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Abstract

Kronedker-basedapproaceshavebeenproposedor the
solution of structued GSPNswith extremelylarge state
spaces.Repesentinghe transitionrate matrix usingKro-
nedker sumsand products of smaller matrices virtually
eliminatesits storage requirementsput introducesvarious
sourcesof overhead. We showhow by usinga new data
structuie which we call matrix diagrams we are able to
greatly reduceor eliminate many of theseoverheads re-
sultingin a veryefcient overall solutionprocess.

1. Intr oduction

GeneralizedStochastidPetri Nets (GSPNs)[1] andre-
lated models(e.qg., stochasticreward nets[15], stochastic
activity networks [18]) are widely acceptedas one of the
besthigh-level formalismsto de ne verylargeandcomplex
continuous-timeMarkov chains(CTMCs).

Their numerical solution, however, is limited by the
well-known state-spaceexplosion problem: while the
GSPNmodelinga ( nite) systemmight be quite compact,
the underlyingCTMC can easily have an enormousset of
states. Any algorithmfor the “exact” solutionof a GSPN
mustthenbe ableto copewith avery largereachabilityset,
or statespacesS. Thisin turnaffectsthesizeof thein nites-
imal generatoQ, a squarematrix of dimensionjSj (fortu-
natelyvery sparse)andof thevectorsrequiredby theitera-
tive numericalsolutionalgorithms.We considethe station-
ary solutionof ergodic models,hence we needto storeat
theveryleastoneprobabilityvector of dimensiorjSj, so-
lutionof  Q = 0; ourwork, however, appliesustaswell
to the study of absorbingCTMCs or the transientsolution
of arbitraryCTMCs.
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Evenmoresothanthelargecomputationatequirements,
thestorageof S, Q, and isthenthemainlimitation to the
applicability of the numericalapproachto practicalmodels
of interest.Researchersave attacledthis problemin vari-
ousways. If werestrictour focuson “exact” numericalap-
proachegi.e., ignoring approximatenethodssuchastrun-
cationanddecompositionjor “general’models(i.e., with-
outassumingspecialpropertiesn the modelthatwould al-
low usto usead-hocsolutionalgorithms) muchrecentwork
is gearedoward copingwith the sizeof the datastructures
usedto storeS andQ.

For example, Sandersand his group have proposedto
storethematrix Q on secondarynemory(afast,largehard
disk) andretrieve it in “chunks” thatare operateduponby
appropriatéblock-orientechumericalalgorithms[10], or to
generatethe entriesof Q “on-the-y” from the high-level
modeldescription,asneeded11]. Both approachesave
merit, but they alsohave limitations. Theformerapproach
is still limited by the memory available on the hard disk
andit forcesthe useof a numericalalgorithmthatmatches
the amountof block computationwith the time to retrieve
ablock from disk; if this delicatebalances perturbedper
formancesuffers. Thelatterapproachrequireshatthetran-
sition ratefrom statei to statej be efciently computable
from the high-level model; this is often not the casewhen
the modelshave mary immediatetransitionsthataffect the
logical behaior but do notadvancethe modeledime.

A completelydifferentapproactbasedntheKronecler
descriptionof the matrix Q hasbeenembracednsteadby
several researcherdpllowing the publicationof Plateaus
resultson synchronizecautomatanetworks[17]. In partic-
ular, the approachhasbeenadaptedtio queuingnetworks
(QNs), GSPNs andrelatedhigh-level modelsby Donatelli
[12] andBuchholzandKemper4, 6, 13]. Underthe struc-
tural assumptiorthatthe modelis composedf K interact-
ing submodelsthematrixQ canbeexpressedsthesumof
anumberof Kroneclerproductsof K smallmatrices.Then,
thememoryrequirementsor the storageof Q becomeneg-
ligible comparedo thatof the solutionvector . However,
the computationatompleity of the approackcanincrease



in practiceby a factorK in the worst case[5]. Further

more,especiallyin theinitial proposalsthis approachwas
basedon using the cross-product of the statespacesf
theindividual submodelsnsteadof the statespaceS of the
overallmodel. WhenS is actuallya strict subsebf S, the
approactstill works but memoryandexecutioninef cien-

ciesarise. In a badly chosendecompositionthe memory
wastedby allocating vectorsof size jSj might more than
offsetthe savzings obtainedby not storingQ explicitly.

Anotherdatastructurerequiringin principlemuchmem-
ory is the statespaceS. While S is not explicitly used
during a standardnumericalsolution, it is neededbefore
the solutionitself, to generateQ, and after the solution,
to computethe output measuref interest. S can be vi-
sualizedas a matrix with as mary columnsas the places
in the GSPN,jPj, and as mary rows asthereare reach-
ablemarkingsjSj. Theentriescanthenbebooleangif the
Petrinetis safe)or integers,for the generalGSPNmodels
we assume.To make thingsworse,in mary GSPNs,most
placescontaintokens,eliminatingthe possibility of a sim-
ple sparsestorageapproach.However, it is possibleto use
muchfewer thanjPj |Sj integers. In [8], we introduced
amulti-level techniquehatusesessentiallyjSj integers,an
amountof memorycertainlyno largerthanthatrequiredfor
the solutionvector In [14], we furtherimproved on this
idea by combiningthe multilevel approachandits poten-
tial for variousoptimizationswith binarydecisiondiagrams
[2, 16]. Theresultingsymbolicgeneratiortechniquepased
onmulti-valueddecisiondiagramg19], canbeusedto gen-
eratetransformatiorstatespacevery ef ciently in termsof
memoryandtime, indeedso efciently that, for practical
GSPNmodels,S becomes ngjligible factorin termsof
memoryusagejust asthe Kronecler matrices.

