delaysin both discreteandcontin-
uoustime canappeasimultaneouslyn thesamemodel.To
ourknowledge thisisthe rst timethatphase-typé&ehaior
in both discrete-and continuous-timenasbeencombined,
therebyextendingpreviousworksthatconsidereaachsep-
arately We presenthis extension,which we call a phased
delayPetri net(PDPN),andsummarizeour proposedanal-
ysis technique embeddingwith elimination which allows
a certainlevel of freedomin how we de ne the embedded
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processOur solutionapproachyhile relatedto theonein-

troducedby Ajmone Marsanand Chiola for deterministic
andstochastidetrinets(DSPNSs)[1], is novel in thatit af-

fordscomputationahndmemorytrade-ofs betweertheso-
called embeddedand subordinateMarkov chain solutions
sothat overall improvementsin solutionefciency canbe
realized.Suchtrade-ofs have notbeenaddresseteforein

theliterature.A moreformal anddetailedtreatmenbf such
trade-ofs aswell asthesubtletieof (age)memorypolicies,
marking dependenciesand the solution algorithmsthem-
seles,canbefoundin [2].

While thePDPNapproacthasthebene tin delity that
comesfrom mixing phase-typeandomvariables(r.v.'s) in
bothcontinuousanddiscretetime (denotechereafteby PH
andDPH, respectiely), theexpansiorof the statespacere-
quiredby this approachundoubtedlycompoundghe well-
known state-spacexplosionproblem. However, this extra
burdenon memorycanbe alleviated by utilizing compact
state-spacetorageas presentedn [3] or emplg/ing im-
plicit state-spacexpansionusing Kronecler operatorsas
presentedn [2, 4, 5, 6]. We feelthattheserecentadvance-
mentsin compacbr implicit state-spacstorageechniques
malke phase-gpansionapproachesorthrevisiting.

Section2 presentshe PDPN, its foundationandformal-
ization,alongwith somenotationthatwill behelpfulin later
sections. Section2.3, in particular brie y highlights key
conceptf Markov renaval theoryusedin the formulation
of the stationarysolution methodof Section3. The solu-
tion methodis demonstratedn Section4 on a motivating
application.A summaryis givenin Sectionb.

2.Model Formalization
2.1.Foundation

ExtendedPetri nets having the most convenient un-
derlying stochasticprocessesnclude thosewith geomet-
rically distributed ring delays[7], having an underlying



discrete-timeMarkov chain(DTMC), andthosewith expo-
nentially distributed ring delays[8], having anunderlying
continuous-timeMarkov chain(CTMC). TheseMarkovian
SPNshave proven usefulin the study of certaindiscrete-
event systemswith randombehaior. However, with the
applicability of thesemodelsto morecomplex andrealistic
systemsin question,more recentextensionshave tried to
incorporatenon-Marlovian behaior.

Much of our researchnds its foundationin the early
work of Molloy [7], Bobbio and Cumani[9], and Ajmone
Marsanet al. [1, 10]. Molloy introducedexecutionpoli-
cies,thecombinatiorof deterministianddiscrete-timean-
dom behaior, andthe expansionof phase-typering de-
laysatthestate-spackevel, while Bobbio,Cumani,Ajmone
Marsan.etal. did the samefor continuougime. In this pa-
per, we adoptanenablingmemorypolicy, but our approach
allows ary of the (age)memorypoliciesdiscussedn [10].
However, unlike continuous-timghase-typéransitionsun-
der the “preemptve-resume-sameahemorypolicy, we as-
sumethatdiscrete-timgphase-typéransitionsneedonly re-
sumethe“work” sincethelast phaseadwancewhile losing
thework leadingup to the next phaseadwvance.

Recallthat phase-type.v.'s are de ned asthe time-to-
absorptionof Markov chainswith at leastone absorbing
state. An absorbingCTMC or DTMC is usedfor PH or
DPH distributions, respectiely. Eachmustalso include
a speci cation of the initial stateprobabilitiesthatthe ab-
sorbingMarkov chainassumesvhensampled Hereafter
the term samplingwill be synorymouswith the initializa-
tion of oneor morephase-type.v.'s. We will writet . t°to
signify thatthe ring of t causeghe ring time of t°to be
(re)sampledthis canhappereitherbecause® becomeslis-
abled,or simply becausehe modelerexplicitly statedthis
behaior in thetiming speci cationof the SPN.

Specialcasesof PH r.v.'s include exponential,Erlang,
hyperexponential, and hypo-exponential. Special cases
of DPH r.v.'s include geometric,constantsand discrete-
uniform distributions over integer multiple of a common
“basicstep” Thebasicstepis thetime betweenstatetran-
sitionsin the underlyingDTMC andwill be denotedhere-
afteras . PH or DPH r.v.'s canapproximateary general
r.v. arbitrarily well. Indeed the useof phase-typering de-
lays hashad successn the pastas a way of broadening
the applicability of SPNmodels. For instance the Erlang
r.v. canapproximateonstanvariablesy includingenough
stagegphases)sinceits variancediminishesasthenumber
of stagedncreasesSimilarly, the DPH geometriccanap-
proximatean exponentialr.v. arbitrarily well asthe basic
stepsizediminishestoward zero. However, approximating
generaltiming behaior usingeitherPH or DPH aloneof-
ferslessmodelingcorvenienceand,possibly requiresmore
computationawork. Suchrestrictionsare fortunatelyun-
necessarnaswe will shaw.

