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Abstract

Kronecker-basedapproacheshavebeenproposedfor the
solution of structured GSPNswith extremely large state
spaces.Representingthe transitionratematrix usingKro-
necker sumsand products of smaller matrices virtually
eliminatesits storage requirements,but introducesvarious
sourcesof overhead. We showhow, by usinga new data
structure which we call matrix diagrams, we are able to
greatly reduceor eliminatemanyof theseoverheads,re-
sultingin a veryef�cient overall solutionprocess.

1. Intr oduction

GeneralizedStochasticPetri Nets (GSPNs)[1] and re-
lated models(e.g., stochasticreward nets[15], stochastic
activity networks [18]) are widely acceptedas one of the
besthigh-level formalismsto de�ne very largeandcomplex
continuous-timeMarkov chains(CTMCs).

Their numerical solution, however, is limited by the
well-known state-spaceexplosion problem: while the
GSPNmodelinga (�nite) systemmight be quite compact,
the underlyingCTMC caneasilyhave an enormoussetof
states.Any algorithmfor the “exact” solutionof a GSPN
mustthenbeableto copewith avery largereachabilityset,
or statespace,S. Thisin turnaffectsthesizeof thein�nites-
imal generatorQ, a squarematrix of dimensionjSj (fortu-
natelyverysparse),andof thevectorsrequiredby theitera-
tivenumericalsolutionalgorithms.Weconsiderthestation-
ary solutionof ergodic models,hence,we needto storeat
theveryleastoneprobabilityvector� of dimensionjSj, so-
lution of � � Q = 0; ourwork, however, appliesjustaswell
to the studyof absorbingCTMCs or the transientsolution
of arbitraryCTMCs.
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Evenmoresothanthelargecomputationalrequirements,
thestorageof S, Q, and� is thenthemainlimitation to the
applicabilityof thenumericalapproachto practicalmodels
of interest.Researchershave attackedthis problemin vari-
ousways.If we restrictour focuson “exact” numericalap-
proaches(i.e., ignoringapproximatemethodssuchastrun-
cationanddecomposition)for “general”models(i.e.,with-
out assumingspecialpropertiesin themodelthatwould al-
low ustousead-hocsolutionalgorithms),muchrecentwork
is gearedtowardcopingwith thesizeof thedatastructures
usedto storeS andQ.

For example,Sandersand his group have proposedto
storethematrixQ onsecondarymemory(a fast,largehard
disk) andretrieve it in “chunks” thatareoperateduponby
appropriateblock-orientednumericalalgorithms[10], or to
generatethe entriesof Q “on-the-�y” from the high-level
modeldescription,asneeded[11]. Both approacheshave
merit, but they alsohave limitations. Theformerapproach
is still limited by the memoryavailable on the hard disk
andit forcestheuseof a numericalalgorithmthatmatches
the amountof block computationwith the time to retrieve
a block from disk; if this delicatebalanceis perturbed,per-
formancesuffers.Thelatterapproachrequiresthatthetran-
sition ratefrom statei to statej be ef�ciently computable
from the high-level model; this is often not the casewhen
themodelshave many immediatetransitionsthataffect the
logicalbehavior but donotadvancethemodeledtime.

A completelydifferentapproachbasedontheKronecker
descriptionof the matrix Q hasbeenembracedinsteadby
several researchers,following the publicationof Plateau's
resultson synchronizedautomatanetworks[17]. In partic-
ular, the approachhasbeenadaptedto queuingnetworks
(QNs),GSPNs,andrelatedhigh-level modelsby Donatelli
[12] andBuchholzandKemper[4, 6, 13]. Underthestruc-
tural assumptionthatthemodelis composedof K interact-
ing submodels,thematrixQ canbeexpressedasthesumof
anumberof Kroneckerproductsof K smallmatrices.Then,
thememoryrequirementsfor thestorageof Q becomeneg-
ligible comparedto thatof thesolutionvector� . However,
thecomputationalcomplexity of theapproachcanincrease
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in practiceby a factor K in the worst case[5]. Further-
more,especiallyin the initial proposals,this approachwas
basedon using the cross-productŜ of the statespacesof
theindividual submodelsinsteadof thestatespaceS of the
overall model. WhenS is actuallya strict subsetof Ŝ, the
approachstill worksbut memoryandexecutioninef�cien-
ciesarise. In a badly chosendecomposition,the memory
wastedby allocatingvectorsof size jŜj might more than
offsetthesavingsobtainedby not storingQ explicitly.

Anotherdatastructurerequiringin principlemuchmem-
ory is the statespaceS. While S is not explicitly used
during a standardnumericalsolution, it is neededbefore
the solution itself, to generateQ, and after the solution,
to computethe outputmeasuresof interest. S canbe vi-
sualizedas a matrix with as many columnsas the places
in the GSPN,jP j, and as many rows as thereare reach-
ablemarkings,jSj. Theentriescanthenbebooleans(if the
Petrinet is safe)or integers,for thegeneralGSPNmodels
we assume.To make thingsworse,in many GSPNs,most
placescontaintokens,eliminatingthepossibilityof a sim-
ple sparsestorageapproach.However, it is possibleto use
muchfewer than jP j � jSj integers. In [8], we introduced
amulti-level techniquethatusesessentiallyjSj integers,an
amountof memorycertainlynolargerthanthatrequiredfor
the solution vector. In [14], we further improved on this
idea by combiningthe multilevel approachand its poten-
tial for variousoptimizationswith binarydecisiondiagrams
[2, 16]. Theresultingsymbolicgenerationtechnique,based
onmulti-valueddecisiondiagrams[19], canbeusedto gen-
eratetransformationstatespacesveryef�ciently in termsof
memoryand time, indeedso ef�ciently that, for practical
GSPNmodels,S becomesa negligible factor in termsof
memoryusage,justastheKronecker matrices.

Furtherprogressin this areacanthencomemostlyfrom
two directions.Themostimportantcontribution would ob-
viously be to reducethe sizeof the remainingdatastruc-
tures,� andany othervectorrequiredby thenumericalso-
lution, which are as of now the only real limitation from
a memorystandpoint.Unfortunately, this appearsto be a
very dif�cult problem,andit might not beat all solvableif
we restrictourselvesto exact solutions. If oneacceptsin-
steadto copewith theselargevectors,it is possibleto study
GSPNswith a few tensof millions of markings,using a
modernwell-equippedworkstation. The seconddirection
for researchis thenhow to speedup thesolutionprocessby
reducingtheoverheadinherentin theuseof theKronecker
approach.This is thesubjectof ourwork.