Furtherprogressn this areacanthencomemostly from
two directions.The mostimportantcontrikution would ob-
viously be to reducethe size of the remainingdatastruc-
tures, andary othervectorrequiredby the numericalso-
lution, which are as of now the only real limitation from
a memorystandpoint. Unfortunately this appeardo be a
very dif cult problem,andit might not beatall sohableif
we restrictourselhesto exact solutions. If oneacceptdn-
steado copewith thesdargevectors,it is possibleto study
GSPNswith a few tensof millions of markings,using a
modernwell-equippedworkstation. The seconddirection
for researchs thenhow to speedip the solutionprocessdy
reducingthe overheadnherentin the useof the Kronecler
approachThisis the subjectof our work.

We investicatethe ideaof usinga new structure,some-
whatanalogoudo the decisiondiagramswe usefor the ex-
ploration of the statespace[14]. However, insteadof S,
we usethis structureto storethe reachabilitygraphandthe
transitionrate betweenmarkings thatis, the transitionrate
matrix R (which equalsQ exceptfor having zeroson its
diagonal). Sincethe new datastructureessentiallystoresa
matrix, we nameit “matrix diagram”. With it, we canstore
S andR very efciently. More importantly this datastruc-

ture speedsup the Kronecler solution, sinceit lendsitself

perfectlywell to thetype andorderof accesgo the entries
of R thatarerequiredby the numericalalgorithmsbased
on a Kronecler representationWe stressthat, with matrix

diagramsthereis no needto storethe Kronecler matrices
separatelya singledatastructureencodedoththe compo-
sition of eachmarkingpair andtheratebetweerthem.

The resultswe reportshav a substantiaimprovement
over previously known methods,due both to the inherent
greateref ciency of thedatastructurewve proposeandto the
factthatmoreef cient methodsequiringcolumnaccesgo
R (e.g.,Gauss-Seidelganbe emplo/edwithout additional
overhead,insteadof relying on slower methodsthat only
requirerow accesdo R (e.g.,Paveror Jacobi).

In Sect.2, we brie y recallthe approachhasedon Kro-
necler operatordor the solutionof GSPNsanddiscussts
potentialpitfalls. In Sect.3, we describea new datastruc-
tureandasetof manipulatiorroutinesthatcansubstantially
increaseheef ciency of aKroneclerimplementationNu-
merical resultsfor our proposedapproachare reportedin
Sect.4. Finally, Sect.5 concludeswith a summaryof our
contribution.

2. The Kr onecker approach

In this section,we recall the basicKronecler operators
andtheir usein the solutionof GSPNs,with the help of a
runningexample. Then,we examineseveral problemsthat
negatively affect the solution compleity in a Kronecler-
basedsolution.

2.1.De nitions

We I\rlSt recall the de nition of the Kronecler product
A = 5, Ak of K squarematricesA¥ 2 IRM N,
Throughoubur presentationye assume x edmixed-base

sponddo thesizesof the“local statespacesfor thesubnets
in our GSPNs.Giventhis base we canthenidentify a se-
quencg(ly;:::; 1k ) with its mixed-basevalue I

X ¥ '
Nk + g = l Nm

k=1 m=Kk+1
andcomputethe Kronecler productas

Ayt o) = Al A, Al

The Kronecler sum E:l Ak is de ned in terms of

( ((I1)nz2+ 12)n3

Kronecler productsas
MoX )
A" = In, lnk 1 A lnk+1 Nk
k=1 k=1
X

= 1Qu 1 Ak 1Qy

n
k=1 m =1 m m=Kk+1 m

wherel  is theidentity matrix of sizex  x.
We assumehat the GSPNmodel understudy is com-
posedof K ergodic GSPNshaving disjoint setsof places



Pk, but not necessarilyisjoint setsof transitionsT kK. The
setof transitionsof theoverallmodel,T = [ K, Tk, canbe
partitionedinto asetTs = ft : 9k;I;k 6 I;t 2 TK\ T'g
of synchronizingransitionspelongingto oneor moresub-
models,andK setsTX = T* nTs of transitionslocal to
eachsubmodel. Synchronizingtransitionsare usually as-
sumedo betimed,andfor simplicity we dosotoo, although
we have shavn in [9] how to managammediatesynchro-
nizing transitions.In otherwords,ary immediatetransition
in the GSPNmustbe local, andwe assum&rom now on
thatit hasbeeneliminated sothatall transitionsaretimed.

Since eachsubmodelis ergodic, we can build the set
of (tangible) submarkingsof the k™ submodelin isola-
tion. If this setcontainsny, submarkingswe cande ne
Sk = f0;1;:::;nc  1g, andtreatit asif it werea setof
reachablesubmarkingsthatis, weidentify thesubmarkings
with theirindices Thisis becauséhe actualsubmarkings,
thatis the numberof tokensin the placesof P, is notrel-
evant to our datastructure,and can then be conceptually
stored(once)in atwo-dimensionakrrayof sizejP Xj  ny,
sinceny is assumedo be small. To avoid confusionin the
remainderof the paper we usethe notation“[ay;:::;ax]"
to indicatea marking or a submarking,with a; beingthe
numberof tokensin placep;, while we usethe notation
“(a1;:::;ak )" to indicatea global state whereay is the
index of the submarkingfor thek™ submodel.

We can de ne the potential state spaceof the overall
modelas$ = $? SK : any tangiblestate(iy;: @ik )
in the reachabilitysetS belongsto S, but not all elements
of S arenecessarilyeachable.

Thekey ideain the Kronecler solutionof sucha GSPN
lies in expressingthe transitionratematrix R 2 IRISIIS
asthe submatrix,correspondindo the reachablemarkings

only, of thematrix R 2 IRISiI Si de nedas

P N
R = t2T s ElW )+ E:l R¥ )
whereW (t) 2 IR" "« describeghe effect of synchro-
nizing transitiont on the k™ submodelwith W ¥(t) =
fort 62T, andRk 2 IR"« "« describeghe effect of the
local transitionsT ¥ onthek™ submodeltself.