Particularly relevant to the solution methoddiscussed
lateris [1], where Ajmone Marsanand Chiolaintroduced
the DSPNs;this marksthe rst time deterministicoehaior
wasintegratedwith continuous-timeandombehaior. In
[7], Molloy shaved thatwhenthe probability distributions
of the ring timesof SPNtransitionsare DPH, an other
wisenon-Marlovianunderlyingprocessanbetransformed
into ahomogeneouBTMC de ned over anexpandedstate
space.Molloy alsoshaved how transitionswith determin-
istic ring delayscanbe combinedwith geometric ring-
delaytransitionswith the restrictionthat the deterministic
delaysareall equalto the basicstepof the geometricr.v.'s.
Theseideaswere generalizedby Ciardo[11] while intro-
ducingthediscretedeterministicandstochastid®N formal-
ism that allows ring delayswith DPH distributions, all
sharingthe samebasicstep, also giving rise to an under
lying DTMC. As will be shavn later, the notion of a ba-
sic stepis fundamentato our ability to efciently analyze
PDPNmodels.

2.2.The PhasedDelay Petri Net

We assumehe standardie nition of a Petrinetwith in-
hibitor arcs,and we partition its set of transitions7 into
theset7 having PH distributions,theset7, having DPH
distributions,andthe set7; of immediatetransitions. Al-
thoughtheimmediateransitionsn 7 arejustspecialcases
of DPH transitions,anda limiting caseof PH transitions,
we considethemseparatelgincethey aregivenhigherpri-
ority in ring over thetimedtransitionsin 7o U 7p, hence
arebesthandledseparatelyduringthe analysis.A general,
“asynchronou$DPN" speci esanunderlyinggeneralized
semi-Marlov processwhich meanghatthe processanbe
studiedby supplementingstateswith clock readingsthat
recordthetime thateachenabledhase-typéransitionmust
wait beforethenext schedulegphaseadvance.Supplement-
ing the statesin this way givesrise to a generalstatespace
Markov chain (GSSMC),which enjoys standardsolutions
with either simulation or numericalmeansdependingon
problemsize and complity. WhenPH or DPH transi-
tions areusedalone (possiblyin conjunctionwith “imme-
diatetransitions”having zerotime delay),the GSSMCre-
ducesto a DTMC on an expandedstatespace which en-
codesthe distribution of the remaining ring times. The
underlying stochasticprocessis built by determiningthe
spaceof possiblephasecombinationsrepresentedy the
setD, ultimately leadingto phaseghatallow sometransi-
tionto re. Transition rings move thenetamongmarkings
thatmake up thereachabilitysetR. Consequentlyour ex-
pandedstatespaceis givenby S C R x D. WhenPH and
DPH transitionsare allowed to coexist, we have a more
complicatedsituation,but onethatcanbegreatlysimpli ed
if active DPH transitionsaresyndironized



To explaintheideaof synchronizedransitionamorefor-
mally, let 7(m) denotethe set of transitionsenabledin
markingm, and7 thesetof transitionsequencesbtained
by concatenatingeroor moretransitiondrom 7. Notethat
theset7 alsoincludesthenull sequencewhichis usedto
represenstatetransitionsdueonly to phasechangesndnot
actualtransition rings. Then,therequirementhata PDPN
mustsatisfyto belongto the “synchronous?DPN” classis
that,wheneerthe ring of aPHtransition(oranimmediate
transition ring afterit) enablesdisables,or even just re-
samplesa DPH transition,all the enabledDPH transitions
in the newv markingmustalsohave their ring time resam-
pled. Formally: Ym € R;Vs € 77T, suchthat 3t € Tp,

(tgFm)Am-mAte F(mY) v (te F(m) As. t)
= e TpNnFmM)NFmMY; s. t° (1)

Restriction(1) ensureghat we do not have to storeclock
readingswithin the state at all becausethe underlying
stochasticprocessis actually semi-rgeneratre. That is
to saythe processprobabilisticallyrestartsitself at certain
randomtimesT,, € R™ giventhatit re-entersthe same
stateoccupiedat an earlier regenerationtime T, < T,
[12]. WeletE = {X,:n € N}, a DTMC with state
spacef, representhe sequencedf statesenteredat con-
secutve regeneratiortimes. E is referredhereafterasthe
“embeddedMarkov chain” (EMC). Unlike the simplerre-
generatie processwhich enjoys the Markov property at
certainrandomtimes T,, € R irrespectve of E, semi-
regeneratie processenjoy the Markov propertyonly in
a“semi” way dueto thedependencen E; for this reason,
semi-rgeneratie processeareageneralizatiorof regener
ative processesSincewe assumeconditionsthat give rise
to time-homogeneousiodels,the actualvalue of the time
parameten of the EMC is irrelevant. Therefore we will
simply examinetheregeneratiorperiod[Ty; T,] for all pos-
sibleX ;X1 € £.

The reason synchronous PDPNs specify semi-
regeneratie processesis this: If only PH transitions
are enabled,the underlying processclearly behaes like
a CTMC while, if only DPH transitionsare enabled,it
behaeslikeaDTMC, andbotharespecialcasef asemi-
regeneratie process.Considerinsteadperiodswhen both
PH andDPH transitionsare enabled. Becausehe ring
sequences € 7¢(7cU7z) areexpandednto exponen-
tial andimmediatestatetransitionswhich arememoryless
at all times, we needonly obsene the successie times
when DPH transitionsbecomeenabled, re, or undego
phasechanges. Eventsleadingto phasechangesnclude
passageof time, resamplingnen delays, or transition
disabling. Restriction(1) ensureghat all sucheventsfor
differenttransitionsin 7p are syndronizedand therefore
occuratsuccessie jumptimesT,, = T,, 1+ whenstate
X, is enteredwhich alsocoincidewith regeneratiortimes

for theprocessvhere0 < < islessthan onlyif all
enabledDPH transitionshecomedisabledor resamplenew
ring delays,orit is equalto otherwise.Thesequencef
states{X,, : n € N} formsanembeddedTMC with state
spacef, while thesequencd (X ,,; T,,) : n € N} formsthe
requisiteMarkov renaval process.It thenfollows thatthe
underlyingprocesss semi-rgeneratie [12].