We investigatethe ideaof usinga new structure,some-
whatanalogousto thedecisiondiagramswe usefor theex-
ploration of the statespace[14]. However, insteadof S,
we usethis structureto storethereachabilitygraphandthe
transitionratebetweenmarkings,that is, thetransitionrate
matrix R (which equalsQ except for having zeroson its
diagonal).Sincethenew datastructureessentiallystoresa
matrix,we nameit “matrix diagram”.With it, we canstore
S andR very ef�ciently . More importantly, this datastruc-

ture speedsup the Kronecker solution,sinceit lendsitself
perfectlywell to thetypeandorderof accessto theentries
of R that are requiredby the numericalalgorithmsbased
on a Kronecker representation.We stressthat,with matrix
diagrams,thereis no needto storetheKronecker matrices
separately:a singledatastructureencodesboththecompo-
sitionof eachmarkingpairandtheratebetweenthem.

The resultswe report show a substantialimprovement
over previously known methods,dueboth to the inherent
greateref�ciency of thedatastructureweproposeandto the
factthatmoreef�cient methodsrequiringcolumnaccessto
R (e.g.,Gauss-Seidel)canbeemployedwithout additional
overhead,insteadof relying on slower methodsthat only
requirerow accessto R (e.g.,Poweror Jacobi).

In Sect.2, we brie�y recall theapproachbasedon Kro-
necker operatorsfor thesolutionof GSPNs,anddiscussits
potentialpitfalls. In Sect.3, we describea new datastruc-
tureandasetof manipulationroutinesthatcansubstantially
increasetheef�ciency of aKronecker implementation.Nu-
merical resultsfor our proposedapproachare reportedin
Sect.4. Finally, Sect.5 concludeswith a summaryof our
contribution.

2. The Kr onecker approach
In this section,we recall the basicKronecker operators

andtheir usein the solutionof GSPNs,with the help of a
runningexample.Then,we examineseveralproblemsthat
negatively affect the solution complexity in a Kronecker-
basedsolution.

2.1.De�nitions
We �rst recall the de�nition of the Kronecker product

A =
N K

k=1 A k of K squarematricesA k 2 IRn k � n k .
Throughoutourpresentation,weassumea�x edmixed-base
sequence(n1; : : : ; nK ), which, aswe will latersee,corre-
spondsto thesizesof the“local statespaces”for thesubnets
in our GSPNs.Given this base,we canthenidentify a se-
quence(l1; : : : ; lK ) with its mixed-basevalue

(� � � (( l1)n2 + l2)n3 � � �)nK + lK =
KX

k=1

 

lk
KY

m = k+1

nm

!

andcomputetheKronecker productas
A ( i 1 ;:::;i K ) ;( j 1 ;:::;j K ) = A 1

i 1 ;j 1
� A 2

i 2 ;j 2
� � � A K

i K ;j K
:

The Kronecker sum
L K

k=1 A k is de�ned in terms of
Kronecker products,as

KM

k =1

A k =
KX

k =1

I n 1 
 � � � 
 I n k � 1 
 A k 
 I n k +1 
 � � � 
 I n K

=
KX

k =1

I Q k � 1

m =1
n m


 A k 
 I Q K

m = k +1
n m

;

whereI x is theidentitymatrixof sizex � x.
We assumethat the GSPNmodel understudy is com-

posedof K ergodic GSPNshaving disjoint setsof places
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P k , but not necessarilydisjoint setsof transitionsT k . The
setof transitionsof theoverallmodel,T = [ K

k=1 T k , canbe
partitionedinto a setTS = f t : 9k; l ; k 6= l; t 2 T k \ T l g
of synchronizingtransitions,belongingto oneor moresub-
models,andK setsT k

L = T k n TS of transitionslocal to
eachsubmodel. Synchronizingtransitionsareusuallyas-
sumedtobetimed,andfor simplicitywedosotoo,although
we have shown in [9] how to manageimmediatesynchro-
nizing transitions.In otherwords,any immediatetransition
in the GSPNmustbe local, andwe assumefrom now on
thatit hasbeeneliminated,sothatall transitionsaretimed.

Sinceeachsubmodelis ergodic, we can build the set
of (tangible) submarkingsof the k th submodelin isola-
tion. If this set containsnk submarkings,we can de�ne
Ŝk = f 0; 1; : : : ; nk � 1g, andtreatit asif it werea setof
reachablesubmarkings;thatis,weidentify thesubmarkings
with their indices. This is becausetheactualsubmarkings,
that is thenumberof tokensin theplacesof P k , is not rel-
evant to our datastructure,and can then be conceptually
stored(once)in a two-dimensionalarrayof sizejP k j � nk ,
sincenk is assumedto besmall. To avoid confusionin the
remainderof the paper, we usethe notation“ [a1; : : : ; ax ]”
to indicatea markingor a submarking,with ai being the
numberof tokens in placepi , while we usethe notation
“(a1; : : : ; aK )” to indicatea global state, whereak is the
index of thesubmarkingfor thek th submodel.

We can de�ne the potential statespaceof the overall
modelasŜ = Ŝ1 � � � �� ŜK ; any tangiblestate(i 1; : : : ; i K )
in the reachabilitysetS belongsto Ŝ, but not all elements
of Ŝ arenecessarilyreachable.

Thekey ideain theKronecker solutionof sucha GSPN
lies in expressingthe transitionratematrix R 2 IR jS j�jS j

asthesubmatrix,correspondingto the reachablemarkings
only, of thematrix R̂ 2 IR j Ŝ j�j Ŝ j de�ned as

R̂ =
P

t 2T S
�
N K

k=1 W k (t) +
L K

k=1 R k (1)

whereW k (t) 2 IRn k � n k describesthe effect of synchro-
nizing transitiont on the k th submodel,with W k (t) = I
for t 62T k , andR k 2 IRn k � n k describestheeffect of the
local transitionsT k

L on thekth submodelitself.
It shouldbe notedthat the diagonalof Q is guaranteed

to containonly nonzeroelements,if theCTMC is ergodic.
Hence,in practicalimplementationsof astandardnumerical
solutionwhereQ is storedexplicitly usingsparsestorage,
it is bestto storeQ's off-diagonalentriesin thematrix R ,
plus a full vectorh of the expectedholding times,where
h i = � Q � 1

i;i , insteadof storingQ asa singlematrix. In
theKronecker case,thediagonalof Q canalsobeencoded
asa Kronecker expression,usinga secondsetof local ma-
trices [20]. We follow [20] in the implementationof our
tool SMART [7], by storingthe row sumsof the W k and
R k matricesandusingthemin asecondKroneckerexpres-
sion to computetheexpectedholding times. Alternatively,
SMART canstoreh asa full vector, therebyincreasingthe

N

pm1 tredo1tin1

p1

pout1

pback1

tback1tok1
N

pm2 tredo2

p2

pout2

pback 2

tback2tok2

N

pm3 tredo3

p3

pout3

pback3

tback3tok3
N

pm4 tredo4

p4

pout4

tout4

pback4

tback4tok4

tsynch1_23
3

tsynch23_4

Transition Rate Transition Rate Transition Rate
t in 1 1.0 t r edo 1 0.36 tok 1 0.84
tout 4 0.9 t r edo 2 0.42 tok 2 0.98
tsy nch 1 23 0.4 t r edo 3 0.39 tok 3 0.91
tsy nch 23 4 0.5 t r edo 4 0.33 tok 4 0.77
tback 1;:::; 4 0.3

Figure 1. Kanban Model

memoryrequirements(h occupiesasmuchspaceasthesta-
tionary probability vector� ) while reducingthe computa-
tion times.