It shouldbe notedthatthe diagonalof Q is guaranteed
to containonly nonzeroelementsijf the CTMC is ergodic.
Hencejn practicaimplementationsf astandarcwumerical
solutionwhereQ is storedexplicitly usingsparsestorage,
it is bestto storeQ's off-diagonalentriesin the matrix R,
plus a full vectorh of the expectedholding times, where
hi = QII , insteadof storingQ asa single matrix. In
the Kronecler case thediagonalof Q canalsobeencoded
asa Kronecler expressionusinga secondsetof local ma-
trices[20]. We follow [20] in the implementationof our
tool SMART [7], by storingthe row sumsof the W K and
R* matricesandusingthemin asecondKronecler expres-
sionto computethe expectedholdingtimes. Alternatively,
SMART canstoreh asafull vector therebyincreasinghe
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memoryrequirementgh occupiesasmuchspaceasthesta-
tionary probability vector ) while reducingthe computa-
tion times.

2.2.Running example

As arunningexample we usethe GSPNin Fig. 1, taken
from[9], modelingakanbamanufcturingsystem.Thein-
put parameteN affectsthe size of the underlyingCTMC.
Whendescribingn detailthe statespaceandtransitionrate
matrix underlyingthe GSPN,we usethevalueN = 1, in
our experimentalresultsof Sect.4, we increaseN up to
seven. We partitionthe netinto four subnetsuchthatsub-
netk containsplacesf pm, ; Poack, ; Pk; Pout, 9- This yields
two synchronizingtransitions, tsynch 1 23 and tsynch 23_4,
while the othersarelocal transitions.

Thelocal statespacegall possiblesubmarkingsare:

k (Pm, ; Poack s Pk Pout ) | k (Pm, ; Poack. ; Pk Pout )
0 [0,0,1,0] 1 [1,0,0,0]
2 [0,1,0,0] 3 [0, 0,0,1]

andS! = 82 = §3 = §4 = {0;1;23g. Then,for in-
stancetheglobalstate(3; 0; 0; 2) correspond$o the mark-
ing with onetokenin placespout ,, P2, P3 andppack ,» and
zerotokensin the remainingplaces. From this state,we
can re transitiontsynch 1_23 to reachstate(0; 1; 1; 2) or re
transitiontpack 4 to reachstate(3; 0; 0; 1).

TheresultingKronecler matricesfor the kanbannetare
shavn in Fig. 2. We seethatthe transitionrate from state
(3;0;0; 2) to state(0; 1; 1; 2) is given by the only nonzero
terminrow 3 43+ 0 42+ 0 41+ 2 4° = 194andcolumn
0 4+ 1 4+ 1 4+ 2 4° = 22for the sumof the
Kronecler productsin Eq. (1),

W 1(tsynch 1.23)[3;0] W 2(tsynch 1.23)[0; 1]
w 3(tsynch 123)[0;1] W 4(tsy nch1.23)[2;2] = 04
Similarly, the transitionrate from state(3; 0; 0; 2) to state

(3;0;0;1) is givenby thenonzeraermin row 194andcol-
umn3 43+ 0 4%+ 0 4'+ 1 4° = 193for theKronecler



3 2 3
0 0 0 O 0 1 0 0
0 0 0 O 0 0 0:36 0:84
w 1(tsynch 1.23) = 4 0 0 0 0 W 1(tsynch 23.4) = | Rl= 4 0 03 0 0 5
204 0 0 03 2 3 20 0 0 0 3
0 1 0 O 0 0 0 O 0 0 0 0
0 0 0 O 0 0 0 O 0 0 0:42 0:98
W 2(tsynch 1_23) = 4 0 0 0 O 5 W Z(tsynch 23_4) = 4 0 0O 0 O R2 = 4 0 03 0 0 5
20 0 0 03 205 0 0 03 20 0 0 0 3
0 1 0 O 0O 0 0 O 0 0 0 0
0 0 0 O 0 0 0 O 0 0 0:39 091
W 3(tsynch 1_23) = 4 0 0 0 O 5 W 3(tsynch 23_4) = 4 0 0 0 O 5 R3 = 4 0 03 0 0 5
0 0 0 O 2 1 0 0 O 3 2 0 0 0 0 3
0 1 0 O 0 0 0 0
0 0 0 O 0 0 0:33 0:77
W 4(tsynch 123) =1 W 4(ts.ynch 23.4) = 4 0 0 0 O 5 R4 = 4 0 0:3 0 0 5
0 0 0 O 0:9 0 0 0

Figure 2. Kronecker matrices

sumin Eq. (1),
1[3;3] 1[0;0] 1[0;0] R*[2;1]= 0:3:

Thesecorrespondo theratesfor transitionstsynch 1_23 and
thack4, respectiely.

2.3.Problemswith the Kr onecker approach

As shown in the previous section, the Kronecler ap-
proachallows usto representhe matrix R very ef ciently
in termsof memory However, thiscompactnessomesata
price. In this sectionwe examinesomeof theinef ciencies
connectedvith the Kronecler approachWe have analyzed
theseproblemsin depthin [5]; in the next sectionwe shaw
how thesecan be alleviated or eliminatedusing our data
structures.

Potential vs. actual state space. As statedin the intro-
duction, initial approachedasedon Kronecler operators
worked on the potentialstatespaceS = S, S« . This
makes the storageof the overall statespaceunnecessary
(only the local statespacesS, mustbe stored),but it also
forcesusto allocatesolutionvectorsof sizejSj insteadof
jSj, resultingin a potentiallyfatalproblem(S canbeorders
of magnituddargerthans).

