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Abstract

Petri nets and stodastic Petri nets have beenwidely
adoptedas one of the besttools to modelthe logical and
timing behaviorof discrete-statesystems.However, their
practical applicability is limited by the state-spacexplo-
sion problem. We survey someof the techniquesthat have
beenusedto cope with large state spaces,starting from
early explicit methods,which require data structues of
size proportional to the numberof statesor state-to-state
transitions thenmoving to implicit methodswhich borrow
ideasfrom symbolicmodelcheding (binary decisiondia-
gramg andnumericallinear algebra (Kronecler operatory
to drasticallyreducethe computationalequirements.

Next, wedescribehestructual decompositiompptoac
which has beenthe topic of our reseach in the last few
years. This methodonly requiresto specifya partition of
theplacesin thenetand,combiningdecisiondiagramsand
Kroneder opefators with the new conceptof eventlocal-
ity and nodesaturationachievesfundamentagainsin both
memoryand time efciency. At the same the appoad is
applicableto a widerange of models.

We concludeby consideringsereral reseach directions
that couldfurther pushtherange of solvablemodels gven-
tually leadingto an evengreaterindustrial acceptanceof
this simpleyet powerfulmodelingformalism.

1. Intr oduction

Petrinets(PNs)wereintroducedn theearly 19605 asa
compactmechanisnto describecomplex discretesystems
[33]; stochastiextensionsto PNs(SPNs)began appearing
in the early 1980% [30, 31]. Both have beenvery success-
ful in their respectie elds dueto their elegant simplicity
and wide rangeof applicability Thus, approximately40
and 20 yearsafter the introductionof PNsand SPNs,re-
spectvely, it seemsappropriateto take stock of wherewe
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are and examine where further developmentsmight take

us. In this presentationwe do so, limiting oursehesto the

problemsand successesonnectedo two relatedaspects:
the generatiorandanalysisof the statespacé for untimed
PNs, andthe generatiorand stationarynumericalsolution

of thecontinuous-timéviarkov chain(CTMC) underlyinga

continuous-timeMarkov SPN.

Much has been accomplished,as is apparentwhen
we considerwhat is undoubtedlyone of the reasonsfor
the successf PNs and SPNs: the availability of high-
quality computertools that supporttheir analysis. Al-
most 100 tools are listed at the “Petri Nets World” (see
http://www.daimi.au.dk/PetriNets/tools/) Section2 sum-
marizeshekey researchideasandtechniquesmplemented
in toolsthatusewhatwe call explicit approachesd,e., tools
that storethe statespaceand the transitionrate matrix of
the underlyingCTMC usingdatastructureof sizepropor
tional to the numberof statesor state-to-statéransitions,
respectrely.

Anothermeasuref therelevanceandmaturity of a eld
is the degreeto which it hasin uenced, andis in uenced
by, other elds. In the caseof PNsand SPNs,mary in-
teractionsexist with researchersvorking in both “plain”
and“stochastic”processalgebra,or in the numericalsolu-
tion of Markovian andmorecomple stochastigrocesses,
asattestedoy the proceeding®f recentiCATPN (Interna-
tional Conferencen ApplicationandTheoryof PetriNets),
PNPM (PetriNetsand PerformanceModels), PAPM (Pro-
cessAlgebraandPerformancélodelling),andNSMC (Nu-
mericalSolutionof Markov Chains)conferencestHowever,
we amgue that the mostimportantsourceof innovation in
the areaof PNsin recentyearscomesfrom the more dis-
tantareaof symbolicmodelcheding, which hasbeenvery
successfullyappliedto theveri cation of hardwaresystems.
This succesoriginatesrom theuseof binary decisiondia-
grams(BDDs)to encodecomplex boolearfunctions which

linsteadof the PN-speci cterms“marking” and“reachabilityset”, we
use“state” and“statespace” which aremorecommonlyusedin theareas
of model checkingand Markov models,whoseideaswe emplgy in our
discussion.



canthenin turn encodgthe characteristiédunctionof) very
large subsetf structuredsets. In 1994, Pastoret al. [32]
shaved how to generateand storethe statespaceof safe
PNswith up to 10'® statesusingBDDs. Anotherimpor-
tant sourceof innovation, this time in uencing research
in SPNs,is the useof Kronecler operatorsto encodethe
in nitesimal generatomatrix of a CTMC. This was ini-
tially proposedn 1985by Plateay34] for simplestochastic
automataand subsequenthappliedto SPNsby Donatelli
[21]. Section3 presentssomekey resultsfrom theseim-
plicit approachethatcanusemuchlessthanlinearmemory
in mary practicalcases.

With the backgroundn bothexplicit andimplicit meth-
odsin place,we thenmove to considerin Section4, the
structural decompositiorapproachthat hasbeenthe sub-
ject of our researchin thelastfew years.By combiningin
new waystechnique$rom boththemodelcheckingandthe
Kronecler elds, this approactresultsin much moreef -
cientalgorithmsthatarewidely applicablenot only to PNs
andSPNs but alsoto otherdiscrete-statéormalisms.

Finally, lestwe suggesthatall problemsaresolved,Sec-
tion 5 discusseseveraldirectionsfor furtherresearch.

2. Explicit methods

We considera generalmodelof PN with inhibitor arcs,
alsocalledself-modifyingnets[10, 36, 37], wherethe arc
cardinality can be state-dependentA netis speci ed by
(P;T;1;0;H;s), where

P andT aresetsof placesandtransitionsP\ T = ;.

|:T P NPl NO:T P NPl N,and

H:T P NPil N[ flg arethestate-dependent

cardinalitiesof theinput, output andinhibitor arcs

s: P! Nistheinitial state

We saythattransitiont is enabledin a statei iff
8p2 P; lyp (i) ip ™ Hyp(i) > ip:

Whent is enabledjt can re andbring the PN into a nev
statej, we write i+ j,» which satis es

802 P; jp=ip lip(i)+ Opp(i):

Givena PN, its statespaceS is de ned asthe setof states
thatcanbereachedrom theinitial statethroughany num-
ber of transition rings. In otherwords, S is the smallest
subsebf NP I containingtheinitial states andsatisfying

i2s~idfj) j2s:

Our discussioris con ned to nite statespacessincePNs
with inhibitor arcsare Turing-equvalent, we canonly as-
sumethat jSj < 1 , asthereis no generalalgorithm to
verify thatthisis indeedthe case.

SPNscanbeobtainedby assigninganexponentiallydis-
tributed ring timeto eachtransitiorf. Formally, thiscanbe
speci edthrougha positive realfunction , where

:T NPI ! R de nesthestate-dependenting
rateof eachtransition.

Sucha SPNde nes an underlyingCTMC with |Sj states
andtransitionratematrix R 2 RISIIS | satisfying

- P .