2.2.Running example

As arunningexample,weusetheGSPNin Fig. 1, taken
from [9], modelingakanbanmanufacturingsystem.Thein-
put parameterN affectsthesizeof theunderlyingCTMC.
Whendescribingin detailthestatespaceandtransitionrate
matrix underlyingthe GSPN,we usethe valueN = 1; in
our experimentalresultsof Sect.4, we increaseN up to
seven. We partitionthenet into four subnetssuchthatsub-
netk containsplacesf pm k ; pback k ; pk ; pout k g. This yields
two synchronizingtransitions,tsy nch 1 23 and tsy nch 23 4,
while theothersarelocal transitions.

Thelocal statespaces(all possiblesubmarkings)are:
	 k (pm k ; pback k ; pk ; pout k ) 	 k (pm k ; pback k ; pk ; pout k )
0 [0, 0, 1, 0] 1 [1, 0, 0, 0]
2 [0, 1, 0, 0] 3 [0, 0, 0, 1]

andŜ1 = Ŝ2 = Ŝ3 = Ŝ4 = f 0; 1; 2; 3g. Then, for in-
stance,theglobalstate(3; 0; 0; 2) correspondsto themark-
ing with onetoken in placespout 1 , p2, p3 andpback 4 , and
zero tokensin the remainingplaces. From this state,we
can�re transitiontsy nch 1 23 to reachstate(0; 1; 1; 2) or �re
transitiontback 4 to reachstate(3; 0; 0; 1).

TheresultingKronecker matricesfor thekanbannetare
shown in Fig. 2. We seethat the transitionratefrom state
(3; 0; 0; 2) to state(0; 1; 1; 2) is given by the only nonzero
termin row 3� 43 + 0� 42 + 0� 41 + 2� 40 = 194andcolumn
0 � 43 + 1 � 42 + 1 � 41 + 2 � 40 = 22 for the sumof the
Kronecker productsin Eq.(1),

W 1(tsy nch 1 23)[3; 0] � W 2(tsy nch 1 23)[0; 1]�

W 3(tsy nch 1 23)[0; 1] � W 4(tsy nch 1 23)[2; 2] = 0:4:

Similarly, the transitionrate from state(3; 0; 0; 2) to state
(3; 0; 0; 1) is givenby thenonzerotermin row 194andcol-
umn3� 43 + 0� 42 + 0� 41 + 1� 40 = 193for theKronecker
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Figure 2. Kronec ker matrices

sumin Eq.(1),

I [3; 3] � I [0; 0] � I [0; 0] � R 4[2; 1] = 0:3:

Thesecorrespondto theratesfor transitionstsy nch 1 23 and
tback 4, respectively.

2.3.Problemswith the Kr onecker approach
As shown in the previous section, the Kronecker ap-

proachallows usto representthematrix R̂ very ef�ciently
in termsof memory. However, thiscompactnesscomesata
price. In thissection,weexaminesomeof theinef�ciencies
connectedwith theKronecker approach.We have analyzed
theseproblemsin depthin [5]; in thenext sectionwe show
how thesecan be alleviated or eliminatedusing our data
structures.
Potential vs. actual state space. As statedin the intro-
duction, initial approachesbasedon Kronecker operators
workedon thepotentialstatespaceŜ = Ŝ1 � � � � ŜK . This
makes the storageof the overall statespaceunnecessary
(only the local statespacesŜk mustbe stored),but it also
forcesus to allocatesolutionvectorsof sizejŜj insteadof
jSj, resultingin apotentiallyfatalproblem(Ŝ canbeorders
of magnitudelargerthanS).
Needto skip unreachablestates. Usingthepotentialin-
steadof theactualstatespacecanalsoaffect theef�ciency
of theapproach.In earlierimplementations,thenumerical
solutionapproachusedthe Power or Jacobimethod,since
thesecan be implementedso that they accessthe matrix
R̂ by rows. Since“we cannotreachan unreachablestate
from a reachablestate”, if the initial probability vector is
initialized with probability massonly on somereachable
states(e.g., the initial statewith probability 1 and every
otherstatewith probability 0) and the processis ergodic,
weareguaranteedthatexactlyandonly thereachablestates
will have nonzeroentriesin the solutionvector. In the Ja-
cobi iterations,we canthenavoid ever consideringany en-
try in R̂ that is relatedto anunreachablestateby skipping
over any row index whosecorrespondingentry in the cur-
rent iterationvector is zero. Alternatively, we eitherneed

to keeptrackof thesetof indicesfor which the iteratehas
nonzeroentries,or, equivalently, we can build the set of
reachablestatesbeforebeginning the numericalcomputa-
tion, andretrieve their indices(their lexicographicposition
in Ŝ) at eachiterationof thenumericalmethod.This latter
methodis of coursepreferredwhenŜ is muchlarger than
S, since,in this case,thecostof testingfor zeroentriesin
theiterationvectorcoulddominatethecomputation.

Dif�culties with accessby columns. Sincethe Power
andJacobimethodhaveslow convergence,laterapproaches
have shown how to use faster methodssuch as Gauss-
Seidel. Unfortunately, theserequiresequentialaccessto
eachcolumnof R , andsince“we may reacha reachable
statefrom an unreachablestate”, thesenewer approaches
must prevent accessingsuchspuriousentries. If the vec-
torsareof sizejŜj, theproblemis automaticallysolved,in
a way, as long asthe probability of any unreachablestate
is initially setto zero. However, thecomplexity is now af-
fectedby thenumberof spuriousentriesin thecolumnscor-
respondingto reachablestates.

Logarithmic overhead. Anotherway of dealingwith the
problemof spuriousentries,andat the sametime solving
theevenmoreimportantmemorylimitationsinherentin us-
ing datastructureof size jŜj, is to usevectorsof size jSj
throughout.However, sinceR̂ andnotR is encodedby the
Kronecker expressionin Eq. (1), we still needto map“po-
tentialindices”(from 0 to jŜj � 1) to “actualindices”(from
0 to jSj � 1). Every approachpublishedso far [5, 13, 21]
mapstheseindicesusinga binary searchof sometype on
thedatastructureusedto storeS, resultingin a logarithmic
overhead.