Needto skip unreachablestates. Usingthe potentialin-
steadof the actualstatespacecanalsoaffect the ef ciency
of theapproach.In earlierimplementationsthe numerical
solutionapproactusedthe Paver or Jacobimethod,since
thesecan be implementedso that they accessthe matrix
R by rows. Since“we cannotreachan unreachablestate
from a reachablestate”, if the initial probability vectoris
initialized with probability massonly on somereachable
states(e.g., the initial statewith probability 1 and every
other statewith probability 0) andthe processs emodic,
we areguaranteethatexactly andonly thereachablestates
will have nonzeroentriesin the solutionvector In the Ja-
cobiiterations,we canthenavoid ever consideringary en-
try in R thatis relatedto an unreachabletateby skipping
over ary row index whosecorrespondingntry in the cur
rentiterationvectoris zero. Alternatively, we eitherneed

to keeptrack of the setof indicesfor which theiteratehas
nonzeroentries,or, equivalently we can build the set of

reachablestatesbefore beginning the numericalcomputa-
tion, andretrieve their indices(their lexicographicposition
in $) at eachiterationof the numericalmethod. This latter
methodis of coursepreferredwhen$ is muchlargerthan
S, since,in this case the costof testingfor zeroentriesin

theiterationvectorcoulddominatethe computation.

Dif culties with accessby columns. Sincethe Power
andJacobimethodhave slow corvergencelaterapproaches
have shovn how to use faster methodssuch as Gauss-
Seidel. Unfortunately theserequire sequentialaccesso
eachcolumnof R, andsince“we may reacha reachable
statefrom an unreachablestate”, thesenewer approaches
must prevent accessingsuchspuriousentries. If the vec-
torsareof sizejSj, the problemis automaticallysolved, in
a way, aslong asthe probability of ary unreachablestate
is initially setto zero. However, the compleity is now af-
fectedby thenumberof spuriousentriesin thecolumnscor-
respondingo reachablestates.

Logarithmic overhead. Anotherway of dealingwith the
problemof spuriousentries,andat the sametime solving
theevenmoreimportantmemorylimitationsinherentin us-
ing datastructureof sizej$j, is to usevectorsof sizejSj
throughout However, sinceR andnotR is encodedy the
Kronecler expressionn Eq. (1), we still needto map“po-
tentialindices”(from0tojSj 1) to “actualindices” (from
0tojSj 1). Everyapproactpublishedsofar[5, 13, 21]
mapstheseindicesusinga binary searchof sometype on
thedatastructureusedto storeS, resultingin alogarithmic
overhead.

Interleaving reducesoverhead,precludescolumnaccess.
The logarithmic overheadust mentioneds O(log jSj) us-
ing a straightforvard implementation. At best, the loga-
rithmic overheadcan be reducedto O(logjS« j) by “in-
terleaving” the componentof row and columnindicesin
the multiplication algorithms|[5]. Also, eachentry of R
is conceptuallyobtainedas a productof K real numbers,
but mary entriesshare(sub)productsof 2;3;:::;K 1



Level 1

submarking| 0 [ 1 | 2 | 3
offset| O |40 | 80 |120
down

Level 2 Full

submarking| 0 [ 1 | 2 | 3

offset| 0 | 4 [ 16 | 28
down

Level 3

Level 4

Figure 3. State space data structure

of thesenumbers;an importantadwantageof interleaving
is that it amortizesthe multiplications that must be per
formed, by better exploiting thesecommonsubproducts.
However, the interleaving approachpresentedn [5] pre-
cludesaccesdy columns,so we cannotuse Gauss-Seidel
or ary otheralgorithmwith similaraccessequirementsAs
pointedoutin [5], thisforcesusto choosebetweeraslover
converging methodwith smaller periteration cost, and a
fastercorverging methodwith higherperiterationcost.

3. Our data structures
3.1.Decisiondiagramsto store the statespace

Thestructurene useto representhestatespaces essen-
tially a variantof a multi-valueddecisiondiagram(MDD)
[19]. Our techniquefor generatingand representinghe
statespaceusingdecisiondiagramgdeitherbinary or multi-
valued)is describedn detailin [14], sowe discusst only
brie y here,for completeness.

State spacegenerationwith decisiondiagramsutilizes
two key ideas. The rst is to represenia statespacein
levels, or hierarchically and was presentedn [8]. A set
of K -elementintegervectors(suchasS) is representethy
storinga setof integers,whereeachintegeri; hasassoci-
atedwith it a setof (K 1)-elementvectorsof integers.
These(K  1)-elementvectorsare combinedwith i; to
formK -elementvectors.Thesecondkey ideais to generate
the statespacesymbolically eachiterationcanpotentially
discover a large setof reachablestates.As theseiterations
only requiremanipulation®of decisiondiagramginsteadof

manipulatingindividual states) symbolicgeneratiorusing
decisiondiagramsis typically extremelyef cient in terms
of bothmemoryandCPUrequirements.

Oncethe statespacehasbeengeneratedisingdecision
diagrams,it is transformedinto a less dynamic structure
containingsomeadditionalinformationfor computingstate
indices.The nal representationf theactualstatespaceof
our runningexampleis shavn in Fig. 3. For example,fol-
lowing the downward pointerbelon submarking3 at level
1, we obtainall the statesof the form (3; ; ; ). If we
thenfollow the downward pointer belov submarking0 at
level 2, we obtainall the statesof theform (3;0; ; ). Re-
peatingthis processwe candeterminghatstate(3; 0; 0; 2)
is reachablewnhile (3;0; 2; 2) is not. Notice thatmary of
the downward pointersleadto the samestructure indicat-
ing equivalentsets.For instancewe canquickly seethatfor
ary reachablestateof theform (3; ; ; ), state(2; ; ; )
is alsoreachableandvice-versa.

An importantpropertyof our structureis thateachlevel
maintainsboth full and sparsestorage. The Full pointers
allow usto determindf a givensubmarkings reachablén
oneoperation Forinstancefollowing thedownwardpoint-
ersfrom submarking3 at level 1 andthensubmarking0 at
level 2, we can quickly tell that no reachablestateof the
form (3; 0; 2; ) exists, sinceelement2 of the Full arrayis
empty Therestof the structureusessparsestoragewhich
notonly saszesmemory but alsoallows usto quickly iterate
overthereachablestatesskippingthe unreachablenes.If
we did not usearrayFull, a binary searchcould be usedto
nd agivensubmarkingndex ateachlevel, but this would
addalogarithmic-timeoverhead5].