RIS o =i ey 20

where :S'! 1g is a bijection from SPN
statego stateindices.For explicit approacheghisbijection
canbesimplyde nedby assigningasequentiallyncreasing
index to eachstateassoonasit is found. However, we will
seethatfor implicit approachethis bijectionis non-trivial,
thusit is importantto keepin mind the distinctionbetween
astatei anditsindex i. OnceR is built, we canalsode ne
the in nitesimal generatorQ, whoseentriesare equalto
thoseof R exceptfor the diagonal which satis es

Qli;i]1=

If theresultingCTMC is ergodic, its stationaryanalysis
requireghesolutionof thehomogeneouknearsystem

o j<jsjjei RIIT:

Q = 0 subjectto P s []=1;

where 2 RISI is the stationaryprobability vector Other
typesof analysismight be of interest,for exampleif the
CTMC is absorbing(cumulatve analysis)or if the system
beingmodeleds to bestudiedator upto agiven nite time
(transientanalysis)[11]. For simplicity, we only consider
thecomputatiorof ; however, theresultswe mentioncan
be easilyappliedto theseothertypesof analysis.

SinceS is usuallyverylarge,only iterative methodscan
be usedto compute in practice. Two commonlyused
methodsareJacobiandGauss-Seideln theJacobimethod,
two vectors, 9 and ", areneededAt eachiteration,
the new vectorentriesareobtainedfrom the old onesusing
theassignmentdprj = 0;:::;jSj 1,

P
i) QIIREFIC Qi *:

0 i<jSjii6]j
2More comple de nitions of SPNsresultingneverthelessn anunder

lying CTMC arein use,suchasthe GSPNswhereimmediatetransitions
having zero ring time can also exist under certain conditions[2], and
the PH-SPNswherethe ring time hasarbitrary continuous-timephase-
typedistributions[20]. However, thesedestry theone-to-onenappingbe-
tweenstatef thePN andstateof the CTMC, sowe do notconsidethem
further. Theresultswe mentioncanbe easilyextendedo theseclasses.




In the Gauss-Seideinethod,a single vector is needed,
andits entriesmustbe updatedsequentiallyusingthe as-
signmentsforj = 0;:::;jSj 1,

[IR[J1C QL:iD *:

The generatiorandstorageof S is conceptuallysimple:
it is essentiallythe explorationof the nodesof alarge nite
graphusing,for example,abreadth- rstsearchln practice,
however, it is averytime-andmemory-intensie operation;
the samecan be saidfor the generatiorand storageof R
or Q. This problemhasbeentackledsincethe inception
of early SPNsoftwaretools [1, 8, 26, 30]. By examining
the pseudo-codef Figure 1, we caneasily derive the re-
guiredtime and spacecompl«ity. If we assumeasit is
normallythe casethatdifferenttransitiondeadto different
stategthatis, i+ j ~ i€ j°“t 6 y) | 6 |9, thenumber
of arcsexploredin the readability graphis essentiallythe
sameasthe number (R) of nonzeroentriesin R. Then,
the memoryrequirementsre proportionalto jSj, to store
the statespaceandto (R), to storeR with sparseech-
nigues. The time requirementsarenormally dominatedby
thecostof computingnew stateqstatemeni0) andsearch-
ing themamongthe currently-knavn stateqstatement.1),
sincethis operationis performed (R) times. Eachsearch
hasanassociatedost: if abinarysearchis used thereis a
computationatostof O(log jSj); if hashings usedthereis
the costof computingthe hashingfunction (alongwith the
dif culty of choosinghehashtablesize,sinceit is notpos-
sibleto know, or evenbound thesizeof S apriori). Forthe
solution of the CTMC, the periterationcostis O( (R)),
andthe numberof iterationsdependson the corvergence
propertiesof theiteratve methodchosen.

Substantiaimprovementshave beenachieved over the
years mainly concernedvith betterencodingechniquego
storetheselarge datastructuresFor example,considerour
own tool SMART [15]:

[l] 0 i< |Sj;i6]j

Early tools generateds andR in asinglepass,using
simplelinked lists which, while highly dynamic,have

a highermemorycost. SMART usesmultiple passes.

First, it generatesnd storesS, andit computesthe
numberof nonzeroentriesin R without actuallystor
ing them. Then, it allocatesa lessdynamicbut more
memory-efcient datastructureto storeR, andit lls
its entriesin a secondpass.

Early tools storedindividual statesasindependenén-
tities in memory;i.e., statei is storedconceptuallyas
anarrayof jP j integers,anda searchireeor a hashta-
bleis usedto nd outefciently whethera“new” state
i is indeednew, or is alreadyin the currentlyknown
portion of S. Somememory sarzings were achieved
throughstandardechniguesuchascomputingor as-
sumingan a priori boundb on the possiblenumberof

Explore(P;T;1;0;H;s) is
1. (s) 0; initial states hasindex 0
2. n 1 numberof statessofar
3. S - S: statesxploredsofar
4. U fsg; U: unexploredstates
5. while U 6 ; do
6. choose a statei in U;
7. moveifromUtosS;
8. foreacht2 T do
9. iflz (i) i~H¢ (i)>ithen tenabledni
10. j i e (I)+ O (i); i goestoj
11. if ] 625 U then j is anew state
12. »m m
13. n n+ 1;
14. U Ul fjg;
15. end if;
16.  RL(); )1 RL@G); I+ «(@);
17.  endif;
18. end for;
19. end while;
20. return S;

Figure 1: Explore, explicit generatiorof S.

tokensi, in placep (sothatadog b+ le-bit integersuf-
ces to storeip) or usingsparsestorageor thevectori
(sothatthespaceequirementsor i areproportionato
the numberof non-emptyplaces).In additionto these
low-level optimizations,SMART can optionally em-
ploy anexplicit multilevel datastructure(anextension
of atechniquesuggestetyy Chiolain [9]) thatexploits
the presenceof the samesub-statein different states
andgreatlyreduceghe memoryrequirement$16].

For the numericalsolutionof the CTMC, morerecent
tools,including SMART, usesophisticatedechniques
rangingfrom automaticdetectionof the stronglycon-
nectedcomponentsn the reachabilitygraph(i.e., re-
currentclassesn the CTMC), sothat several smaller
linear systemsare solved insteadof a single large
one,to adwancedalgorithmsfor the solutionof linear
systemssuchas SOR (successie over-relaxation)or
BCGSTB (bi-conjugate gradientstabilized), which
have fastercorvergencerate.