Interleaving reducesoverhead,precludescolumnaccess.
The logarithmicoverheadjust mentionedis O(log jSj) us-
ing a straightforward implementation. At best, the loga-
rithmic overheadcan be reducedto O(log jŜK j) by “in-
terleaving” the componentsof row andcolumn indicesin
the multiplication algorithms[5]. Also, eachentry of R
is conceptuallyobtainedasa productof K real numbers,
but many entriesshare(sub)productsof 2; 3; : : : ; K � 1
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Figure 3. State space data structure

of thesenumbers;an importantadvantageof interleaving
is that it amortizesthe multiplications that must be per-
formed, by better exploiting thesecommonsubproducts.
However, the interleaving approachpresentedin [5] pre-
cludesaccessby columns,so we cannotuseGauss-Seidel
or any otheralgorithmwith similaraccessrequirements.As
pointedoutin [5], thisforcesusto choosebetweenaslower-
converging methodwith smallerper-iteration cost, and a
faster-convergingmethodwith higherper-iterationcost.

3. Our data structur es
3.1.Decisiondiagrams to store the statespace

Thestructureweuseto representthestatespaceis essen-
tially a variantof a multi-valueddecisiondiagram(MDD)
[19]. Our techniquefor generatingand representingthe
statespaceusingdecisiondiagrams(eitherbinaryor multi-
valued)is describedin detail in [14], sowe discussit only
brie�y here,for completeness.

Statespacegenerationwith decisiondiagramsutilizes
two key ideas. The �rst is to representa statespacein
levels, or hierarchically, and was presentedin [8]. A set
of K -elementintegervectors(suchasS) is representedby
storinga setof integers,whereeachinteger i 1 hasassoci-
atedwith it a setof (K � 1)-elementvectorsof integers.
These(K � 1)-elementvectorsare combinedwith i 1 to
form K -elementvectors.Thesecondkey ideais to generate
thestatespacesymbolically: eachiterationcanpotentially
discover a largesetof reachablestates.As theseiterations
only requiremanipulationsof decisiondiagrams(insteadof

manipulatingindividual states),symbolicgenerationusing
decisiondiagramsis typically extremelyef�cient in terms
of bothmemoryandCPUrequirements.

Oncethe statespacehasbeengeneratedusingdecision
diagrams,it is transformedinto a lessdynamicstructure
containingsomeadditionalinformationfor computingstate
indices.The�nal representationof theactualstatespaceof
our runningexampleis shown in Fig. 3. For example,fol-
lowing thedownwardpointerbelow submarking3 at level
1, we obtain all the statesof the form (3; � ; � ; � ). If we
then follow the downward pointerbelow submarking0 at
level 2, we obtainall thestatesof theform (3; 0; � ; � ). Re-
peatingthis process,we candeterminethatstate(3; 0; 0; 2)
is reachable,while (3; 0; 2; 2) is not. Notice that many of
the downward pointersleadto the samestructure,indicat-
ing equivalentsets.For instance,wecanquickly seethatfor
any reachablestateof the form (3; � ; � ; � ), state(2; � ; � ; � )
is alsoreachable,andvice-versa.

An importantpropertyof our structureis thateachlevel
maintainsboth full andsparsestorage.The Full pointers
allow usto determineif a givensubmarkingis reachablein
oneoperation.For instance,following thedownwardpoint-
ersfrom submarking3 at level 1 andthensubmarking0 at
level 2, we canquickly tell that no reachablestateof the
form (3; 0; 2; � ) exists,sinceelement2 of theFull arrayis
empty. Therestof thestructureusessparsestorage,which
notonly savesmemory, but alsoallowsusto quickly iterate
over thereachablestates,skippingtheunreachableones.If
we did not usearrayFull , a binarysearchcouldbeusedto
�nd a givensubmarkingindex at eachlevel, but this would
adda logarithmic-timeoverhead[5].

Finally, the index of a state is determinedusing the
o�set quantities.Theoffset speci�esthenumberof accu-
mulatedreachablestatesso far, not including the current
submarking.For instance,looking at the level 1 structure,
we seethat thereare40 statesof the form (0; � ; � ; � ) and
120statesof theform (f 0; 1; or 2g; � ; � ; � ). Looking at the
level 2 structure,we seethat thereare4 statesof the form
(3; 0; � ; � ) and16statesof theform (3; f 0 or 1g; � ; � ). Off-
setsarenot explicitly storedat the last level: they canbe
determinedfrom the Full pointers. They are depictedin
Fig. 3 usingdottedlinesonly for clarity. To determinethe
index of a state,we follow thedownwardpointersandadd
theoffsets.So,for instance,theindex of state(3; 0; 0; 2) is
120+ 0+ 0+ 2. For thestatesreachablefrom (3; 0; 0; 2), we
discoverthattheindex of state(0; 1; 1; 2) is 0+ 4+ 0+ 2, and
theindex of state(3; 0; 0; 1) is 120+ 0+ 0+ 1. Notethatthe
index of (0; 0; 0; 0) is 0 andthe index of (3; 3; 3; 3) is 159.
Thus, the indexing mechanismmapsthe set of reachable
statesontotheintegersf 0; : : : ; jSj � 1g. Also, notethatthe
indicescountthestatesin lexicographicalorder:(0; 0; 0; 1)
hasindex 1, (0; 0; 0; 2) hasindex 2, andso on. Given any
reachablestate(s1; : : : ; sK ), we caneasilydeterminethe
“next” reachablestate(meaningthereachablestatewith in-
dex onehigherthanthecurrentreachablestate).Usingthe
sparsestructureof thedecisiondiagram,we determinethe
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next reachablesubstateat level K . If thereis none,we �nd
thenext reachablesubstateat level K � 1. If thereareno
next reachablesubstatesall the way back to level 1, then
thecurrentstateis thelastreachablestate.Otherwise,if we
stoppedat level k, we leave s1; : : : ; sk � 1 unchanged,and
move to s0

k , thenext reachablesubstateaftersk for level k.
Finally, we �nd the�rst reachablesubstatesat levelsk + 1
throughK . This operationrequires2K � 1 stepsin the
worstcase,and1 stepin thebest(andmostcommon)case.

Decisiondiagramsareextremelyef�cient both in terms
of memory and CPU: we can build and store enormous
reachabilitysetssincethe executiontime andthe memory
requirementsarerelatedto thesizeof thedecisiondiagram,
not to thesetencodedby it. In practicalmodelssolvednu-
merically, the memoryfor the decisiondiagramis essen-
tially negligible in comparisonto theprobabilityvector� .

3.2.Matrix diagramsfor the transition rate matrix
We now introducea new datastructurefor the storage

of real matrices. Sincethis structureis somewhat analo-
gousto decisiondiagrams,we call it a matrix diagram. A
matrixdiagramimposesaK -level hierarchicalstructureon
eachelementof thematrix it represents.Theelementcor-
respondingto row (r 1; : : : ; r K ) andcolumn(c1; : : : ; cK ) is
computedastheproductof element[r 1; c1] of a level 1 ma-
trix with element[r 2; c2] of a level 2 matrix,andsoon. As-
sociatedwith eachelement(exceptfor level K ) is apointer
indicatingwhich matrix mustbeusedat thenext level. For
instance,if B [1; 2] = 1:5 andA [0; 0] = (2:0; B ) thenthe
matrix representedby A hasthevalue2:0� 1:5 at row (0; 1)
andcolumn(0; 2). A matrix diagramelementis actuallya
set; this allows for additions. Thus, if C[1; 2] = 1:7 and
A [1; 0] = f (2:0; B ); (4:0; C)g, thenthematrix represented
by A hasthe value2:0 � 1:5 + 4:0 � 1:7 at row (1; 1) and
column(0; 2). Only single-elementsetsareneededat level
K , sincewe canreplacemultiple elementswith their sum
withoutchangingthevalueof thematrix represented.