Finally, the index of a stateis determinedusing the
o set quantities. The offset speci esthe numberof accu-
mulatedreachablestatesso far, not including the current
submarking.For instanceooking at the level 1 structure,
we seethat thereare 40 statesof the form (0; ; ; ) and
120statesof theform (f0; 1;0r 2g; ; ; ). Looking atthe
level 2 structure we seethatthereare4 statesof theform
(3;0; ; ) andl6statesoftheform (3;f0or 1g; ; ). Off-
setsare not explicitly storedat the lastlevel: they canbe
determinedfrom the Full pointers. They are depictedin
Fig. 3 usingdottedlines only for clarity. To determinethe
index of a state we follow the downward pointersandadd
the offsets.So,for instancetheindex of state(3;0;0; 2) is
120+ 0+ O+ 2. Forthestategeachabldérom (3; 0; 0; 2), we
discoverthattheindex of state(0; 1; 1; 2) is O+ 4+ 0+ 2, and
theindex of state(3; 0; 0; 1) is 120+ 0+ 0+ 1. Notethatthe
index of (0; 0; 0; 0) is 0 andtheindex of (3; 3; 3; 3) is 159.
Thus, the indexing mechanismmapsthe setof reachable
1g. Also, notethatthe
indicescountthe statedn lexicographicabrder:(0; 0; 0; 1)
hasindex 1, (0; 0; 0; 2) hasindex 2, andsoon. Givenary

“next” reachablestate(meaninghereachablestatewith in-
dex onehigherthanthe currentreachablestate).Using the
sparsestructureof the decisiondiagram,we determinethe



next reachablesubstatatlevel K . If thereis none,we nd
the next reachablesubstateatlevel K 1. If thereareno
next reachablesubstatesll the way backto level 1, then
thecurrentstateis thelastreachablestate.Otherwisejf we

moveto sp, thenext reachablesubstateaftersy for level k.
Finally, we nd the rst reachablesubstatestlevelsk + 1
throughK . This operationrequires2K 1 stepsin the
worstcaseandl stepin thebest(andmostcommon)case.
Decisiondiagramsare extremelyef cient bothin terms
of memory and CPU: we can build and store enormous
reachabilitysetssincethe executiontime andthe memory
requirementarerelatedto thesizeof thedecisiondiagram,
notto thesetencodedy it. In practicalmodelssolved nu-
merically, the memoryfor the decisiondiagramis essen-
tially negligible in comparisorto the probability vector

3.2.Matrix diagramsfor the transition rate matrix

We now introducea new datastructurefor the storage
of real matrices. Sincethis structureis somavhat analo-
gousto decisiondiagramswe call it a matrix diagram A
matrix diagramimposesaK -level hierarchicaktructureon
eachelementof the matrix it representsThe elementcor

computedasthe productof elemen{r; ¢;] of alevel 1 ma-
trix with elementr,; c;] of alevel 2 matrix,andsoon. As-
sociatedwvith eachelement(exceptfor level K ) is a pointer
indicatingwhich matrix mustbe usedat the next level. For
instancejf B[1;2] = 1:5andA[0;0] = (2:0;B) thenthe
matrix representetly A hasthevalue2:0 1:5atrow (0; 1)
andcolumn(0; 2). A matrix diagramelementis actuallya
set; this allows for additions. Thus,if C[1;2] = 1.7 and
A[L;0]= f(2:0;B); (4:0; C)g, thenthe matrix represented
by A hasthevalue2:0 1.5+ 4:0 1.7 atrow (1;1) and
column(0; 2). Only single-elemensetsareneededat level
K, sincewe canreplacemultiple elementswith their sum
without changingthe valueof the matrix represented.

A matrix diagramrepresentinghe transitionratematrix
R for ourrunningexampleis shawvnin Fig. 4. Eachelement
is eitherthe emptyset(indicatedby blank space)r, in our
case,a setof cardinalityone (indicatedby a box). Notice
thatthelevel 3 matriceshave differentsizes.Thisis because
rows andcolumnscorrespondingo unreachablstateshave
beenremoved. To determinethe transitionratefrom state
(3;0;0;2) to state(0;1;1;2), we follow the appropriate
pathandcomputetheproduct,in thiscase0:4 1:0 1.0 1:0.
Similarly, the transitionrate from state(3; 0; 0; 2) to state
(3;0;0;1) is :0 1:0 1:0 0:3. The numbersto the left
of the matricesarethe row offsets Theseareanalogougo
the offsetsusedin decisiondiagrams:the index of a row
is computedby summingthe row offsets. As with decision
diagramoffsets,therow offsetsdo not needto be explicitly
storedatthelastlevel.

Notice that this representatiorcorrespondsxactly to
the transitionrate matrix R: we do not have extra rows
or columns. For instance,if we try to nd the transition

Level 1

0o 12 37|
oo[10][1.0}— |
401
802

120(3] 0.4

0jo[ 1.0

41

. 283

fiio ® el o b
af2 af2[0.3][1.0] af2
8[s[1.0]| 83 [1.0Ns|s
—— S

Lovel 'i ,

0 1 2 3 0 1 2 3 0 1

olo olo olo[1.0]

1fs 1 1t

2|2 2|2 2|2

3|3 3ls[0.9] 3|3

Figure 4. Matrix data structure

ratebetweerunreachablstatessuchasfrom (3;0; 1; 2) to

(3;0;2;2), we nd thatourlevel 3 matrix doesnot have a

row 1 or column2. With the standardronecler approach,
instead the transitionrateis given by the nonzeroterm of

theKronecler sumin Eq. (1)

1[3:3] 1[0;0] R3[1;2] 1[2;2]= 0:39

which correspondso the ratefor transitiont,ego3. Matrix
diagramsareableto eliminatetheserows andcolumnsbe-
cause,in this case,the level 3 matricescan dependupon
the rows andcolumnsselectecht levels 1 and2. The Kro-
necler representatioiis unableto exploit dependenciesf
this type (generalizedKronecler productsallow entriesto
dependn“global” indices,but this requiresto storematrix
entriesas functionsnot just real numbers,and their com-
putationalcompleity still suffersfrom the problemof un-
reachablestates:evaluatinga functiononly to nd outthat
it is zerohasa cost).