Thanksto theseimprovements,andto the exponential
growth in processospeedand RAM sizes,explicit meth-
odsarenow ableto tackle PNshaving asmary as 10’ or
even 10° statesin a matterof hourson a modernworksta-
tion equippedwith a substantiahmountof memory Using
themultilevel approacheachstaterequireson averageonly
afew bytesof memory andthe overall generatiorof S re-



quiresO(jSjlogjSj) time, wherethe proportionalitycon-
stantdependson the averagecost of testingthe enabling
andcomputingthe effectof ring theenabledransitionsin
eachstate(thus, the costis affectedby the compleity of
the state-dependetftinctionsspeci ed in the model). For
thestationaryanalysisof SPNs strongessizelimitationsex-
ist, dueto the needto storethe transitionratematrix R : in
mostcasespnly modelswith up to afew million statescan
be solved.

3. Implicit methods

We now give a brief introductionto two techniqueghat
are precursorgo the work presentedn Section4: BDDs
andKronecler operators.

3.1.Binary decisiondiagrams

Thekey technologybehindthe enormousucces®f im-
plicit (or “symbolic”) methodsfor model checking, and
consequentlyor statespacegenerationjs the BDD [4, 5].

rectedgraphwhosenon-terminalnodesare labelled with
oneof the booleanvariableswhile the terminalnodesare
labelledwith eithera O or a 1; a non-terminahodelabelled
with xi hastwo outgoingarcs,labelledwith 0 and 1, re-
spectvely, pointing to othernodes. In particular we only
considerordered BDDs, where,if a nodelabelledwith x
pointsto anodelabelledwith x|, k > 1.

A BDD is reducedf, in addition,no two nodedabelled
with the samevariablepointto samenodethroughtheir O-
arcandto thesamenodethroughtheir 1-arc(noduplicates),
andif the two nodespointedby a non-terminalnodeare
different(no redundannodes).A similar, althoughlesser
used,versionis the quasi-educedBDD, wherestill no du-
plicatenodesareallowed, but, insteadof forbiddingredun-
dantnodeswe requirethatthe childrenof a nodelabelled
with x belabelledwith xi 1 (nolevel skipping).

The fundamental property of BDDs (in either the
ROBDD or the QROBDDs form) is that they provide a
canonicalrepresentatiorof booleanfunctions. Further
more, in mary casesthe encodingis extremely compact.
However, thesizeof theBDD, in termsof hnumberof nodes,
canbestronglyaffectedby theorderchoserfor theK vari-
ables.To evaluatefunctionf : f0;1g¥ ! f0;1goni when
f isencodedasa BDD, we simply follow the pathfrom the
root to aterminalnode,where,in a nodelabelledwith xy,
we follow thearclabelledwith i . Thevalueof thefunction
is thenthelabel of theterminalnodereached.

A BDD overK variablescanbe usedto encodea subset
Sof9=f0; 19X throughits indicatorfunctionf s, de ned
byfs(i) = 1, i2 S. Efcient manipulationroutinesex-
istto performstandarabperation®nsetsencodecsBDDs.

ExploreBdd(s; N ) is
1. S fsg; known stateg
2. U fsg; unexploredstates
3. repeat
4. X N (U); potentiallynew states
5. U XnsS; truly new stateg
6. S S[ U;
7. untilU = ;;
8. return S;

Figure 2: ExploreBdd, implicit generatiorof S.

In particular testingtwo setsfor equalitysimply requiresto
compareheir roots(becaus®f canonicity),while comple-
mentinga setsimply requirego exchangehe0 and1 labels
of theterminalnodes.

To useBDDs for statespacegenerationanef cient en-
coding for the next-statefunctionis requiredaswell. In
full generality this function speci es which statescan be
(nondeterministicallyyeachedrom one statein one step:
N :$1 2% For PNs, we canthink of N asthe re-
lation N = f(i;j) : i+ jg, wherethe identity of the PN
transition causingthe changeof statefrom i to j is ig-
nored. Sincethe relationN is just a subsetof f0; 1g°¢ ,
it, too, can be encodedwith a BDD, this time with 2K
variables.A few optimizationscanbe employed whenen-
codingN . First, it hasbeenobsened experimentallythat
thesizeof theBDD encodingN is usuallymuchsmallerif
the “from” vectorx andthe “to” vectory areinterleaved

insteadof encodingN as a monolithic set, it is at times
possibleand more ef cient to storeit asa list of K func-
tions[23] fx : §! f0;1g forK k 1, sothatN is
thengivenby N = f(i;j) : 8k;jk = fk(i)g (conjunctive
partitionedrelation,usefulfor synchronousystems)or by
N = f(i;j) : 9K;jk = fy(i) ™ 8l 6 k;i; = j,g (disjunc-
tive partitionedrelation,usefulfor asynchronousystems).
Notwithstandinghes€‘tricks”, thesizeof theBDD encod-
ing N is considereda potentially major obstaclein sym-
bolic modelchecking.

Figure 2 shows the algorithm for implicit statespace
generatiorof a safePN without state-dependeititehaior,
almostaspresentedh [32]. N, S, U, andX areall encoded
asBDDs, andthe readeris referredto [32] to seehowv N
is built startingfrom the PN, andhow N (U) is computed
using standardBDD operations. With this procedurethe
authorsof [32] wereableto generateandstorestatespaces
containingup to 10'8 states.

It is interestingto notethat the procedureExploreBdd
of Figure2 makesa point of applyingN only to stateghat
have notbeenexploredbefore,i.e.,only to truly new states.
This might be a vestigialattitudefrom thinking in termsof



ExploreBdd(s; N ) is

=

S fsg;

repeat

O S;

S O[ N(O);
untilO = S;
return S;

old statespace
new statespace

ok wd

Figure 3: An alternatie ExploreBdd.

Figure 4: ExploringS in “layers”.

explicit algorithmswhere,of course,we never wantto ex-

plore a statetwice. However, BDDs canbevery counterin-
tuitive: thecostof ary BDD operatiordepend®nthenum-
ber of nodesin the BDD, not on the numberof statesen-
codedby it. Sinceit is possiblefor U to requiremorenodes
thanS, anequallyreasonablémplicit explorationis given
by the alternatve ExploreBdd procedureshovn in Figure
3. In eithercasethe numberof iterationsis the maximum
distanced of ary statefrom the initial state(plus one,to

detectthatthe x edpoint hasbeenreached)andthe states
arefound“by layers”,asshovn in Figure4.

3.2.Kr onecker operators

The Kroneder productof matriceS A, 2 R"2 "2 and
A; 2 R" "tisamatrixA = A, A; 2 R"2M naMm
whoseentries,indexed startingat zero,are:

Afiijl= Aliny + ig;jang + ja] = Azlizija] Aafiaijal;

where(iz;i1) and(j2;j1) arethe uniquemixed-baseep-
resentation®f i andj, respectrely, accordingto the base
vector(nz; ny). In otherwords,i, andiq, for example,are
the quotientandthe remainderof the integer division of i
by n1, respectrely. TheKronedker sumof A ; andA 1 is

A Ai1=Az In, +1h, Ag;

wherel is the identity matrix of sizex. The Kronecler
productand sum can be trivially extendedto an arbitrary
numberK of matricesnotjusttwo

3In generalthe Kronecler productcanbe de ned on rectangulama-
trices,but we only applyit to squarematricesin our case.