Additional PDPN classescan be realizedwith further
simplifying assumptions. One of practical importance
ariseswhen,vV m € R: 1) transitionsin theset#(m) N 7p
are always synchronized2) F(m)N7p # @, and3) no
transitionin theset’F(m) N 7p canbeforcedto resamplex
new ring delaybya ring sequencéns € 707, . Wecall
this classan “isochronousPDPN" sincetheseassumptions
causestrict synchronougxecutionthat hasthe sameclock
periodfor all time, with no “hiatus” Isochronous®DPNs
have anadwantageover the asynchronouandsynchronous
classesn thateachregeneratiorperiodis deterministicand
identicalto the basicclock period, . Thisis becausef the
always-present-and-uninterruptalgieck progressiorpro-
viding a xed timelineto performtime-dependerdnalysis,
which would otherwisebe quite dif cult. Similar models
have alreadybeeninvestigatedin [13, 14] for specialcases
of DSPNswith periodic sequencesandthe samesolution
methodapplieshere.

2.3.Mark ov RenewalTheory

The problem of studying a semi-rggeneratie process
canbereducedo studyingits “subordinateprocessesthat
evolve betweenregenerationtimes. The meansto do this
becomesapparentvhenthe problemis formulatedaround
Markov renaval theory which providesa powerful tool for
decomposinguchcomplicatecproblemsnto simplerones.
Moreover, the simplerthe subordinaterocesseshe more
ef cient theoverall analysis.

For DSPN modelswhere only one deterministictran-
sition is enabledat a time, the subordinateprocessesre
simple CTMCs, sincethe ring delaysof other enabled
transitionsare exponentiallydistributed. For synchronous
andisochronou$?DPNs the subordinatgrocessearealso
CTMCs,which we simply referto hereafterassubordinate
Markov chains(SMCs).

With knowledgeaboutthe distribution of the length of
the renaval period conditionedon the initial statei, F;( )
= Pr{T; < | Xy = i}, wecanstudythesubordinatgro-
cessthat originatesfrom eachi € £ andevolvesamong
statesk € S; over the intenal [Ty; T1), ultimately lead-
ing to the next regenerationtime T; when statej € &
is entered. From such analyseswe can estimatequan-
titieslike H;,( ) = Pr{X()=Kk;T;> |Xp=1i}and
Gij( )= Pr{X;=j;T1 < |Xo=1i},whichcharacter
ize the SMC andEMC, respectiely. Then,the statetransi-



tion probabilitiesof E aregivenby
ij = Gij(o0) = lim Gy;(); hje& (2

Theexpressiorfor theentriesof G is deferredo thenext
sectionputwith IT = [ ;;], wecancomputethestationary
solutionz = [x;] € RiEl of E satisfyingzIT = x subject
to >, x; = 1. Finally, from

h;x = E[sojournin k during[0; T1) | X¢ = i]
1
= / Hi()d; i€e&kes; 3)
0
we corvert z into the stationarysolutionr = [ ;] € RIS
of theoriginalprocessX = {X( ): >0},Vj €&:
> Xihi;
_ _ .y _ i2E .
]_gl!l:{n Pr{x()_J}_ szzhzk (4)
k2S i2E

3. Stationary Analysis

Knowing that the underlying process is semi-
regeneratie and formulating its solution around Markov
renaval theory meansstudyingthe evolution of both the
EMC andeachSMC in concertasthey interactwith one
another Becausef this,asynchronou$DPNenjoys prac-
tical advantages. First, the non-Marlovian behaior can
be capturedarbitrarily well while still allowing concurrent
non-memorylesgansitionsn bothcontinuousanddiscrete
time, aslong as restriction (1) is satis ed. Second,the
SMC describingthe evolution startingfrom somei € &£
is solved using an appropriately-constructeih nitesimal
generator@, at appropriately-chosersolution times

Then,Hix( ) = [e9 e]ik and h;, = 0T1 Hiw( )d can
be computedat the sametime using the uniformization
procedurdg15], justasin DSPN solutionmethodg2, 16].
Third, thedistribution functionof Ty, previously referredto
asF, canbe computedeasily enoughto afford alternatve
approachesowardsobservingandrecordingtheembedded
process effectively trading-of computationsbetweenthe
EMC and SMC subproblemsThis propertyis notevorthy
when consideringthat such computationaltrade-ofs can
improve the overall solutionef ciency.
Considerasamplepathof asynchronou$DPNprocess.
At timeswhenat leastone DPH transitionis enabledwe
canervision the progressiorof a clock with period that
synchronizesll enabledDPH transitionsthe phasef all
suchtransitionsadwanceaftereach‘tick” of theclock, cor
respondingo the basicstepmentionedearlier The states
occupieduringperiodswhenonly DPH transitionsareen-
abled, are themseles embeddedstatesdue to the strong
Markov propertyof aDTMC. During periodswhenonly PH

transitionsare enabledthe statesoccupiedcanonceaggin
be considerecembeddedstatesdue to the strong Markov
propertyof aCTMC. PeriodsvhenbothDPH andPH tran-
sitionsare enabledseesthe processvolve throughsubor
dinate statesbetweenregeneratiortimes. Theseobsenra-
tionsleadto threemodesof analysis,correspondingo the
aforementionegberiodswhen certainphasetransitionsare
enabled.

The most straightforvard embeddingoccurswhen the
processs obsenred at eachclock tick whentransitionsin
7Tp areenabledandat eachstatetransitionwhennot (when
only transitionsin 7~ areenabled). This is the sameem-
beddingapproachusedfor DSPNmodelswherethe clock
periodis identically the delay of the deterministictransi-
tion enabledat the time. Suchembeddingsarejusti ed in
the DSPNformalism, but they are not necessarilythe best
optionwith our PDPNformalismdueto someuniqueprob-
lemsor, perhapsppportunities.