3.3.Kr onecker implementation

Building a matrix diagramrepresentatiorof R using
Eq. (1) is straightforvard. To CTQnstructa matrix diagram
for the Kronecler productA = Ezl A X we simply copy
eachmatrix A¥ asalevel k matrix diagram. Exceptat the
lastlevel, eachnonzeroelementof A ¥ is associatedvith a
downward pointerto thelevel k + 1 matrix diagramrepre-
sentingmatrixA k™1 . Thelevel K matrixdoesnothave ary
downward pointers;it is merelya copy of AX .

Addition of two K -level matrix diagramss doneby tak-
ing the union of the elementsof the level 1 matrices. The
resultis a legal matrix diagram; however, in somecases,
we canreducethe size of the resultingset. For instance,
if two elementsn a sethave the samedownward pointet
they canbe mewgedby replacingthe rate with the sum of
thetwo rates.Thatis, if asetcontainselementgr,;A) and



GetColumn  (in: M %; (cc;:::5¢ck ); out: column );
[M ¥: a level k matrix of the K -level matrix diagram;

column : selected column stored as a sparse vector]

1. ifk = K then
column M K
else
column 0;
for each non-empty row ry in column ¢, of M ¥

for each element (value;M ") atM &, ..,

The bottom level is trivial

iC o

co value co;
shift indices of co by the offset of row ry;
column column + co;

CooNU~WON

=

Figure 5. Obtaining a matrix diagram column

(r2;A), we canreplacethoseelementswith (r, + ro; A).
Thisis equivalentto thetransformation

rh A+ry A) (r1+r2) A
Similarly, thetransformation

r A+r B) r (A+B)
canbe performedby replacingelementr; A) and(r;B)
with (r;A + B), whereA + B refersto the additionop-
eratorfor two (K 1)-level matrix diagrams. While the
rst transformatioralwaysreducesoth CPUandmemory
requirementsthe secondone decrease€PU requirements
but may actuallyusemorememory: if A andB areused
elsavhere,we effectively endup storingA , B, andA + B.

Oncewe have a matrix diagramrepresentatiorR, we
canobtainonefor R by removing the rows and columns
correspondindo unreachabletates(the decisiondiagram
representationf S is usedto detectthesestates).For our
example,this transformshe4 4 matricesat level 3 into
thematricesof varioussizesshavn in Fig. 4.

As with decisiondiagrams,matrix diagramsmust be
kept reducedto alleviate both memoryand CPU require-
ments. A reducedmatrix diagramcontainsno duplicate
matricesjnsteada singlematrixis storedwith multiple in-
comingpointers. The matrix diagramin Fig. 4 is reduced:
no two matriceshave the sameelementqtwo elementsare
equalif their realvaluesanddownward pointersareequal).
Matrix diagramsare keptreducedduring their updatesus-
ing a uniquenessable. Whena matrix is createdor modi-
ed, theuniquenessableis searchedor a duplicate. This
techniquds analogougo the well-known approachusedto
maintainreducedvinarydecisiondiagramd3].

3.4.Accessby columns

A critical requiremenfor a Gauss-Seidalumericalso-
lution is ef cient accesgo a givencolumnof thetransition
rate matrix. A matrix diagramallows for ef cient access
of a columnif the matricesat eachlevel of the matrix di-
agramhave efcient accesdo the nonzeroelementsof a
givencolumn.An algorithmfor obtainingaspeci ¢ column
of thematrixrepresentetly a matrix diagramis depictedn
Fig. 5. If the speci ed matrix is at the bottomlevel of the

Level1 GetColumn 1 (#1 ;(3;0;0;1])

=GetColumn »(#3 ;(0;0; 1)) chiﬁflte 2684E .
|

scale 1:0 val 0:84 0:3 0:5

*+GetColumn 2(#2 :(0:0: 1) ‘ghif 120 “row 41 122 156

Level2 GetColumn (#2 ;(0;0; 1) E
scale 1:0

=GetColumn 3(#2 ;(0; 1)) : i
DShIfIt 8 5E I 0:30 SI
scale 0: val 0:3 0:
+ GetColumn 3(#3 ; (0; 1)) shift 28 “row 2 36
GetColumn »(#3 ;(0;0; 1p) h i
_ . scale1:0 _ val 1:0
=GetColumn 3(#6 ; (0; 1)) shift 0 “row 1
Level 3 GetColumn 3(#2 ;(0;1p) h i
=GetColumn 4(#2 ; (1)) SS%?Ae é:O = rgal 0:23
GetColumn 3(#3 ; (0; 1D h i
=GetColumn 4(#1 ;(1) Scale1o _ val 10

GetColumn 3(#6 ; (0; 1) E h i

=GetColumn 4(#3 ; (1)) ss%ei‘flteﬁo i:r;a: 1;10
Level4 GetColumn 4(#1 ; (1)) = rgs\l hlaoi
GetColumn 4(#2 ; (1)) = rgs\l hOéai
GetColumn 4(#3 ; (1)) = rgs\l 1(:)0

Figure 6. Computing a column of R

matrix diagramwe simply returnthe selectedcolumn(line
2). Otherwise,for eachelementof the level k matrix, we
follow the downward pointerandrecursvely computethe
appropriatecolumnof thislevel k + 1 matrix (line 7). This
resultis scaledby the valueof the currentelement(line 8)
andshiftedby the offsetof the currentrow (line 9). Scaling
at eachlevel performsthe product,while the shifting deter
minesthe correctrow index. Summingtheseshifted and
scaledresults(line 10) givesthe selecteccolumn.