The useof Kronecler operatorsto encodea very large
transitionrate matrix R, or in nitesimal generatomatrix
Q, hasrecevedmuchattentionin theMarkov modelingand
numericallinearalgebracommunity[6, 7, 21, 25, 34, 35].

We presenthisideain termsof the parallel composition
of K SPNshaving pairwisedisjoint setsof placesPy, but
notnecessarilylisjointsetsof transitionsTy, forK k1.
Thusthe (global) statei of the overall SPNcanbe seenas

statespaceof the k™ SPN,then@: Sk S, isthe
potential statespace,a possiblystrict supersebf the (ac-
tual) statespaceS. If weletny = jSkj,j@j =ng N

1g, corre-
spondingo thelexicographicorderof stateindex vectors.

If transitiont belongsonly to thek™ SPN,it is saidto be
local to it, while transitionsbelongingto two or moreSPNs
are saidto be syndwonizing SinceeachSPNis assumed
to bede nedin isolation,the only possiblestatedependen-
ciesfor thearccardinalitiesarelocal, thatis, the cardinality
of anarcfromp 2 Py tot 2 Ty dependsat moston the
local stateiy, not on ary otherlocal state,andthe sameis
true for the ring ratesof the transitionsin Ty whencon-
sideringthe k™ SPNin isolation. However, this doesnot
specifywhatis the ring rateof a synchronizingransition
whenconsideringhe overall SPN.We thende ne thisrate
to be the productof the local rate functions;thatis, if we
let ¢k ( )S 1 for t 62Ty, we canwrite, for ary transition
t2T = K Kk 1Tk

t(i) =

The transitionrate matrix R of the CTMC underlying
theoverall SPNis thenthesub-matrix(correspondingo the
indicesof the reachablestates)of the potential transition
ratematrix R, de ned by

P
R = t2T

where,whent 62Ty, W ¢ is the identity matrix of order
ng;while,whent 2 Ty, W ¢ [ik;jk]iS tk (ik), if ik4I jk in
thek™ SPNconsideredn isolation,otherwiseit is 0.

We canfurthertransformthe expressiorfor R into

Ii?—L P N
- K k1Rk+ t2T S

ek (ik) t1(i1):

N .
kK k 1 Wik

k k 1 Wik

whereES T is the setof synchronizingransitionsand
Rk = (o1,nts Wk isthematrix describingthe transi-
tion rateslocal to thek™ SPN.

The fundamentabppealof the Kronecler approachor
SPN analysisis that R, by far the largestdata structure
whenusingan explicit approachis ef ciently encodedus-
ingtheK localmatricesR  andtheK T Sj synchronizing
matricesW . , all of smallsize. Furthermorejn practice,



mary of theW  aretheidentity, andtherestareextremely
sparse.Indeed,for the classof SPNswe considey row iy
of W .« canonly have eitherzeroentriesimplying thatt is
never enabledn a global statewhosek™ components iy,
or oneentryin columnj,, implying that,if t is actuallyen-
abledand res in aglobalstatewhosek™ components iy,
thek™ componenof the nev gl@bal stateis jk. Thus,the
memoryrequiredto storeR is O( k « 1Mk(Nk+jT =)
in our case.

However, employing a Kronecler representatioffior R
carriestwo typesof overhead Oneis dueto the needto re-
constructentriesof R by multiplying the appropriateentry
in eachof K matricesfor ratesdueto synchronizingran-
sitions;in practice,somereuseof partial multiplicationsis
possible,so the overheadcanbe lessthana factorK , us-
ing appropriatetechniqued6]. Anothertype of overhead
is dueto R being a supermatrix of the actual matrix R
of interest. Early approache$21, 34, 35 copedwith this
discrepang by using“potentialalgorithms”thatoperateon

andcomputea probabilityvectorb of sizej@j, in sucha
waythat,uponcorvergenceandassumingn nite precision,
b[i]> 0, i 2 S. However, this hassomedisadwantages.
The sizeof b canbe muchlarger thanthat of the sought
vector : essentiallyall theentriesin b having valueO at
theendof theiterationsarewasted they arejust neededso
thatwe canusethe simplermapping b insteadof the more
comple«cmapping :S! f0;:::;jSj 1g. Anotherdis-
adwantagss that,to ignorethedifferencebetweer@ ands,
we arerestrictedo solutionmethodghatcanoperateby ac-
cessingb exclusively by row (suchasthe Jacobimethod),
while fastercorverging methodssuchas Gauss-Seidednd
SORcannotbe emplgosedef ciently . Thereasorfor thisis
thatR[0(i); P(j)] is guaranteedo be zeroif i is reachable
butj is unreachablehut the corversedoesnot hold: R can
containentriesfrom unreachabléo reachablestated6].

4. Structural decomposition

We arenow readyto discussa generalandef cient ap-
proachfor the logical and stochasticanalysisof PNsand
SPNswhich, while inspiredby the ideaspresentedn the
previous section,it combinesthemin new ways, resulting
in algorithmsthat are both fasterand more memory ef -
cient. Themainadwantage®f the structuraldecomposition
approactwe proposearethefollowing.

Unlike traditional compositional Kronecler ap-
proacheswhich require the (global) PN or SPN to
be madeup of “well-behaved” (local) subnets,our
approactcanbeappliedto arbitrarynets.

Unlike BDD approacheswhich requirecomplex and
inef cient encodingsvhendealingwith non-safePNs,

we usearbitrarydiscretevariablesover nite sets.This
givesusgreat e xibility in thede nition andnumberof
variabledabellingthe nodesof thedecisiondiagram.

Unlike traditional BDD-basedalgorithmswhich en-
codethe next-statefunction N with a BDD, our rep-
resentatioris basedon booleanKronecler operators,
thusit is ef cient to generatestore,andapply.

Unlike traditional BDD-basedalgorithmswhere,due
to the monolithic natureof the next-statefunction, the
orderin which statesarefoundis dictatedby their dis-
tancefrom theinitial state,our encodingof the next-
statefunctionallows usto explorethe ring of transi-
tionsin ary order This canbe usedto exposethein-
herentiocality for theeffectof transition rings, which
canin turn be exploitedto achieve enormougime and
memorysavingsin mary models.

4.1, Structural generationof S

We discuss rst structuraltechniquesto generatethe
statespaceS, whichuseideasfrom theKroneclerapproach
and,in turn, will be usefulto improve the ef ciency of the
numericalsolution.