First,thenotionof a clock thatpermitsconcurrenDPH
transitionsbut requiresthatthe processeobseredateach
tick maymeanthattherewill bemary clockticks thatonly
convey informationaboutphaseadvancementsnot transi-
tion rings leadingto new markings.Only the latterreally
interestus. Another problemis obviously having to deal
with a larger statespacearising from consideringall pos-
sible phasecombinationghat eventuallyleadto transition

rings. Thus,the PDPNformalismmaybene t from alter
native embeddingghat (at leastheuristically)seekto bal-
ancethe effort of studyingmary SMCswith one EMC: a
trade-of of effort betweenthe two subproblemsowardsa
netsavingsin time andspace.This trade-of is particularly
intriguing if we considerthatdifferentSMCscanbe solved
asindependenproblemsequiringno synchronizationthus
canbe easilyspreadacrossnultiple computers.Hencethe
SMC problemsarenot astime andspaceconstrainedsthe
EMC problem.Sinceparallelizatiornof the EMC solutionis
nontrivial, removing the SMC problemsfrom the computer
occupiedby the EMC problemat leastmakes more mem-
ory availablefor the EMC matrix, which is thengenerated
row-by-row elsavhere.

The objective of our approachis to eliminateas mary
embeddedtatesaspossiblerom consideratiotry theEMC
problem,resultingin a reducedEMC solution effort even
thoughdoingsowill tendto increasehe effort requiredfor
the SMC problems. Hopefully, we will realizea net sav-
ingsin mostcasesasshavn theoreticallyin [2] anddemon-
stratedin the next sectionwith anapplication. We referto
this approachas embeddingwith elimination and, in the
remaindeof this sectionwe will summarizehebasiccon-
cept.

In the following, we denotetwo successie EMC states
Xo and X, with the tuples(i; a) and(j;b), respectiely.

The“i” or“j” partmerelyrecordsthe markingif only ex-



ponentialtransitionsare enabledptherwise,t alsorecords
phaseinformation of PH transitions comprising an ex-

pandedCTMC. Explicit considerationof the continuous
phasespaceof PH transitionsis unnecessargincesuchin-

formationis capturedn anexpandedCTMC, which enjoys

the Markov propertyat all times. So,regardlessof whether
thereare PH transitionsor just exponentialtransitions,our
analysisdoesnot changethedifferencdiesonly in thesize
of the SMC. Theinformationthatis essentiahndexplicit in

theanalysisis the“a” or “b’ part,which recordsthe phase
informationassociateavith DPH transitions.

For stateswhere only DPH transitionsare enabled,
ratherthanobservingheprocessafterevery statetransition,
we caninsteadobsene the DTMC attimeswhenthe ring
of somes € Tp(7p U7Tz) resultsin a new markingthat
enablessomet € 7¢. Likewise,for stateswhereonly PH
transitionsareenabledratherthanobservingheprocessaf-
terevery statetransition,we caninsteadobsere the CTMC
attimeswhenthe ring of somes € 747, resultsin anev
markingthatenablessomet € 7. In eithercasenotonly
would sucheventscoincidewith perfectlyvalid andcorve-
nient regeneratiortimes, but would alsobe marked by the
startof a differentanalysismodementionedabove.

Essentiallythis approactde nesadiscriminatingEMC
thatexcludesmoststateghatenjoy thestrongMarkov prop-
erty after eachjump to anotherstatewhereonly DPH (or
only PH asit may be) areenabled put includesstatesen-
teredat regeneratiortimeswhereDPH transitionsareen-
abled simultaneouslywith PH transitions. Reducingthe
size (statesand transitions)of the EMC reducesthe per
iteration costwhen computingits stationarysolutionwith
an iteratve methodand often improves the corvergence
rate—asdemonstrateéh [17]—dueto theimproved eigen-
structurethat often accompanies smaller matrix, which
is duein partto tighter (or more)connectiondetweenthe
remainingstates.This is particularlyimportantbecausét-
eratve solutionmethodsare usedwhenthesematricesare
largeandsparse.

Computingthe distribution of T, for the embeddingle-
scribed above is reducedto a time-to-absorption(TTA)
problemonaDTMC (or CTMC) wherethe statesenabling
transitionsin 7 (or 7p), which causesa changein the
analysismode,aremadeabsorbing Ef cient numericalal-
gorithmswith guaranteedonvergencefor the computation
of &, theexpectedsojourntime in statek until absorption
startingfrom somestate(i; a) € &£, areknown. Further
more,we cancorvenientlyderive whatwe needto construct
theEMC from

Nioar = & (5)
Gi,a by (0) = Z ko k(b) (6)
k2S )

wherethe switchingfunction , de ned directly from the

PDPNspeci cation, captureghe transitionfrom statek to
state(j ; b) dueto all possible ring sequencesandevalu-
atesto eithera probability, when consideringDTMCs, or
arate, whenconsideringCTMCs. This alternatve embed-
ding could alsobene t a DSPN analysisif markingsexist
whereonly exponentialtransitionsare enabled. We here-
afterreferto the absorbingMarkov chain usedin this TTA
analysisas the AMC, as opposedto the SMC discussed
next.

WhenDPH transitionsareenabledsimultaneouslyvith
PH transitionswe alsohave opportunitiedo discoser more
efcient embeddingsby consideringall likely ring se-
guencesof DPH transitionsover a regenerationperiod
spanningmultiple clock ticks. We can condition on the
events{T; = }and{X( )=k} with

Hir( )= Pr{X()=k|Xo=(i;a)} = [

to formulateanequationfor G:

1

Gi,a)(j,p)(0) = Z/

k2S; {)

Hit( )AFGa)( ) wiGe ()

fork € S;, (i;a), (j;b) € €.