Computatiorof acolumnof R is shavn for ourrunning
examplein Fig. 6. In the example,we usethe matrix dia-
gramrepresenteéh Fig. 4 andthe decisiondiagramrepre-
sentedn Fig. 3 asour datastructuresA matrixis indicated
by its ordinalnumber;for instance GetColumns(#5 ;:::)
refersto the fth matrix (countingfrom the left) in level
3. In the example,we computecolumn (3; 0; 0; 1) of the
matrix diagram,which is column121 of R. Thisis done
by callingGetColumny (#1 ; (3; 0; 0; 1); column ). Wesee
thatcolumn containsthreeentries:0.84atrow 41, 0.3 at
row 122,and0.5 at row 156. Thesecorrespondo incom-
ing arcsfrom states(1;0; 0; 1); (3;0;0;2) and (3;3; 3;0)
via transitionstok 1, thacka andtsynch 23_4, respectiely.

To multiply a row vectorby a speci ¢ matrix column,
we canuseGetColumn to obtainthe columnandthenper
form theinnerproductof the vectorby the column. Thisis
preferredover modifying GetColumn to performthe mul-
tiplication directly, aswe will discussin the next section.
In particular one (forward) Gauss-Seideleration for the
computatiorof the stationaryprobabiligyvector s
forj=0to jSj 1do hj im0 i Rij;
wherethenonzercentriesin thecolumnj of R areextracted
from the matrix diagramusingGetColumn.



3.5.Using a cacheto speedup accessy columns

Continuing our running example, suppose after
accessingcolumn (3;0;0;1) of the matrix diagram
we wish to access column (2;0;0;1). We nd
that our call to GetColumny(#1;(2;0;0;1)) again
generates calls to GetColumny(#2;(0;0;1)) and
GetColumn,(#3 ; (0; 0; 1)). Sincethesecallsareidentical
to our previous column access,we can avoid duplicate
computationprovided we savedthoseresultsin a cacheof
recentoperations Of coursewe canalsoreusethemin the
eventthat duplicatecalls to GetColumn occurin a single
columnaccessfor instance GetColumn; (#1 ; (1; 0; 0; 1))
generateswo callsto GetColumn,(#3 ; (0; 0; 1)). Clearly,

thishasenormougpotentialfor reducingCPUrequirements.

Our cachecanbeimplementedy saving only the most
recentlygeneratecolumnfor eachmatrix. Thus,for each
matrix in the matrix diagram,we requirea single vector
Fortunately thesevectorsare extremely sparsan practice,
andwe only needto storetheir nonzeroelements.We can
computethe maximumcolumnsize(the maximumnumber
of nonzeroelementsin ary column) for eachmatrix in a
bottom-upfashion.Then,we allocatea column vectorof
maximumecolumnsize for eachmatrix beforestartingthe
numericaliterations,and usethis vectorwheneer we call
GetColumn for thatmatrix.

We mustclear the cacheat level k (setall the column
vectorsatlevel k to anull value)wheneerthespeci edcol-
umnatlevel k or ary level belowv k changesFor instance,
if our lastcolumnaccessvas(3;0;0; 1), andnow we are
accessingcolumn (3; 2; 0; 1), we must clear the cacheat
levels1 and2. Thus,to maximizeour cachehits, aftervisit-

in reversg i.e., whenK is the most signi cant (slowest
changing)ndex andl is theleastsigni cant (fastesthang-
ing) index (thisis not reverselexicographicorder!).

To implementthis second'upside-davn” order we gen-
eratea second,upside-davn, copy of the statespace,and

ing to U andvice-versa. U is usedto determinethe order
in which to accesscolumns: if we just accesseatolumn

index in S, whichis thennext columnto access.
Theseactionscan be performedquite ef ciently and,
thanksto the extreme compactnessf decisiondiagrams,
storingthe statespacetwice (i.e.,asS andU) still requires
neggligible memory The computationof the index for the
next columnrequiresto searchiwice for a state,oncein U
(for a state“close” to thelastonesearched)andoncein S
(for an arbitrary state). The secondsearchis the mostex-
pensve, but it still requiresonly O(K) operationsandit
mustbe performedonly oncepercolumn(i.e.,jSj timesper

Tpl2_a

Tpl2s_b Tpl2_b
Tpl2s_b Tpl2_b iTpl2s_b Tpl2_b

Figure 7. GSPN for the Multic lass QN

iteration);this is muchlessexpensve thanthe searchese-
quiredby the algorithmsdiscussedn [5], O(log jSj) or at
bestO(logjSk j), performedoncepernonzercentry.

3.6.Bene ts of our approach

In this section,we revisit the problemswith the Kro-
necler approach(discussedn Sect.2.3)andshav how our
approachaddressetheseproblems.

Actual statespace. Like advancedKroneclerapproaches,
our approacloperate®n solutionvectorsof sizejS;.

Skip unreachablestates. We solwe this by storing the
statespaceS, asdo adwancedKronecler approachesFor
ef cient storageof S, we usedecisiondiagramswhich can
alsobe usedfor Kronecler approachesDecisiondiagrams
allow usto nd the next reachablestatequickly, in O(1)
operationsat best(andon average) andO(K ) atworst.

Ef cient accesdy columns. Matrix diagramsallow usto
eliminatethe rows and columnscorrespondingo unreach-
ablestatesthis solvesthe problemof spuriousentries.

No logarithmic overhead. Using the full pointersin
our decisiondiagramswe candeterminef a given stateis
reachablén O(K ) stepsandif agivensubstatés reachable
in O(1) steps.Thus,using“interleaving” Kronecler tech-
niguesthe overheador decisiondiagramds only O(1).
Cacheto avoid duplication of work. A signi cant source
of overheadn columnaccessisingtheKroneclerapproach
is performingthe same oating point multiplicationssev-
eraltimes. By usinga cache,we canreducethis wasted
effort. With our approachyve visit the columnsin anorder
to maximizeour potentialcachehits. Thisallowsusto reuse
oating pointmultiplicationresultsasmuchaspossible.