Petri net decomposition Givena PN (P;T;1;0;H;s)
de ned in full generalityasin Section2, the application
of our structuralmethodsimply requiresa partition of the

placep 2 Py andary transitiont 2 T, l¢p, Op, and
Hp candependatmostonthelocal stateiy corresponding

that,for ordinary(non-self-modifying)PNs,this meanghat
any partition is consistentvith this requirrment sincel v, ,
Oyp, andHy, areconstantsn this case.However, theef -
cieng/ of our analysisapproactcanbe stronglyin uenced
by the choiceof partition.

Encoding the statespace Giventhepartitionof P into K
subsetspur goalis thento build the statespaceS $=
Sk S;. Thestructureof the potentialstat&epaceﬂ? is
the sameasfor the Kronecler approachdiscussedsection
3.2.However, S¢,forK k1, is now notknown apriori:
we only know thatit is asubsebf NIF <] andthatit contains
sx. Fortunately this is not a problem,asit is possibleto
build Sk “on the y” aswe build the statespaceS [12].
Here, we simply describehow to usea (quasi-reduced
ordered)multi-valueddecisiondiagram (MDD) to encode
S, wheneachsetSy is known andits elementsaremapped

to the setf0;:::;n 1g. Thus, from now on, when
we write state(ix ;:::;i1), eachelementiy is simply the
integer index of the correspondindocal state, and $is
fO;:::;nk  1g f0;:::;ny 1g. Thede nition of



MDD we useis a straightforvard extensionof the onewe
gavein thebinarycasgseg24] for thede nition of reduced
MDDs): anMDD over is adirectedagyclic graphwhose
nodesareorganizedinto K + 1 levels;level K containsa
singlenode,theroot, while level 0 containsoneor both of
the two terminalnodes Jlabeledwith 0 and 1, respectiely;
eachnodeatlevelk, K k 1hasny arcs,labelledfrom O
tong 1, pointingtonodesatlevelk 1, andnotwo nodes
canhave the samepatternof arcs. The setencodedby an

arclabelsleadingfrom therootatlevel K to nodel atlevel
0. Figure5 shavs anexampleof anMDD with K = 4and
thesetS 0;1;2,3g f0;1,2g f0;1g f0;1;2giten-
codes.We obsenre that,in ourimplementationin SMART,
nodesencoding;, or S S,, for ary k, donotneed
to beexplicitly storedor manipulatedqtheseareshavn with
lighterlinesin the gure).

Encoding the next-statefunction. Insteadof usinga sin-
gle monolithicMDD with 2K levelsto encodehepossible
transitionsbetweenstates we borrov from the Kronecler
approachandencodeit insteadusingjTj K booleanma-
tricesT vk , WhereT  [ik;jk] = 1iff t is not disabledby
thek™ local statebeingiy andits ring, assumingt is not
disabledby otherlocal states)eadsto a statewherethek™"
local stateis iy [18, 28]. It is importantto stresghat,given
alocal stateiy, the correspondingow of T x canbe eas-
ily computedgiven the PN obtainedfrom the original PN
by eliminating all placesand transitionsexceptPy andt.
In particular if a setof placesPy neitheraffectsthe en-
ablingof t noris affectedby its ring, weknow apriori that
Tk = |, theidentity matrix. This obsenationleadsto the
introductionof afundamentatoncepthatcanbeexploited
to greatlyimprove the ef ciency of the solution.

We saythatatransitiont depend®nlevelk if Tk 6 1.
We canthende ne First (t) andLast(t) to bethe highest
andthe lowestlevels on which t depends.The next-state
functionis thenencodedy ,, (First (t) Last(t) + 1)

very sparsematrices.Indeed,if First (t) = Last(t) = k, t

dependsonly on level k andwe saythatt is local to level

k; analogougo the memging of the W x matricesinto the
Rk matrix describedor the Kronecler approachheretoo

we canthenmegeall theT x matricedfor transitiondocal

to agivenlevel k, for greateref ciency. For mostpractical
models,the spacerequiredto storethis setof matricesis

nagligible comparedo thatneededo storethe statespace
encodedasanMDD.

Figure 6 shawvs how the next-statefunction is encoded
for a simple PN, from [30]. In the top portion, eachplace
is assignedo a differentclassin the partition of P, that
is, Pk = fpkg, for K k 1. Thus,K = 5 and
all transitionsare synchronizing.Of the 25 matricesT ¢y ,
only 12 arenot the identity. In the bottom portion of the
gure, the samePN is partitionedin a differentway, by
meiging ps andps in a singleclassof the partition. Thus,
K = 4 andtransitionsb and ¢ are now local to level 3,
sowe memgethemandlet | indicatethe resulting“macro-
transition”. Sinceps andpz aremeigedinto P3, we how
have Sz = f(0pa4; 0p3); (1p4; 0ps3); (Opa; 1p3)g = f0; 1; 2g.
Of the 16 matricesT vk , only ninearenottheidentity.

Onefundamentabbsenationis thatwe cannow decom-
posethe next-statefunctionas

N (i) = StzT N(i) = StZT Nex (i) Nt 1(i1);

wherefunctionNy : S¢ ! 25 isencodedy* matrix T gy .
Then,insteadof performingd “heavy-weight” applications
of functionN startingfrom theinitial states, whered is the
maximumdistanceof ary statefrom s, we canapply the
individual “light-weight” functionsN in ary order aslong
we applythemexhaustvely. This hasvariousandprofound
implicationsthataffect performance.

First,we cannow exploit animportantlocality property:

ifi 2°S, i+ j, First(t) = f, andLast(t) = I, we can

Thus,whenapplyingN, we know a priori thatary nodeat
level above First (t) is unafectedandwe can“begin work”
atlevel First (t), avoiding unnecessargperationgapplica-
tions of theidentity function). Analogously we know that,
oncewe reachbelaw level Last(t), the ring of t hasno
effect on thosenodes sothereis no needagain to perform
unnecessargperationsFor MDDs with mary levels (vari-
ables),this can save a vastamountof computation,espe-
cially whenthe levels are orderedso that mosttransitions
dependon acloserangeof levels.

Secondwe canexploit a symmetryproperty:if i 2 S,

“We note that, for PNs, the effect of a transition ring is determin-
istic, thus eachrow of T ¢, cancontainat mostone nonzeroelement:
Ntk (ik)j 1. However, our approachs alsoapplicableto formalisms
wherethe new statecan be chosemnondeterministicallythis is the case,
for example whenthe modelis a GSPNandtheimmediatetransitionsare
eliminatedocally (i.e., all synchronizingransitionsaretimed).



00 01
01 01 00
S4=10;1g | Tas= 00 Tha= 00 Tea= 10 Taa=1 Tea= 1
00 01 00
01 00
S;=10,1g9 | Ta2= 00 | Te2=1 Te2=1 Ta2= 1o | Te2=| |
01 00
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First(a)=5 First(b)=4 First(c)=4 First(d)=2 First(e)=5
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00 01
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000 010 100
01 00
01 00
First(a) = 4 First (1) = 3 First (d) = 2 First (e) = 4
Last(a) = 2 Last(l) = 3 Last(d) =1 Last(e) = 1

Figure 6: Exampleof N encodingwith K = 5 (top)andK = 4 (bottom).