Fig. 1 portraysthe procedureusedto analyzesuchre-
generatiornperiods. Notice thatthe “a” part of the initial
state(i; a) € £ is implicit and neednot be includedin
the constructionof the statesk € S; in the SMC since
“a” doesnot changebetweenclock ticks unlessall en-
abledDPH transitionsresamplenew ring delaysor be-
comedisabled. SMC statesthat causesuch“resampling”
and “disabling” eventsare madeabsorbing,so asto cap-
ture the probability of theseeventsover ary time period
we choose.To capturethe discreteprobabilitiesassociated
with dF(; ,)( ), westudyY = {Y,:n € N)Y, = a},
a separateDTMC de ned only on the phasespaceof all
t € F(i) N7p, which evolvesfrom phasea. By evolving
Y over time in searchof all likely ring opportunitiesat
times0 < ;< 5 < --- < ,, < oo with sequences
s € Tp(7pUTz) suchthatthe probability massfunction
f(i,a)( n) = dF(i,a)( n) = Pr{le n I Xo= (|1 a) } >0
forn=1;2;:::;mand 4, > Oduetos, wecompute

96i,a)(Gib) = Z Zf(i,a)( WD Hi(n) wge  (8)
k2S; n=1

wherem = min{" € N:1 -3 _ fi.( ) < }for
small € R*. Eq.8is usedto approximateEq. 7, since

9i,0)G.0) < G(i,a)(5,0)(2) < Qliva)(ip) +

At thesametime, we computeh; ), usingtheuniformiza-
tion procedureandEqg. 3.



Figure 1. A portrayal of Eqg. 8.

It shouldbe mentionedhatwe do not constructa matrix
of corversionfactors,h = [h;;,] € RIEIS 1 asimplied by
Eq. 3. This would be very memoryinefcient. Insteadwe
take a measure-dvien approachaspresentedrst in [16],
and,for eachmeasuredlistill therewardstructurep € RIS/
into the equivalentreward structurep € RIEI, de ned only
on the embeddedstatespace£. This is accomplishedy
computing”®; = Zkzsi h;x ;i € & for eachregeneration
period originating from i € £ whenh,; is computedas
a vectorwith entriesk € S;, andthendiscardh;, after
computing”;.

The two embedding-with-eliminatiorproceduresdis-
cussedabove offer mary possibilitiesin termsof trading
memoryand computationakffort amongthe EMC, SMC,
andAMC problems.Neverthelessary suchtrade-ofs, no
matterhow varied, ultimately lead to only four outcomes
whenconsideringhat both memoryand computatiorntime
may eitherincreaseor decreaseA decreasén bothmem-
ory andcomputatiortimeis clearlyalwayswelcomejustas
anincreasdn both shouldbe avoided. However, thereare
casesvherethe memoryrequirement®r the computation
time of the EMC canbereducedy investingmorecompu-
tationaleffort in the SMC and AMC problems.Of course,
the performancagain in the EMC solutionmustbe greater
thanthe performancesoststo the SMC andAMC solutions
for thereto be a netimprovement. In certaincasesthe
memoryrequirementof the EMC problemmay increase
dueto additionalstatetransitionsthatareintroducedwhen
EMC statesare eliminated. This can occurwhen a state
is eliminatedthatoriginally residedalongpathsconnecting
it to otherembeddedstatesthat are presered. Eliminat-
ing statesn suchcaseshouldbe avoidedif the solutionis
alreadymemoryconstrained.On the otherhand,if mem-
ory usageis lesscritical thancomputationtime, the above
situationcanactuallyimprove its corvergenceratewhenit-

eratve methodsareemployed,dueto theincreasedonnec-
tivity amongstates;the resultis a shorteroverall runtime
aslong as suchcornvergenceimprovementsmore than off-
settheincreasdn periteration costsdueto the additional
nonzercentries.In thenext sectionwewill obseretheper
formancetrade-ofs arisingfrom eitherpreservingor elimi-
natingcertainembeddedtateswvith amodelingapplication.

4. Application

We now demonstratéhe utility of the PDPNformalism
with an applicationthat helpedmotivate its development.
The applicationinvolvesthe modelingof a communication
servicethat supplementsoice communicationsvith digi-
tal datalinks to improve air-trafc serviceswhile sharing
radio frequencies. Thesedatalink systemsare currently
being developedby the internationalcivil aviation com-
munity and will residewithin the AeronauticalTelecom-
municationdNetwork, which allows interoperabilityamong
ground, aircraft, and air-to-grounddata subnetvorks em-
ploying standardinterfacesand protocols. In reality, the
datalink systemresidesin a larger systemcomposecf a
groundstationandsomenumberof aircraftwithin aregion
of airspacecenteredat the groundstation. While this sys-
tem possessea wide rangeof attributes,we take a narrav
view of the systemfor the sale of simplicity. Our modelis
composedrom thevantagepoint (network node)of asingle
aircraft(user)within asinglegroup(of users)sharinga sin-
gle communicatiormedium (radio channel). We obsere
the arrival of (voice or data) messageito a queue,and
obsere their subsequentransmissiorover a sharedchan-
nelthatemploys two typesof mediaaccesgontrol (MAC):
time division multiple accesgTDMA) andfrequeng divi-
sionmultiple accesgFDMA).

The primary modeof operation,aswell asthe focusof
our model, is the TDMA link, which transmitsmessages
within deterministicslotsin discretetime. As portrayedin
Fig. 2, four TDMA time slots—hereaftereferredto sim-
ply as“slots"—constitutea frame,andtwo framesconsti-
tute oneMAC cycle. A voice or datamessagés transmit-
ted over sharedslots that are allocatedvia resenration re-
guests. We assumehat eachmessagean occufy oneto
four slotswithin eachframewith equalprobability Hence,
upto two messagesanbetransmittedwithin oneMAC cy-
cle. “ldle” slots,which ll-in the unusedportion of each
frame,areavailablefor transmissiorby otheruserssharing
themedium.