4. Experimental results

A prototypeof our approachs implementedn thetool
SMART [7]. We testour approachon two modelsfrom
the literature. The rst is our kanbansystem,our running
example. The secondis a multiclassQN modelfrom [5],



its GSPNshawvn in Fig. 7 (white transitionsaretimed and
local, black transitionsareimmediate andgrey transitions
aretimedandsynchronizingall ratesareequaloneandall

con icts amongimmediatetransitionsare solved using a
uniform distribution).

Both modelshave asinput parametergheinitial number
of tokensin certainplaces(N for the kanbanN; andN,
for the QN); theseaffect the sizeof theunderlyingCTMC.

The modelswererun on a 450MhzPentium-llworksta-
tion with 384Mb of mainmemory underthe Linux operat-
ing system. We computethe stationaryprobability vector
usingiterative methoddi.e., GaussSeidelor Jacobi),stop-
ping when the relative error betweensubsequensolution
vectorsis lessthan10 5:

(old) _(new )

mawx; s i <10 5:

(new I)

We usea uniform probability for the initial solutionvector

All our timing resultsrefer to runsthat did not make use
of virtual memory Datais missingfrom thetablein cases
wherethe solutioncould not berun dueto excessie mem-
ory requirements.

Thetablescompareour nen approachusingdecisiondi-
agramsandmatrix diagramsto the currentstateof the art
Kroneclerapproachedescribedn [5]. For comparisonye
alsoshawv the time requirementgor explicit sparsematrix
storage for thosecasesvherethe matrix canbe storedin
memory In all caseswe usea full single-precisiorvector
for the probability vector( ). The Jacobimethodrequires
an additionalaccumulatara full double-precisiorvector
Holding timesare computedas neededexceptfor the ex-
plicit storagecase. In the Kronecler case,we usea Kro-
necler expressiorfor therow sums.For the matrix diagram
approachye usea secondmatrix diagramto representhe
row sums. Using a full vectorto store holding times re-
ducesthe CPUtime by 10%to 20%, atthe costof anextra
single-precisionvector For the Kronecler case we usea
multilevel datastructurefor S asdescribedn [5] and[8],
requiringaboutonebyte per state.If we useddecisiondia-
gramsin conjunctionwith thestandardroneclerapproach
to eliminatethelogarithmicoverheadpresentn columnac-
cessesperformancevould improve by a factorof 15%to
25%.

Resultsfor the kanbanmodel are shovn in Table 1.
Looking atthe statespacesizesandthe numberof nonzero
entriesin R, we seethat matrix R is extremely sparse:
about10 to 11 nonzeroeer column, on average. The
memoryrequiredfor our matrix diagramstructureginclud-
ing cachespace)is abouttwice as much as for the Kro-
necler approach,but still an insigni cant fraction of the
memoryrequiredfor the probability vector Looking atthe
columnsreportingthe CPU time (in secondgeriteration),
we nd thatour matrix diagramapproactrequiresaboutas
muchtime periterationasfor theKroneclerapproachusing
JacobiandmuchlessCPUtime (abouthalf) asfor the Kro-
necler approachusingGauss-SeidelAs we expect,Gauss-
Seidelrequiresmuchfewer iterationsthandoesJacobi.We

seethatmatrixdiagramGauss-SeidelndKronecler Gauss-
Seideldiffer in the numberof iterationsrequired;thisis be-
causecolumnsarevisitedin differentorders. The factthat
in this particularcase matrix diagramsrequirefewer iter-

ationscanonly be attributedto goodluck. Thetotal CPU

time requiredis found by multiplying the numberof iter-

ationshby the CPU time per iteration. We seethat, using
decisiondiagramsand matrix diagramswe can solve ex-

tremelylarge systemsn a reasonabl@amountof time: 40

million statesin 3 days. For the caseN = 7, we require
0.22 secondsof CPU time for statespacegenerationand
3,381bytesfor statespacestorageusingdecisiondiagrams.
Thisis clearly a smallfraction of thetime andmemoryre-

quiredto compute .

Theresultsfor the multiclassQN modelarealsoshavn
in Tablel. Thestatespacesizeis determinedy parameters
N; andN,, correspondindgo the numberof high andlow
priority partsin thesystemyespectrely (therows arelisted
accordingo statespacesizes).In thiscasematrixdiagrams
requireaboutthreetimes as much memoryas Kronecler,
andrequireaboutathird asmuchCPUtime periterationas
Kroneclerfor Gauss-SeidelAgain, matrix diagramGauss-
Seidelrequiresroughly the sametime periterationasdoes
Kronecler Jacobi. In this case Kronecler and matrix dia-
gramGauss-Seidakquirethe samenumberof iterations.

5. Conclusion

We haveintroducedanew ef cient datastructurematrix
diagrams which canbe usedto storethe very large tran-
sition rate matricesR that arisein the study of structured
GSPNs.For practicalproblems the memoryrequirements
for thestorageof thestatespaceS andof R arequitesmall,
usuallyneggligible in comparisorto the memoryneededo
storethenumericalsolution,a vectorof sizejS;j.

Such enormousmemory savings for the storageof R
have alreadybeendemonstratedby the variousKronecler
implementationgecently proposed. However, matrix di-
agramsalso decreasdhe execution overheadinherentin
the Kronecler representatiomwhenaccessinghe entriesof
R, while, at the sametime, allowing ef cient accessby-
column” to the entriesof R. Sucha type of accesss es-
sentialwhenusingfasterconverging numericalalgorithms
suchasGauss-Seidel.

Ourresultsshav aspeedugactorof two or greateiin the
solutiontimeswith respecto the fastestalgorithmsprevi-
ouslyproposedSincethedifferenceis partially dueto hav-
ing eliminateda logarithmic overheadfactot thesediffer-
encesaregoingto becomeaven morerelevantasimprove-
mentsin hardwareallow usto tacklelargermodels.
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