A matrix diagramrepresentingthetransitionratematrix
R for ourrunningexampleis shown in Fig.4. Eachelement
is eithertheemptyset(indicatedby blankspace)or, in our
case,a setof cardinalityone(indicatedby a box). Notice
thatthelevel 3 matriceshavedifferentsizes.Thisis because
rowsandcolumnscorrespondingto unreachablestateshave
beenremoved. To determinethe transitionratefrom state
(3; 0; 0; 2) to state(0; 1; 1; 2), we follow the appropriate
pathandcomputetheproduct,in thiscase0:4� 1:0� 1:0� 1:0.
Similarly, the transitionrate from state(3; 0; 0; 2) to state
(3; 0; 0; 1) is 1:0 � 1:0 � 1:0 � 0:3. The numbersto the left
of thematricesaretherow offsets. Theseareanalogousto
the offsetsusedin decisiondiagrams:the index of a row
is computedby summingtherow offsets.As with decision
diagramoffsets,therow offsetsdonotneedto beexplicitly
storedat thelastlevel.

Notice that this representationcorrespondsexactly to
the transitionrate matrix R : we do not have extra rows
or columns. For instance,if we try to �nd the transition
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Figure 4. Matrix data structure

ratebetweenunreachablestates,suchasfrom (3; 0; 1; 2) to
(3; 0; 2; 2), we �nd thatour level 3 matrix doesnot have a
row 1 or column2. With thestandardKronecker approach,
instead,the transitionrateis given by the nonzeroterm of
theKronecker sumin Eq.(1)

I [3; 3] � I [0; 0] � R 3[1; 2] � I [2; 2] = 0:39

which correspondsto the ratefor transitiont redo 3. Matrix
diagramsareableto eliminatetheserows andcolumnsbe-
cause,in this case,the level 3 matricescan dependupon
therows andcolumnsselectedat levels1 and2. TheKro-
necker representationis unableto exploit dependenciesof
this type (generalizedKronecker productsallow entriesto
dependon“global” indices,but this requiresto storematrix
entriesas functionsnot just real numbers,and their com-
putationalcomplexity still suffers from theproblemof un-
reachablestates:evaluatinga functiononly to �nd out that
it is zerohasacost).

3.3.Kr onecker implementation

Building a matrix diagramrepresentationof R̂ using
Eq. (1) is straightforward. To constructa matrix diagram
for theKronecker productA =

N K
k=1 A k we simply copy

eachmatrix A k asa level k matrix diagram.Exceptat the
last level, eachnonzeroelementof A k is associatedwith a
downwardpointerto thelevel k + 1 matrix diagramrepre-
sentingmatrixA k+1 . Thelevel K matrixdoesnothaveany
downwardpointers;it is merelyacopy of A K .

Addition of two K -level matrixdiagramsis doneby tak-
ing the union of the elementsof the level 1 matrices.The
result is a legal matrix diagram;however, in somecases,
we can reducethe sizeof the resultingset. For instance,
if two elementsin a sethave the samedownward pointer,
they canbe mergedby replacingthe ratewith the sumof
thetwo rates.Thatis, if asetcontainselements(r 1; A ) and
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GetColumn k (in: M k ; (ck ; : : : ; cK ); out: column );
[M k : a level k matrix of the K -level matrix diagram;
ck ; : : : ; cK : column indices to select at this level and below;
column : selected column stored as a sparse vector]

1. if k = K then � The bottom level is trivial
2. column  M k

� ;c k
;

3. else
4. column  0;
5. for each non-empty row r k in column ck of M k

6. for each element (value; M do wn ) at M k
r k ;c k

7. GetColumn k +1 (M do wn ; (ck +1 ; : : : ; cK ); co);
8. co  value � co;
9. shift indices of co by the offset of row r k ;

10. column  column + co;

Figure 5. Obtaining a matrix diagram column

(r 2; A ), we canreplacethoseelementswith (r 1 + r 2; A ).
This is equivalentto thetransformation

r 1 � A + r 2 � A ) (r 1 + r 2) � A
Similarly, thetransformation

r � A + r � B ) r � (A + B )
canbe performedby replacingelements(r; A ) and(r; B )
with (r; A + B ), whereA + B refersto the additionop-
eratorfor two (K � 1)-level matrix diagrams.While the
�rst transformationalwaysreducesbothCPUandmemory
requirements,thesecondonedecreasesCPUrequirements
but may actuallyusemorememory: if A andB areused
elsewhere,weeffectively endupstoringA , B , andA + B .

Oncewe have a matrix diagramrepresentation̂R , we
canobtainone for R by removing the rows andcolumns
correspondingto unreachablestates(the decisiondiagram
representationof S is usedto detectthesestates).For our
example,this transformsthe4 � 4 matricesat level 3 into
thematricesof varioussizesshown in Fig. 4.

As with decisiondiagrams,matrix diagramsmust be
kept reducedto alleviate both memoryand CPU require-
ments. A reducedmatrix diagramcontainsno duplicate
matrices;instead,asinglematrix is storedwith multiple in-
comingpointers.Thematrix diagramin Fig. 4 is reduced:
no two matriceshave thesameelements(two elementsare
equalif their realvaluesanddownwardpointersareequal).
Matrix diagramsarekept reducedduring their updatesus-
ing a uniquenesstable. Whena matrix is createdor modi-
�ed, theuniquenesstableis searchedfor a duplicate.This
techniqueis analogousto thewell-known approachusedto
maintainreducedbinarydecisiondiagrams[3].

3.4.Accessby columns

A critical requirementfor a Gauss-Seidelnumericalso-
lution is ef�cient accessto a givencolumnof thetransition
ratematrix. A matrix diagramallows for ef�cient access
of a columnif the matricesat eachlevel of the matrix di-
agramhave ef�cient accessto the nonzeroelementsof a
givencolumn.An algorithmfor obtainingaspeci�c column
of thematrix representedby amatrixdiagramis depictedin
Fig. 5. If the speci�ed matrix is at the bottomlevel of the

Level 1 GetColumn 1 (#1 ; (3 ; 0; 0; 1))

= GetColumn 2 (#3 ; (0 ; 0; 1))

D
scale 0:84
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h
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i
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Figure 6. Computing a column of R

matrixdiagram,wesimply returntheselectedcolumn(line
2). Otherwise,for eachelementof the level k matrix, we
follow the downward pointerandrecursively computethe
appropriatecolumnof this level k + 1 matrix (line 7). This
resultis scaledby thevalueof thecurrentelement(line 8)
andshiftedby theoffsetof thecurrentrow (line 9). Scaling
at eachlevel performstheproduct,while theshifting deter-
minesthe correctrow index. Summingtheseshifted and
scaledresults(line 10)givestheselectedcolumn.