LININEN

|
NN
]

L4ININEN

||
iHIN
]

Figure 7: In-placeupdateof anMDD node.

theni® | wherej® = (i9;:::;i%, 1jk;:::;j1). Thus,
whenwe explorethe ring of t in nodep atlevel k reached
throughthe path(ix ;:::;ik+1 ), we canmodify nodep in

place,since,for ary statej we add, we would eventually
have to addalsoa correspondingtatej ° for eachotherpath

Thetop portion shavs the caseof alocal transition,where

addingthe stateggeneratedby the ring of t in nodep sim-
ply requiresto changethe arclabelledjy, sothatit points
insteadto a nodeencodingthe union of the sub-staten-
codedby nodesa andb. The bottomcaseshavs the more
comple caseof a synchronizingransition,wherethe nev
pointed node encodeshe result of the union of the sub-
stateeencodedy nodebwith thoseobtainedoy recursvely
exploringtheeffectof ring t in nodea. Thesen-placeup-
datesaremuchmoreef cient thantraditionalmethodshat
blindly applythe next-statefunctionencodedasa 2K -level
MDD (or BDD), since,in thatcaseanew copy of pis gen-
eratedand updatedfor every arc reachingp, only to nd
out, attheendof oneapplicationof N , thattheold copy of
p becomesiseless.

Saturation: an ef cient iteration strategy. Perhapghe
mostimportantinnovation allowed by the introduction of
the light-weight next-state functions N is, however, the
ability to explorethe ring of transitionsin arbitraryordet
asit turnsout that someordersare (much)betterthanoth-



ers, andthat we can (heuristicallyat least)determineone
thatis generallyvery good[13, 14]. Giventhe currentset
of statesS, onetraditionalapplicationof a monolithicN is
effectively equivalentto computing

X (t1) N, (S);
X (tir §) Ni, (S);
S S[ XU oo X,

By emplgying our light-weightnext-statefunctionssequen-
tially andmodifying nodesin place,we alreadyachiese an
improvement,sinceoneiterationnow computes

S S[ N, (S);

s S[ Ny, ,(S);

Thus, N is applied eachtime to the largestpossibleset
of known statesthe updatedsetS: this shouldspeedup
reachingthe fartheststates,an intuition thatis veri ed by
practice[13, 28].

In [28] we obseredthat,since ring local transitionsis
arelatively inexpensve operationwe should re thesetran-
sitionsrepeatedlyin anode,until no morestatesareadded.
In [13], we appliedthis ideato synchronizingransitionsas
well, sothatoneiterationcomputes

S S[ N, (S);

s S[ Ny, (S)

resultingin aneven betterspeedupln addition,repeatedly
exploring a given transitionmakes good use of our ring
caches whichareanalogouso thevariousoperatiorcaches
usedin symbolicapproaches

However, by farthelargestimprovementsvereobtained
in [14], werewe wentone stepfurther We obsered that,
uponcorvergenceof the x ed-pointiterationto generates,
eachnodep at level k is saturated ring ary transitiont
with First (t) = k in p doesnotaddary new states.Thus,
it makessenseo attemptsaturatingnodesof the MDD as
soonaspossiblejin abottom-uporder Thisis achievedas
follows: startingfrom theinitial stateencodecasan MDD
with onenodeperlevel, saturatehe nodeat level 1 by ex-
haustvely ring all all transitionslocal to level 1, modify-
ing the nodein place. Then, considerthe nodeat level 2,
and,againmodifyingit in place, re exhaustvely all transi-
tionslocalto level 2 andall transitionssynchronizingevel
2 and 1. This processmight createunsaturatedhodesat

5Operationcachesjustlike theuniquetable, areimplementedhrough
hashingandareneededo speed-ugomputation.

level 1, which mustbeimmediatelysaturatedprior to com-
pletingthe ring of thetransitionwhose ring causedheir

creation. Thenmove to level 3, andso on, until reaching
level K . Whenthe onenodeat level K becomesaturated,
it encodeshestatespaces, andtheproces€nds.Notethat,

with saturationwe still computethe statespaceasa x ed

point, but the concepibf iteratinga singlefunctionN com-
pletelydisappearsessentiallyeachnodep atlevel k, when
is insertedin the uniquetable,is its own x ed point with

respecto therestrictionof N to ary transitiont satisfying
First (t) k.

The theoreticaladvantagesof the saturationprocedure
are mary: only saturatechodesare placedin the caches
andin theuniquetable,thusthe sizeof thesehashtablesis
smaller Furthermoreijt is morelikely thata nodeinserted
in the uniquetable will actually remaintherethroughout
theexploration,while, with themoretraditionalalgorithms,
mary unsaturatedodesareinsertedn theuniquetabledur
ing theiterations,andtheseareguaranteedo be eventually
deleted. A greatspeedadwantageis also gainedbecause,
onceanodep atlevel k is saturatedthereis no needto ex-
plorethe ring of ary transitiont having First (t) = k in
it, nor of ary transitiony with First (y) = | in ary nodeat
level | reachabldrom p. Traditionalsymbolicmethodsap-
ply insteadthe next-statefunctionto all thenodesencoding
S, orto all thenodesencodinghesetof newly addedstates
(which might not be ary fewer, aswe discussedn Section
3.1), ateachiteration. Thesetheoreticaladvantagesarein-
deedcon rmed by experimentaresults.In [14], we shaved
how the generatiorof the statespacecanbe up to several
ordersof magnitudeasterwhenemploying saturationand,
at leastin the experimentswe presentedthis speedupis
alwaysaccompaniedy savzingsin the peakmemorycon-
sumption attimesjustassubstantial.

To corvince the readerof the effectivenesf the struc-
tural decompositionapproachfor state spacegeneration,
we brie y summarizesomeof the resultsreportedin [14].
We focus on two representatie cases:the classicdining
philosopherproblem,andamoreconcretenodelof a e xi-
ble manufcturingsystem.Thestatespaceof the rst model
grows quitefast[27]: jSj = Fib(3N + 1)+ Fib(SN 1)
when there are N philosophers,where Fib are the Fi-
bonaccinumbersin [32], S wasgeneratedor N upto 28,
in 8,274 secondwn a Sun SFARC 10 workstation,using
21 Kbytes of memory With the approachust described,
SMART cangenerateS for N = 100Q containingabout
10°%7 states,in undera secondon an 800 MHz Pentium
PC, using 390 Kbytes of memory The secondPN, intro-
ducedin [19], modelsa e xible manufcturingsystemthat
canprocesshreetypesof parts. ThereareN unitsof each
type at ary time in the systemand, with explicit methods,
it was possibleto generatehe statespacefor N up to 5;
now, with fasterandlarger computersijt might be possible



to reachN = 8. SMART, usingthe structuraldecompo-
sition method,can generateS for N = 100, containing
about10?! statesjn lessthan 15 secondspsinglessthan
10 Mbytesof memory More detailedresultsfor theseand
othermodelsareavailablein [14].