In contrastto a TDMA link, a FDMA link provides
seeminglycontinuousaccessn time sinceit divides fre-
guenciednstead.Thatis, messagearetransmittedn con-
tinuoustime, notin deterministic discrete-timeslots. This
is consideredh secondarymodeof operationin our model,
employedundernoisyandcertainotherconditions.We as-
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Figure 2. TDMA media access cycle.

sumethatthe datalink bandwidthunderFDMA controlis
half thatunderTDMA control, so, on average,only a sin-
gle messageanbe transmittedwithin a time equivalentto
eightslots.We modelthe FDMA transmissiordelaywith a
simple eight-stageErlang distribution, which providesthe
desiredcontinuous-timerandomness&ccompaniedvith a
smallvariance.We alsoassumehata switchfrom TDMA
to FDMA controlandbackagain occursin intervals equiv-
alentto slotson averagewith anexponentialdistribution.

Otherassumptionaboutthesystemareasfollows. Mes-
sagesarriveaccordingo aPoissomprocesspneevery seven
slotson average.Thequeuehasa nite capacityof 32 mes-
sagesWhile in reality arriving messagesanbe queuedac-
cordingto priority, we assume rst-come- rst-serve queu-
ing policy for the sale of simplicity. At the beginning of
eachMAC cycle underTDMA control, our referenceuser
is eithergrantedexclusive acces®f thetwo associatedhes-
sageframeswith probability , or is madeto idle until the
next cycle. We do notmodeltheresenation of slots,which
is underthe control of the groundstation. Our focusis in-
steadon the sharingof slots,which is a salientfeatureof a
TDMA datalink systemasit canhave a measurablén u-
enceon mediaaccesgontrol,buffer occupany, utilization,
and,ultimately the quality of service.

Our PDPN model of the data link systemdescribed
above is shawvn in Fig. 3. The arrival of a message
into the nite queueis capturedby the ring of transi-
tion NewMsg—with an exponentiallydistributed ring de-
lay having a meanof seven slots—andthe subsequende-
positingof atokeninto placeQueue—with atokenlimit of
B = 32dueto theinhibitor arcwith multiplicity B.

During its TDMA mode of operation—whenplace
TDMA hasa token andplaceFDMA doesnot—transitions
MACcycle FrameSizeand Tx1 modelthe underlyingse-
guenceof deterministic,discrete-timeslotsthat persistun-
der TDMA control. Each ring of transition MACcycle
modelsthe accessof a new MAC cycle and the associ-
atedtwo messagérames representetly thetwo tokensde-
positedinto placeFrames The enablingof transitionTx1
modelsthe startof a TDMA messagéransmissionandits
ring delaymodelsthemessagéength.Consequentlytran-
sitions MACcycle FrameSizeand Tx1 are assignedDPH

FDMA Tx2 B
] |
J‘ Queu
<1
Switch Send Skip
Resum #TXMs I
TxMsg
max(#rames 1)

O

MACcycle Frames FrameSize NewFrame

TDMA

Figure 3. A PDPN model of a data link system.

distributions. The basicstep,chosenasunity ( = 1), is
synorymousto the slot width, and also senes as our ba-
sic unit of time. Hence perour assumptionsye chosethe
ring-delay distributions of transitionsFrameSizeand Tx1
to be a constantfour and discreteuniform in the intenal
[1; 4], respectiely. A specialgeometriadistributionis used
for the ring delay of transition MACcycleto adequately
capturethe randomaccesof a MAC cycle. Denotedby
geon( , 8), this distribution causegransitionMACcycleto
delayeightstepsbeforetossinga coin with succesgroba-
bility of actually ring, or, with complementaryprobabil-
ity, repeatinghe process.As long astransitionMACcycle
is enabledandregardlessof whetherit actually res, are-
peatingsequencef eightslotsis generatedor eachMAC
cycle. Each ring of transitionFrameSizenarksthe endof
the previous frameandthe beginning of the next. If place
Queueis not emptywhentransition FrameSizealepositsa
tokeninto placeNewFrame thentransitionSend res im-
mediatelyanddepositsatokeninto placeTxMsg whichen-
ablestransitionTx1andindicateghestartof aTDMA mes-
sagetransmission.Hence,a messagéhat arrivesinto an
emptyqueueduringagivenframeis transmittedwithin the
following frame. If the requisitemessagerrival doesnot
happerandthe queues still emptywhentransitionFrame-
Size res, transitionSkip res immediatelyinsteadof tran-
sition Sendto discardthe unneededoken occupying place
NewFrame

Finally, the switchto the FDMA modeof operationfol-
lows the ring of transitionSwitd, which removesthe to-
kenfrom placeTDMA, all tokensoccupying placeFrames
andonefrom placeTxMsgif presentanddepositsoneto-
keninto placeFDMA. FDMA messagéransmissionsiow
coincidewith eachring of transitionTx2, until transition



Resumeres and returnsthe systemto its TDMA mode
of operation. Basedon our assumptionsthe ring delay
of transitionTx2is givenan eight-stageerlangdistribution
with ameandelayof oneslotperstage.The ring delaysof
transitionsSwitdh and Resumeare eachgiven exponential
distributionswith mean .

We have the following transition sets:
Tc = {NewMsg Tx2 Switc; Resumg¢, 7p =
{MACcycle FrameSizgTx1}, 7, = {SendSkip}. By
construction, the transitionsin 7p are always synchro-
nized when active; the underlying processis, therefore,
semi-rgeneratre, andour solutionalgorithmapplies.