Computationof acolumnof R is shown for our running
examplein Fig. 6. In the example,we usethe matrix dia-
gramrepresentedin Fig. 4 andthedecisiondiagramrepre-
sentedin Fig. 3 asourdatastructures.A matrix is indicated
by its ordinalnumber;for instance,GetColumn3(#5 ; : : :)
refersto the �fth matrix (countingfrom the left) in level
3. In the example,we computecolumn(3; 0; 0; 1) of the
matrix diagram,which is column121 of R . This is done
by callingGetColumn1(#1 ; (3; 0; 0; 1); column ). Wesee
thatcolumn containsthreeentries:0.84at row 41, 0.3 at
row 122,and0.5 at row 156. Thesecorrespondto incom-
ing arcs from states(1; 0; 0; 1); (3; 0; 0; 2) and (3; 3; 3; 0)
via transitionstok1, tback 4 andtsy nch 23 4, respectively.

To multiply a row vectorby a speci�c matrix column,
we canuseGetColumn to obtainthecolumnandthenper-
form theinnerproductof thevectorby thecolumn.This is
preferredover modifying GetColumn to performthemul-
tiplication directly, aswe will discussin the next section.
In particular, one (forward) Gauss-Seideliteration for the
computationof thestationaryprobabilityvector� is
for j = 0 to jSj � 1 do � j  h j �

P
i :R i;j > 0 � i �R i;j ;

wherethenonzeroentriesin thecolumnj of R areextracted
from thematrixdiagramusingGetColumn.
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3.5.Usinga cacheto speedup accessby columns
Continuing our running example, suppose after

accessing column (3; 0; 0; 1) of the matrix diagram
we wish to access column (2; 0; 0; 1). We �nd
that our call to GetColumn1(#1 ; (2; 0; 0; 1)) again
generates calls to GetColumn2(#2 ; (0; 0; 1)) and
GetColumn2(#3 ; (0; 0; 1)). Sincethesecallsareidentical
to our previous column access,we can avoid duplicate
computation,providedwe savedthoseresultsin a cacheof
recentoperations.Of course,we canalsoreusethemin the
event that duplicatecalls to GetColumn occur in a single
columnaccess;for instance,GetColumn1(#1 ; (1; 0; 0; 1))
generatestwo callsto GetColumn2(#3 ; (0; 0; 1)). Clearly,
thishasenormouspotentialfor reducingCPUrequirements.

Our cachecanbe implementedby saving only themost
recentlygeneratedcolumnfor eachmatrix. Thus,for each
matrix in the matrix diagram,we requirea single vector.
Fortunately, thesevectorsareextremelysparsein practice,
andwe only needto storetheir nonzeroelements.We can
computethemaximumcolumnsize(themaximumnumber
of nonzeroelementsin any column) for eachmatrix in a
bottom-upfashion.Then,we allocatea column vectorof
maximumcolumnsizefor eachmatrix beforestartingthe
numericaliterations,andusethis vectorwhenever we call
GetColumn for thatmatrix.

We mustclear thecacheat level k (setall thecolumn
vectorsatlevel k to anull value)wheneverthespeci�edcol-
umnat level k or any level below k changes.For instance,
if our last columnaccesswas(3; 0; 0; 1), andnow we are
accessingcolumn (3; 2; 0; 1), we must clear the cacheat
levels1 and2. Thus,to maximizeourcachehits,aftervisit-
ing thereachablecolumnfor state(c1; : : : ; cK ), we should
visit next the reachablecolumn for the statethat follows
(c1; : : : ; cK ) in lexicographicorderwhenthestring is read
in reverse, i.e., when K is the most signi�cant (slowest
changing)index and1 is theleastsigni�cant (fastestchang-
ing) index (this is not reverselexicographicorder!).

To implementthissecond“upside-down” order, wegen-
eratea second,upside-down, copy of the statespace,and
storeit in a decisiondiagramU. For any state(s1; : : : ; sK )
belongingto S, thereexists a state(sK ; : : : ; s1) belong-
ing to U andvice-versa. U is usedto determinethe order
in which to accesscolumns: if we just accessedcolumn
(c1; : : : ; cK ), we reversethe order to obtain(cK ; : : : ; c1),
�nd thenext reachablestate(c0

K ; : : : ; c0
1) in U, reverseback

theorderof its componentsto obtain(c0
1; : : : ; c0

K ), �nd its
index in S, which is thennext columnto access.

Theseactionscan be performedquite ef�ciently and,
thanksto the extremecompactnessof decisiondiagrams,
storingthestatespacetwice (i.e.,asS andU) still requires
negligible memory. The computationof the index for the
next columnrequiresto searchtwice for a state,oncein U
(for a state“close” to thelastonesearched),andoncein S
(for an arbitrarystate). The secondsearchis the mostex-
pensive, but it still requiresonly O(K ) operations,and it
mustbeperformedonly oncepercolumn(i.e., jSj timesper
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Tp12_aTp12s_a
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Figure 7. GSPN for the Multic lass QN

iteration);this is muchlessexpensive thanthesearchesre-
quiredby the algorithmsdiscussedin [5], O(log jSj) or at
bestO(log jSK j), performedoncepernonzeroentry.

3.6.Bene�ts of our approach
In this section,we revisit the problemswith the Kro-

necker approach(discussedin Sect.2.3)andshow how our
approachaddressestheseproblems.
Actual statespace. LikeadvancedKroneckerapproaches,
ourapproachoperatesonsolutionvectorsof sizejSj.
Skip unreachablestates. We solve this by storing the
statespaceS, asdo advancedKronecker approaches.For
ef�cient storageof S, weusedecisiondiagrams,whichcan
alsobeusedfor Kronecker approaches.Decisiondiagrams
allow us to �nd the next reachablestatequickly, in O(1)
operationsatbest(andonaverage),andO(K ) atworst.
Ef�cient accessby columns. Matrix diagramsallow usto
eliminatetherows andcolumnscorrespondingto unreach-
ablestates;thissolvestheproblemof spuriousentries.
No logarithmic overhead. Using the full pointersin
our decisiondiagrams,we candetermineif a givenstateis
reachablein O(K ) steps,andif agivensubstateis reachable
in O(1) steps.Thus,using“interleaving” Kronecker tech-
niques,theoverheadfor decisiondiagramsis only O(1).
Cacheto avoid duplication of work. A signi�cant source
of overheadin columnaccessusingtheKroneckerapproach
is performingthe same�oating point multiplicationssev-
eral times. By using a cache,we can reducethis wasted
effort. With our approach,we visit thecolumnsin anorder
tomaximizeourpotentialcachehits. Thisallowsusto reuse
�oating pointmultiplicationresultsasmuchaspossible.