4.2.Structural solution of the CTMC

We discussechow the simpler numericalsolution ap-
proachedasedn aKronecler representationf thetransi-
tion ratematrix canignorethe differencebetweerpotential
andactualstatesy using“potential-sizestationaryproba-
bility vectors.Unfortunately doingsois in mary casesin-
acceptablesinceit exacerbateshe memoryrequirements:
j@j memorylocationareallocatedwhile jSj would be suf-
cient in principle.

More recentapproache$s, 25 werethendevelopedto
usevectorsof sizejSj and, in addition, to supportfaster
methods,suchas Gauss-Seideand SOR, that requireac-
cessby columnsto R. Thesearebasedon the ideathat,
givenastatej, we still obtainall entriesin “potential” col-
umn b(j) usingthe informationcompactlyencodecby R,
but, for eachoneof them, sayin “potential” row b(i), we
mustensurehati is reachablend,if it is, computeits “ac-
tual” indexi = (i), sincethenumericalmethodwill have
to multiply R[P(i): P(j)] by [ (i)]. This requireshav-
ing exploredandstoredS beforehandandthe overheadof
computing (i) depend®nthedatastructureused.

If S is simply storedas an orderedset and a binary
searchs performedon it, the computatiorof (i) requires
O(log n) operations:this is a substantialoverheadto be
paid for eachnonzeroentry in eachreachablecolumn of
R ateachiteration,in orderto save memorywhenallocat-
ing the solutionvector[25]. In [6] we shaved how, by us-
ing thethemultilevel datastructureof [16] andinterleaving
the row and columnindices,the overheadcanbe reduced
to O(log ny), but atthe costof forgoingaccesdy columns
(thus,of having to useJacobiinsteadof Gauss-Seidel).

StoringinsteadS with the MDDs discussedn Section
4.1,it is possibleto reducethis overheado O(K ), essen-
tially the sameoverheadrequiredto computethe numer
ical value of an entry with the Kronecler approach,re-
gardlesof whether‘potential” or “actual” vectorsareused
[27]. Thisis achieved by associatingwith arciy in node
p at level k, the running count of the sub-statesncoded
by the nodespointedby the arcsto its left: the index of a

MDD. Thisis illustratedin Figure8, which shavs thesead-
ditional running countsfor the MDD of Figure5, in bold
italic font, To computethe index of state(2; 1;0; 0), for
example, we simply sum the running countsencountered
alongthepath,6+ 2+ 0+ 0= 8;indeed(2; 1;0; 0) is the
9 state(recallthatstateindicesstartat 0).

o]1]6]11f19
o[1]2]3
AV
ofoJof1] [of2]4]5] [ofz1]2]8]
o[1]2 1]2 o[1]2
olofo] [o]1]2] [o]o]2][o]3]6]
01 o1 01 01
C_— .
o[ofofo] [o]1]1]z] [o]2]2]3]
o[1]2 o[1]2 o[1]2

Figure 8: Computingstateindicesin anMDD.

To further reducethe overhead,we can adopta newn
datastructure matrix diagrams[17, 27], which essentially
meige the ideasof MDDs and Kronecler descriptionof a
matrix. The Kronecler encodingof R we just discusseds
basedon describinga supermatrix R of R and* Itering
out” the entriescorrespondingo unreachabletatesusing
theknowledgeof the statespaceS encodecasanMDD. A
matrix diagram,instead directly describesa matrix of the
correctsize, thatis, R andnot R, by applyingthe knowl-
edgeof S directly to the Kronecler matrices. Formally, a
matrix diagramrepresentingunonzeramatrix, asde nedin
[17], is adirectedagyclic multi-graphwhosenodesareor-
ganizedinto K levelsand,just asfor MDDs, the top level
containsonly onenode,theroot, the only nodewithoutin-
comingarcs.A nodep atlevel k, K k 1isajSkj jSkj
matrix (in reality, a matrix of smallersize,possiblyrectan-
gular, mightbeused asis thecasefor thetwo nodesatlevel
2in Figure9) ; for k > 1, anentryof this matrixis alist of
pairsof theform (v; g), wherev is arealnumberandqis a
nodeatlevel k 1; for k = 1, anentryis justarealnum-
berv. To avoid redundang, two elementf a list cannot
have thesamevaluev or thesamepointerg. To avoid dupli-
cates,nodesat the samelevel musthave differentpatterns
of entries.

A matrix diagramencodeghe real matrix whoseentry
inrow (i) andcolumn (j) is given by the sumover all
pathsstartingat the root and consistentith the entriesof
i andj, of the productsof the form vy v1, Wherevy is
a real value found in the list in row iy andcolumnjy of
the matrix at level k along the path. For example, con-
sider the matrix diagramshawn in Figure 9 and the cor-
respondingmatrix encodedby it. The value of the matrix
entryin row (0;1;0) andcolumn (1;1;0) is given by
the productof the entriesfound in position (0; 1) of the
onematrix at level 3, in position (1; 1) of the rst matrix
atlevel 2, andin position(0; 0) of the rst matrix atlevel 1:
1 7 8= 56(only onepathneeddo beconsideredecause
eachof the lists encountereaontainsonly oneentry); the
valueof theentryinrow (1;1;1) andcolumn (2;1;1)is
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Figure 9: A matrix diagramandits matrix.

insteadobtainedoy summingtheproductscorrespondingo
twopaths:2 2 5+ 2 1 1= 22 Notethatthegrayed-out
portionscorrespondo unreachablstates.

In [17, 27], an algorithm to multiply a vector of size
iSj, e.qg., , by amatrix diagramencodinga matrix of size
iSj jSj, e.g.,R, is given. This algorithmis ef cient even
when the potential statespace@ is a true supersebf S,
thanksto the useof a multiplication cache This cache,
analogouso theoperatiorcachesn MDDs, is usedto avoid
repeatingoperationgmultiplications,in this case)already
performedvhencomputingthevalueof entriesfoundalong
previous pathsthat sharea commonsub-pathwith the one
beingconsidered.

We concludethis sectionby comparingthe execution
timesof variousapproachet solve theunderlyingCTMC,
obtainedrunning SMART on a 450MHz Pentiumworksta-

Matr. diagr. Kronecler Explicit
N | Gauss-SeidelGauss-Seidel Jacobi |Gauss-Seide
Iters seclitefiters seclitefiters sec/itefiters seclitef
40 0.11 55 0.17134 0.09 55 0.02
67 1.4 97 256240 1.34 97 0.34
99 12.33149 23.69370 11.99149 3.04
139 73.09214 147.70527 74.09214 18.5]
185 336.21289 723.30713 359.1% — —
2381,289.913742,922.80 — —| — —

w

~NOoO O~ WN

Table 1: Timing for the numericalsolution.