Notethattheconcurrenenablingof thenon-memoryless
transitions, MACcycle FrameSize and Tx1, is either
not possible or computationallydif cult in other non-
Markovian SPNswhenthey arenot startedat preciselythe
sametime. The enablingof transition FrameSizecan co-
incide with the enablingof transition MACcycle (a situ-
ation that can be analyzedwith “cascadeddSPNs”[18]),
but a subsequenénablingof FrameSizeoccursfour time
unitslater, whenMACcycleis still enabledthisis nolonger
“cascaded’behaior but is still solvable by our method).
The samecanhapperbetweertransitionsTx1andMACcy-
cle with a non-emptyqueue.The synchronizatiorof DPH
transitionsto an underlyingclock affords ef cient station-
ary analysis.

We chooseo estimatehe stationaryexpectechumberof
gueuednessagegheprobabilityof observingafull buffer,
the probability of beingin one of the two modes,andthe
conditional utilization of eachmode. For the purposeof
demonstratinghe embedding-with-eliminatioprocedure,
we conductedwo casestudies,S1 andS2, both of which
solved the modeldescribedabove exceptfor the following
differencesin S1, =0.67and =10,000;nS2, =1.0
and = 100. Thesetwo casestudieswerein turn solved
under four different embeddingstrategjies: EO (presere
all embeddedtates) E1 (eliminateembeddedtatesnvhen
only transitionsin 7, areenabled)E2 (eliminateembed-
dedstatesvhentransitionsin both7s and7 areenabled),
andEs3 (eliminateembeddedtatesvheneer possible).Ta-
ble 1 lists the measureestimatedor eachcasestudyusing
our solutionalgorithmto constructhe EMC. TheEMC was
thensolved usingthe Gauss-Seidaterative methodwith a
stoppingcriterion of 10 °, an entry-wise, relative differ-
encecomputedetweenwo consecutie iterationvectors.

GiventhattransitionsSwitch andResuménave identical
distributions,onemay askwhy the proportionof time spent
in eithermode,asgiven by the respectie probabilities,is
not0.5in eachcase.Thereasoris that,whenresumingthe
TDMA mode,thereis a delayof atleasteightslotsbefore
transitionMACcycle res andthe TDMA modeis fully re-
sumed. This is not a modelingartifact, but a re ection of
thefactthatthe TDMA modecannotbe resumednstanta-

Table 1. Stationar y measure estimates.
| Measures | s1 | s2 |

Pr{ using TDMA mode } 0.6016 | 0.5192
Pr{ using FDMA mode } 0.3983 | 0.4807
E[ utilization | TDMA mode] 0.3600 | 0.4474
E[ utilization | FDMA mode ] 0.9991 | 0.9552
Pr{ full queue | TDMA mode } || 0.0023 | 0.0045
Pr{ full queue | FDMA mode } || 0.1812 | 0.0122
Pr{ full queue } 0.0736 | 0.0082
E[# queued messages | 14.87 8.720

neouslyratherit entailsaprotocolcommunicatiorwith the
groundstation,requiringat leastoneMAC cycleif = 1,
moreif < 1. Thereis alsoanadditionalfour-slot-frame
delaybeforetransitionFrameSizean re andqueuednes-
sagesanonceagain be transmitted.We alsoassumehat,
until the TDMA modeis fully resumeda switchbackover
totheFDMA modecannotake place;thisisre ectedbythe
cardinalitymax(# Frames1), insteadof just# Framesfor
the input arc from placeFramesto transitionSwit. The
proportionof time spentin eachmodeis, therefore biased
towardsthe TDMA mode,morefor = 0:67 andlessfor
= 1:0. Notice,too, thatthe conditionalutilization for the
TDMA modeis muchlessthanfor the FDMA mode. The
reasonfor this becomesapparenty noting the probabili-
tiesof observingafull queueconditionedon beingin either
of thetwo modes.Despitethe discreteslots,especiallythe
idle ones,the TDMA modeis morethancapableof keep-
ing upwith themessagarrivals. Consequentltimeswhen
thequeueis foundempty andhencethelink is not utilized,
occur more frequentlyduring the TDMA mode of opera-
tion whereasthe link is utilized almostconstantlyduring
the FDMA modeof operation. This propertypersistsinto
theoverall probability of observingafull queueandthe ex-
pectechumberof queuednessagedyothof whicharemost
affectedby the changesssociatedvith thetwo studies.

More interestinghougharethe computationatesources
neededo solve the modelunderthe four differentembed-
ding stratgjies. Of particularinterestare the performance
trade-ofs amongthe EMC, SMC, and AMC problems,
which are presentedn Tables2 and 3. Beforediscussing
thetrade-ofs, a few commentsaboutthe tablesthemseles
arein order First, the preseration stratgyy, EO, wasused
asour referencepointsothatonly thechangesarerecorded
for E1, E2, andE3 aseitherpercentagesr absolutdiffer-
enceswith respecto EO asappropriate Secondtheoverall
effort to constructthe SMC and AMC matricesis omitted
from thetablesasit is neggligible in comparisorio thesolu-
tion effort. Third, theaggregatenumbersof operationver
all SMC andAMC solutionsaregiven.

Considettheresultsfor casestudyS1 shovnin Table2.