4. Experimental results
A prototypeof our approachis implementedin the tool

SMART [7]. We test our approachon two modelsfrom
the literature. The �rst is our kanbansystem,our running
example. The secondis a multiclassQN model from [5],
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its GSPNshown in Fig. 7 (white transitionsaretimed and
local, black transitionsareimmediate,andgrey transitions
aretimedandsynchronizing;all ratesareequaloneandall
con�icts amongimmediatetransitionsare solved using a
uniformdistribution).

Bothmodelshaveasinputparameterstheinitial number
of tokensin certainplaces(N for the kanban,N1 andN2
for theQN); theseaffect thesizeof theunderlyingCTMC.

Themodelswererun on a 450MhzPentium-IIworksta-
tion with 384Mbof mainmemory, undertheLinux operat-
ing system. We computethe stationaryprobability vector
usingiterative methods(i.e.,GaussSeidelor Jacobi),stop-
ping when the relative error betweensubsequentsolution
vectorsis lessthan10� 5:

maxi 2S

� �
�
�
�
� (old)

i � � (new )
i

� (new )
i

�
�
�
�

�
< 10� 5:

We usea uniform probabilityfor theinitial solutionvector.
All our timing resultsrefer to runs that did not make use
of virtual memory. Datais missingfrom the tablein cases
wherethesolutioncouldnot berun dueto excessive mem-
ory requirements.

Thetablescompareournew approach,usingdecisiondi-
agramsandmatrix diagrams,to thecurrentstateof theart
Kroneckerapproachesdescribedin [5]. For comparison,we
alsoshow the time requirementsfor explicit sparsematrix
storage,for thosecaseswherethe matrix canbe storedin
memory. In all caseswe usea full single-precisionvector
for theprobabilityvector(� ). TheJacobimethodrequires
an additionalaccumulator, a full double-precisionvector.
Holding timesarecomputedasneeded,exceptfor the ex-
plicit storagecase. In the Kronecker case,we usea Kro-
neckerexpressionfor therow sums.For thematrixdiagram
approach,we usea secondmatrix diagramto representthe
row sums. Using a full vector to storeholding times re-
ducestheCPUtime by 10%to 20%,at thecostof anextra
single-precisionvector. For the Kronecker case,we usea
multilevel datastructurefor S asdescribedin [5] and[8],
requiringaboutonebyteperstate.If we useddecisiondia-
gramsin conjunctionwith thestandardKroneckerapproach
to eliminatethelogarithmicoverheadpresentin columnac-
cesses,performancewould improve by a factorof 15% to
25%.

Resultsfor the kanbanmodel are shown in Table 1.
Looking at thestatespacesizesandthenumberof nonzero
entriesin R , we seethat matrix R is extremely sparse:
about 10 to 11 nonzeroesper column, on average. The
memoryrequiredfor ourmatrixdiagramstructures(includ-
ing cachespace)is about twice as much as for the Kro-
necker approach,but still an insigni�cant fraction of the
memoryrequiredfor theprobabilityvector. Looking at the
columnsreportingtheCPUtime (in secondsper iteration),
we �nd thatour matrix diagramapproachrequiresaboutas
muchtimeperiterationasfor theKroneckerapproachusing
JacobiandmuchlessCPUtime(abouthalf) asfor theKro-
neckerapproachusingGauss-Seidel.As weexpect,Gauss-
Seidelrequiresmuchfewer iterationsthandoesJacobi.We

seethatmatrixdiagramGauss-SeidelandKroneckerGauss-
Seideldiffer in thenumberof iterationsrequired;this is be-
causecolumnsarevisited in differentorders.Thefact that
in this particularcase,matrix diagramsrequirefewer iter-
ationscanonly be attributedto goodluck. The total CPU
time requiredis found by multiplying the numberof iter-
ationsby the CPU time per iteration. We seethat, using
decisiondiagramsandmatrix diagrams,we cansolve ex-
tremely large systemsin a reasonableamountof time: 40
million statesin 3 days. For the caseN = 7, we require
0.22 secondsof CPU time for statespacegenerationand
3,381bytesfor statespacestorageusingdecisiondiagrams.
This is clearlya small fractionof thetime andmemoryre-
quiredto compute� .

Theresultsfor themulticlassQN modelarealsoshown
in Table1. Thestatespacesizeis determinedby parameters
N1 andN2, correspondingto the numberof high andlow
priority partsin thesystem,respectively (therowsarelisted
accordingto statespacesizes).In thiscase,matrixdiagrams
requireaboutthreetimesasmuchmemoryasKronecker,
andrequireabouta third asmuchCPUtimeperiterationas
Kronecker for Gauss-Seidel.Again,matrixdiagramGauss-
Seidelrequiresroughly thesametime per iterationasdoes
Kronecker Jacobi. In this case,Kronecker andmatrix dia-
gramGauss-Seidelrequirethesamenumberof iterations.

5. Conclusion
Wehaveintroducedanew ef�cient datastructure,matrix

diagrams, which canbe usedto storethe very large tran-
sition ratematricesR that arisein the studyof structured
GSPNs.For practicalproblems,thememoryrequirements
for thestorageof thestatespaceS andof R arequitesmall,
usuallynegligible in comparisonto thememoryneededto
storethenumericalsolution,avectorof sizejSj.

Suchenormousmemorysavings for the storageof R
have alreadybeendemonstratedby the variousKronecker
implementationsrecentlyproposed. However, matrix di-
agramsalso decreasethe execution overheadinherentin
theKronecker representationwhenaccessingtheentriesof
R , while, at the sametime, allowing ef�cient access“by-
column” to the entriesof R . Sucha type of accessis es-
sentialwhenusingfaster-converging numericalalgorithms
suchasGauss-Seidel.

Ourresultsshow aspeedupfactorof two or greaterin the
solutiontimeswith respectto the fastestalgorithmsprevi-
ouslyproposed.Sincethedifferenceis partiallydueto hav-
ing eliminateda logarithmic overheadfactor, thesediffer-
encesaregoingto becomeevenmorerelevantasimprove-
mentsin hardwareallow usto tacklelargermodels.

References

[1] M. Ajmone Marsan,G. Balbo,G. Conte,S. Donatelli, and
G. Franceschinis. Modelling with generalized stochastic
Petri nets. JohnWiley & Sons,1995.