N iSj (R)

1 160 616

2 4,600 28,120
3 58,400 446,400
4 454,475 3,979,850
5 2,546,432 24,460,016
6 | 11,261,376/ 115,708,992
7 | 41,644,800| 450,455,040

Table 2: Statespacefor the Kanbansystem.

tion with 384 Mbytesof memory Thedatareportedn Fig-
urelis from [17]; it refersto a SPNmodelingthe Kanban
systemwith K = 4 levelsintroducedn [18]. Thismodelis
parametrizedby thenumberof tokensN circulatingin each
of its four subsystemsThe sizeof the statespacejSj, and
the numberof nonzeroentriesin the transitionrate matrix,

(R), arelistedin Table2, asafunctionof N. The SPNis
solvedusing:

A structuraldecompositiorapproactusing matrix di-
agramswhich canemploy vectorsof sizejSj andthe
Gauss-Seidahethod sincethe resultingoverheador
by-columnaccesss the sameasfor ary otheraccess
order

A Kroneclerapproachusingvectorsof sizejSj, which

as discussedcan employ the Gauss-Seideimethod,
with anoverheadf O(log jSj) dueto theneedto per

form strict by-columnaccesspr the Jacobimethod,
with aloweroverheadf O(log jS;j), becauseow and
columnindicescanbeinterleared.

An explicit approachwhich canemploy Gauss-Seidel
withoutary overhead.

First, we obsere that the explicit solutionis not feasi-
ble for N 6, dueto the excessve storagerequirements
imposedby theiterationvectorandthe transitionrate ma-
trix. Analogously with the Kronecler approach,a solu-
tion basedon the Jacobimethodis not feasiblefor N = 7,
while it still is feasiblefor Gauss-Seidethisis becausda-
cobirequireswo iterationvectorswhile Gauss-Seidainly



requiresone: the additionalvector of 41,644,800 0ating
point numbers(in double-precisionbecausehey areused
asaccumulatorsputsanexcessie demandn storage.

Examiningnow the run-times,we canseehow the ex-
plicit method whenfeasible hasthefastestimesperitera-
tion, asit is hasno overhead With theKronecler approach,
a Jacobiiterationis abouttwice asfastasa Gauss-Seidel
one, but Gauss-Seidetornvergesin fewer than half the it-
erationsrequiredby Jacobi,thusit is still a betterchoice
for this model (plus, it useslessmemory). Using Gauss-
Seidelin conjunctionwith matrix diagramshowever, is an
even betterchoice, as the cost per iteration is essentially
the sameasthat of a Jacobiiteration with the Kronecler
approachput now we have the bene t of a fastercorver
gence(plus,again, lower memoryrequirementsor theiter-
ation vectors). Note thatthe numberof iterationsrequired
by Gauss-Seidekith thematrix diagramimplementations
differentfrom the onewith the othertwo implementations:
this is becauseto maximizethe effectivenessf the multi-
plication cachesthe columnsof R mustbe consideredn
a specialorder with the matrix diagramapproach,and it
is well-known thatthe orderof the variablescanaffect the
convergenceof Gauss-Seideln this example,this particu-
lar orderis morebene cial, but we do not claim thatthisis
thecasein general.

We canthen say that the structuraldecompositiorap-
proachfor SPNscannow solve modelswith upto 10° states
onamodernworkstationwith asubstantiahmountof mem-
ory, while the numberof nonzeroentriesin the transition
ratematrix affectsthe solutiontime, but notthe memoryre-
quirementsn ary tangibleway. Theseresultsarenotasim-
pressve asthosefor the logical analysisof a PN, sincethe
numericalsolutionis still affectedby the state-spacexplo-
sion, but, atleast,usingmatrix diagramsanda methodsuch
asGauss-Seidabr SOR,the explicit datastructureneeded
is assmallasit canbe: only onesingle-precisiorvectorof
sizejSj.

5. Futur e dir ectionsfor reseach

By now, we hopeto have corvinced the readerthat
thestructuraldecompositiorapproachs extremelyef cient
andhasquite generalapplicability thusit shouldbe oneof
the rst toolsto employ whentackling large and comple
nets. However, mary more advancesare possible,which
will malke this approacheven more powerful and applica-
ble.

Whenconsideringhe ring rateof transitionsthere-
quiremenf aproduct-formdecompositions rarelya
restriction,but theremight be caseswvhereit doesnot
hold. The genearlized Kronedker product[22] might
be applicablein thesecases,andits effectivenessin

boththelogical andthe numericalaspect®f our solu-
tion approactshouldbeinvesticated.

Probabilistic decisiondiagrams for the ef cient en-
codingof transitionprobabilitymatricespneededo de-
scribediscrete-timeMarkov chainswereintroducedn
[3]. Theirrelationto the generalizedronecler prod-
uct, to matrix diagramsandto MDDs shouldalsobe
investicated.

While theimpactof structuraldecompositiorfor log-
ical analysisis clear the numericalsolutionof the un-
derlying CTMC is still hinderedby the needto store
anexplicit probability vector The useof probabilistic
decisiondiagramdor this purposéhasbeenattempted,
but without successthe problemlies in the apparent
lack of structurein the solutionvector |s there hope
for anefcient implicit encodingof ?

If the answerto the previous questionturnsout to be
negative, or if the costof animplicit solutionis still
too high aryway, it will be necessaryo explore ap-
proximationsbasedon structuraldecomposition.We
have hadinitial successn [29], but muchmorework
needgo beperformedn theareaof structurally-drven
approximations.

Finally, the ef ciency of the solutionbasedon struc-
tural decompositiortanbegreatlyaffectedby the par
tition chosen,or even just by the orderin which the
subnetsare considered. While this is a well-known
problemin symbolicmodel-checkingisingBDDs, we
now have onemajoradditionaldegreeof freedom:the
choiceof partition. Fortunately we alsohave a high-
level formalism, PNs, from which muchinformation,
suchasplaceinvariants,canbe extractedto aid usin
derving gooddecompositiomeuristics

We now conclude,stressingthat our discussionwhile
focussedn PNsandSPNs;is in reality applicableto mary
otherdiscrete-statéormalismscommonlyused. Thus,we
cannow explain the title of our contritution, which para-
phrase®neof our favorite songs:

Whata Structual World
(with apolagiesto Louis Armstiong)

| seeprocessalgebras Petri netstoo
| watch their statespaces ... exponentiallyaccrue
And| thinkto myself whata structural world.
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