Table 2. Resour ce requirements for study S1.

| Time/Space || EO | El[ E2] E3 |
EMC states 1,712 -13% | -39% -53%
EMC non-zeros 49,068 1% -8% -1%
EMC iterations 3,575 -85% 7% -83%
EMC operations || 1754E6 -85% -1% -84%
SMC solutions 1,437 0% | -47% -47%
SMC operations 4:5E6 0% | -12% -12%
AMC solutions 0 51 0 38
AMC operations 0 | 928E6 0 | 928E6

Total operations [[ 1799E6 | -32% | -1% | -31% |

Relative to strategyy EO, signi cant improvementsoccurto
the EMC solution performancevhenusingthe E1 or E3
elimination stratgjies. The savingsin the EMC computa-
tion time is due almostentirely by its fasterconvergence
rate. Whereaghenumberof EMC non-zercentriesactually
increasevhenusingE1, appreciablespacesaszings areob-
tainedusingE3. Overall,the netimprovementsarestill no-
tableafterincludingthe costsassociateavith the AMC so-
lutions. Not surprising theparameter = 10,000gave rise
to alargetime constantvithin thecontinuous-timéehaior
thatin turncontributedto theslow corvergence Moving the
continuous-timeaspectut of the EMC problemandinto
the AMC problemwasa goodtradein this casesinceeach
AMC problemis muchsmaller Hence,a net performance
improvementwasrealizedbecausef themuchsmallercost
periteration. The E2 embeddingstratgly wassupposedo
improve performanceby reducingthe numberof SMC so-
lutions, SMC operationsthe EMC size,andthe numberof
EMC iterations. All occurred exceptunfortunatelyfor the
latter, which insteadgot worse,and,becaus®f this, nearly
all of the computationabazingswascancelecut.

Becausef thein nite supportof the geometriadistribu-
tion usedfor transitionMACcycle thedistribution of possi-
ble ring timesmustbetruncatedo only themostprobable
values. (We usedan = 10 ° to truncatethe geometric
distribution, asemplo/edin Eq. 8.) RecallingEqg. 8, DPH
distributionswith in nite supportmay requiremary SMC
solutionsto considerall likely ring opportunitiesthe ac-
tual numberdependingnthe DPH distribution.

So unlessthe in nite-support DPH distributions have
mostof theprobabilitymasscloseto theorigin, theelimina-
tion approachusedin E2 may not alwaysbe cost-efective.
Casestudy S2 offersa chanceto assesshe E2 embedding
stratgly on DPH distributionswith a small, nite support,
sincethe geometricdistribution degeneratedo a constant
when = 1.

Referringnow to the resultsshavn in Table 3 for case

Table 3. Resour ce requirements for study S2.

| Time/Space || EO[] E1] E2] E3|
EMC states 1,392 -16% | -44% | -61%
EMC non-zeros 39,494 1% | -18% -17%
EMC iterations 421 -50% | 13% | -34%
EMC operations || 16:6E6 -50% -T% -46%
SMC solutions 1,127 0% | -54% | -54%
SMC operations 4:3E6 0% | -46% -46%
AMC solutions 0 41 0 34
AMC operations 0 | 26E6 0 | 26E6

Total operations [[ 20:9E6 | -28% [ -15% [ -33% |

study S2, we can seethat the overall performancerade-
offs and improvementsare more or lessthe sameas the
previous study exceptfor the E2 strategy, which now of-
fers more improvement. The performancemprovements
now enjoyedby E2 is attributedto thefavorablesituationof
having DPH distributionswith nite support,the constant
eightdelayof transitionMACcyclein particulay which re-
ducesthe numberof iterationsrequiredin Eq. 8. Notealso
the fastercorvergencerate of the EMC solutiondueto the
= 100 parameterwhich givesrise to a much smaller
time constantwhen comparedto the previous casestudy
Although animprovementin itself from the previous case
study the corvergencerate of the EMC solutionwasmade
betterstill by usingtheE1 or E3 embeddingstratgies. The
E2 stratgy alsorealizeda net performanceamprovement
despitetheincreasan numberof EMC iterations.

In summary mary of the performancerade-ofs were
demonstratetly the modelingapplication.An overall per
formancemprovementwasrealizedwheneliminatingem-
beddedstates,as opposedto preservingthem, and some
stratgjies were better than othersdependingon the case
study However, eliminationof embeddedtatescould, in
principle, make mattersworse. So, clearly the applica-
tion of the embedding-with-eliminatiomprocedureshould
be governedby a heuristicthat ensuregyood performance
for the majority of cases. While our investigations have
identi ed certainpropertieghatfavor oneembeddingstrat-
egy over anothersomeof which have beenalludedto here,
moreresearclis neededowards nding a goodheuristic.

5. Summary

We have presentedhe PDPN, a new stochasticPetri
net formalism that affords improvementsin modeling -
delity by allowing a mixture of discrete-and continuous-
time events,aswell asnon-Marlovian behaior. Through
our preliminaryresearchprovidedin detailin [2] andsum-



marizedhere, we have begun to formalize its de nition,

semantics,and underlying stochasticprocess. Towards
this understandingwe have determinedthat the general
classof problemswhichwe call an“asynchronou$DPN;

hastwo useful subclasseslenotedby “synchronous’and
“isochronous. RestrictingPDPN modelsto one of these
two “synchronized”subclasse&nsuresthat the underly-
ing processs semi-rgeneratre. As such,we canemploy

Markov renaval theoryin anattemptto nd efcient solu-
tions, eitherstationaryor time-dependent.

Indeed,we have presentedh preliminary stationaryso-
lution algorithm that shows promisein termsof time and
spaceef ciency. Our“embedding-with-eliminationproce-
durewasdemonstratedandassessedn a motivatingappli-
cation. While our solutiontechniquewas shawvn to yield
cost savings, the amountof sarings can vary depending
on the model, and could, in principle, even make matters
worse.Thereforeaheuristicis neededhatchoosesateach
regenerationperiod, whetherto presere or eliminateem-
beddedstatesandensurea goodtrade-of betweertheover-
all costsof oneEMC solutionagainstmary SMC solutions.

Markov renaval theory has also shavn us how dif -
cult it is to obtaintime-dependensolutionsfor all but the
isochronousclass, so future researchis plannedto nd
efcient and reasonablyaccurateapproximationsfor cer
taintime-dependersolutions preferablywith errorbounds.
Approximatesolutionswill alsobesoughffor stationaryso-
lutions of asynchronou®DPNSs.
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