9



jSj � (R ) Matrix diagram Kronecker Explicit
N Kanban Memory Gauss-Seidel Memory Gauss-Seidel JOR(! = 0:9) Gauss-Seidel

(bytes) Iters sec/iter (bytes) Iters sec/iter Iters sec/iter Iters sec/iter
3 58,400 446,400 7,599 67 1.46 3,746 97 2.56 240 1.34 97 0.34
4 454,475 3,979,850 13,518 99 12.33 6,096 149 23.69 370 11.99 149 3.04
5 2,546,432 24,460,016 21,667 139 73.09 9,486 214 147.70 527 74.09 214 18.51
6 11,261,376 115,708,992 32,702 185 336.21 14,106 289 723.30 713 359.15 - -
7 41,644,800 450,455,040 46,678 238 1,289.91 20,388 374 2,922.80 - - - -

N1 N2 Multiclass QN Memory Gauss-Seidel Memory Gauss-Seidel Jacobi Gauss-Seidel
3 3 425,104 3,389,626 34,126 116 11.51 12,341 116 32.07 406 13.00 116 2.73
5 2 981,720 8,130,330 52,519 121 27.25 28,812 121 80.28 394 30.90 121 6.36
4 3 1,560,888 13,439,073 45,654 131 44.31 19,378 131 127.77 463 49.57 131 10.55
5 3 4,741,344 43,178,076 72,124 142 138.50 31,932 142 418.13 510 155.24 - -
4 4 5,731,236 53,120,700 78,570 173 169.16 25,613 173 492.63 617 190.33 - -
5 4 17,409,168 169,728,572 113,060 183 528.80 38,167 183 1,670.61 662 596.09 - -

Table 1. Results for the Kanban and multic lass QN models

[2] R. E. Bryant. Graph-basedalgorithmsfor booleanfunction
manipulation. IEEE Trans. Comp., 35(8):677–691,Aug.
1986.

[3] R. E. Bryant. Symbolicbooleanmanipulationwith ordered
binary-decisiondiagrams. ACM Comp.Surv., 24(3):393–
318,1992.

[4] P. Buchholz. Numericalsolutionmethodsbasedon struc-
tured descriptionsof Markovian models. In G. Balbo
andG. Serazzi,editors,Computerperformanceevaluation,
pages251–267.Elsevier SciencePublishersB.V. (North-
Holland),1991.

[5] P. Buchholz,G. Ciardo,S.Donatelli,andP. Kemper. Com-
plexity of Kronecker operationson sparsematriceswith ap-
plicationsto thesolutionof Markov models.ICASEReport
97-66(NASA/CR-97-206274),Institute for ComputerAp-
plicationsin ScienceandEngineering,Hampton,VA, 1997.
Submittedfor publication.

[6] P. BuchholzandP. Kemper. Numericalanalysisof stochastic
markedgraphs.In Proc.6thInt. WorkshoponPetri Netsand
PerformanceModels (PNPM'95), pages32–41, Durham,
NC, Oct.1995.IEEEComp.Soc.Press.

[7] G.CiardoandA. S.Miner. SMART: SimulationandMarko-
vianAnalyzerfor Reliability andTiming. In Proc.IEEEIn-
ternationalComputerPerformanceandDependabilitySym-
posium(IPDS'96), page60, Urbana-Champaign,IL, USA,
Sept.1996.IEEEComp.Soc.Press.

[8] G. Ciardo and A. S. Miner. Storage alternatives for
large structuredstate spaces. In R. Marie, B. Plateau,
M. Calzarossa,andG. Rubino,editors,Proc. 9th Int. Conf.
on Modelling Techniquesand Tools for ComputerPerfor-
manceEvaluation, LNCS 1245, pages44–57, St. Malo,
France,June1997.Springer-Verlag.

[9] G. Ciardo and M. Tilgner. On the useof Kronecker op-
eratorsfor the solutionof generalizedstochasticPetri nets.
ICASE Report96-35, Institute for ComputerApplications
in ScienceandEngineering,Hampton,VA, May 1996.

[10] D. D. DeavoursandW. H. Sanders.An ef�cient disk-based
tool for solving very large Markov models. In R. Marie,
B. Plateau,M. Calzarossa,and G. Rubino, editors,Proc.
9th Int. Conf. on ModellingTechniquesandTools for Com-
puter PerformanceEvaluation, LNCS 1245,pages58–71,
St.Malo, France,June1997.Springer-Verlag.

[11] D. D. DeavoursandW. H. Sanders.“On-the-�y” solution
techniquesfor stochasticPetrinetsandextensions.In Proc.

7th Int. Workshopon Petri Netsand PerformanceModels
(PNPM'97), pages132–141,St. Malo, France,June1997.
IEEEComp.Soc.Press.

[12] S. Donatelli. SuperposedStochasticAutomata: a classof
stochasticPetri netswith parallel solution and distributed
statespace.Perf. Eval., 18:21–26,1993.

[13] P. Kemper. Numericalanalysisof superposedGSPNs.IEEE
Trans.Softw. Eng., 22(4):615–628,Sept.1996.

[14] A. S. Miner andG. Ciardo. Ef�cient reachabilitysetgen-
erationandstorageusingdecisiondiagrams. In H. Kleijn
and S. Donatelli, editors,Application and Theoryof Petri
Nets1999,Lecture Notesin ComputerScience1639Proc.
20th Int. Conf. on Applicationsand Theoryof Petri Nets,
Williamsburg, VA, USA. Springer-Verlag,June1999.To ap-
pear.

[15] J.K. Muppala,G.Ciardo,andK. S.Trivedi.Modelingusing
StochasticRewardNets.In Proc.1stInt. WorkshoponMod-
eling, Analysisand Simulationof Computerand Telecom-
municationSystems(MASCOTS'93), pages367–372,San
Diego,CA, USA, Jan.1993.IEEEComp.Soc.Press.

[16] E. Pastor, O. Roig, J. Cortadella,and R. Badia. Petri net
analysisusingbooleanmanipulation. In R. Valette,editor,
ApplicationandTheoryof Petri Nets1994,LectureNotesin
ComputerScience815(Proc.15thInt. Conf. onApplications
andTheoryof Petri Nets,Zaragoza,Spain), pages416–435.
Springer-Verlag,June1994.

[17] B. Plateau. On the stochasticstructureof parallelismand
synchronisationmodelsfor distributedalgorithms.In Proc.
1985ACM SIGMETRICSConf. on MeasurementandMod-
eling of ComputerSystems, pages147–153,Austin, TX,
USA, May 1985.

[18] W. H. SandersandJ. F. Meyer. Reducedbasemodelcon-
structionmethodsfor stochasticactivity networks. IEEE J.
Sel.Areasin Comm., 9(1):25–36,1991.

[19] A. Srinivasan,T. Kam, S. Malik, andR. K. Brayton. Algo-
rithms for discretefunction manipulation. In International
ConferenceonCAD, pages92–95.IEEEComputerSociety,
1990.

[20] W. J. Stewart, K. Atif, andB. Plateau. The numericalso-
lution of stochasticautomatanetworks. Europ. J. of Oper.
Res., 86:503–525,1995.

[21] M. Tilgner, Y. Takahashi,and G. Ciardo. SNS 1.0: Syn-
chronizedNetwork Solver. In 1st InternationalWorkshop
on Manufacturingand Petri Nets, pages215–234,Osaka,
Japan,June1996.

10


