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Abstract

Transient analysis of non-Marlovian Stodastic Petri
netsis a theoeetically interestingand practically important
problem. We presenta new methodto computebounds
and an approximationon the average state sojourntimes
for a special class of deterministicand stodastic Petri
nets(DSPNSs). In addition to the idea of the subodinated
Markov chain traditionally usedfor the stationarysolution
of DSPNs,our algorithm males use of conceptsfrom re-
newal theory Anapplicationto a nite-capacityqueuewith
a serversubjectto breakdownss included.

1. Intr oduction

StochasticPetri nets (SPNs) are well-suited for the
model-basegerformanceand dependabilityevaluation of
comple systems.In the pastfew years,mary papershave
beenpublisheddealingwith the analysisof non-Marlovian
SPNswhere,undercertainstructuralrestrictions the ring
timesof sometransitionsamaybegenerallydistributed. Par-
ticular attentionhasbeengiven to deterministictransition

ring times,animportanttool for modelingdiscrete-gent
dynamicsystems.Examplesof activities thatmight have a

constantlurationaretransfertimesof x ed-sizedatapack-
etsin a distributed computingsystemwith no interference
or loss, timeoutsin real-timesystemsand repairtimes of

componentén fault-tolerantsystems.

Deterministicand stochasticPetri nets (DSPNs) have
beenintroducedin [1] asa continuous-timanodelingtool
that includesboth exponentially distributed and constant
time transitions.In DSPNs,transition ring is atomicand
thetransitionwith thesmallestring delayis selectedo re
next. Underthe structuralrestrictionthatat mostonedeter
ministic transitionis enabledn any marking,ananalytical
methodto solve DSPNsin steadystateexists, basedon the

ideaof theembeddedvarkov chain[7, 8, 12]. In thiscase,
the markingsof a DSPN are the sameasthoseof the un-
timed Petrinet,thusstandardstructuralanalysisechniques
canbeemployed. In particular minimal-supporplaceand
transitioninvariantscanbe calculated13].

However, the exact transientstudy of DSPNsis much
moredif cult. In[4, 5], amethodbasednLaplace-Stieltjes
transformsis proposedput the numericalsolutionis very
compl. A solution approachbasedon supplementary
variableshasalsobeenproposed9], andfurtherimproved
throughthe useof automaticstepsizecontrol[11]. In [10],
the two approachesire comparedn termsof memoryre-
guirementsef ciency, andaccurag.

In this paper we preseninsteada nev methodto obtain
boundsandan approximatiorfor the averagetotal sojourn
time in eachstateup to a giventime t, for a specialclass
of DSPNssatisfyingthe restrictionthatthey have only one
deterministictransitiond that becomesenabledonly upon
enteringa uniquestates, andd is “persistent” thatis, once
it becomegnabledijt canbecomalisabledonly becausef
its own ring.

Our ideais to treatthis stochastigorocessasa renaval
processBYy computingthe expectechumberof renaval cy-
clesupto timet andthe averagesojourntime in eachstate
duringarenaval cycle, we canthencomputeboundsonthe
averagetotal sojourntime in eachstate.

The paperis organizedasfollows. Section2 reviews re-
newal theoryand DSPNterminology Section3, provides
the theoreticalresultsrequiredfor our approach. Section
4 describeghe step-by-stegomputationamethodwe pro-
pose. A completeexampleis illustratedin Section5. Fi-
nally, concludingremarksarelistedin Section6.

2. Background

We brie y review the essentiatonceptof renaval the-
ory and DSPNSs. For further information, the readercan



consult[3, 15] for theformer, and[2, 5, 8] for thelatter.
2.1.Renewaltheory

De nition 2.1 If the sequenceof nonngative random
variablesf T1; T»; :::g is independengand identically dis-

tributed, the countingprocessf N (t) = maxfn 2 N :

T+ +T, tg:t Ogissaidtobearenaval process.
2

Thusa renaval processs a countingprocesssuchthat
thetime T; until the rst eventoccurshassomedistribution
F,thetime T, betweerthe rst andsecondeventhas,inde-
pendentlyof thetime of the rst event,thesamedistribution
F, andsoon. Whenaneventoccurs,we saythatarenaval
hastakenplace.Then,

So=0; and 8n 1;S,= Tk

aretherenaval times.

The distribution of N (t) is determinecby animportant
relationship:the numberof renavalsup to timet is greater
thanor equalto n iff then™ renaval occursby timet:

Nt n() S5 ¢t
Fromthis relation,we obtain

PfN(t) = ng

PN (t)
PfS,

ng PTN(t)
tg PfSha  to

n+ 19

Sincethe randomvariablesf T1; T,; :::g are independent
andhave acommondistribution F, S, is distributedasF, ,
then-fold corvolution of F with itself. Hence,

Fn+1 (t):

De nition 2.2 The meanvalueof N (t) is calledthe re-
newal functionm(t):

PfN (t) = ng= Fn(t)

m() = E[N@)]= PfN(t) ng
n=1
b3
= PfS, tg= Fn(t): 2
n=1 n=1
2.2.DSPNs

We assumehatthe readeris familiar with thede nition
of Petrinetswith inhibitor arcs. Then,a DSPNis obtained
by associating ring time with exponential,zero,or pos-
itive constantistribution to eachtransition(which is then
called an exponential,immediate,or deterministictransi-
tion, respectiely), andits underlyingstochastiqorocesss

fX(t):t 0Og, whereX(t) 2 Sisthemarkingattimet,
andsS is the setof possiblemarkings,or stateswhich we
assumenite. Fori 2 S, let (t) and ;(t) betheproba-
bility thatthe DSPNis in statei attimet, andthe expected
time spentin statei uptotimet, respectiely:

Z,

i(t)=PrfX(t)=1ig and i(t) = i(wdu:

If at mostonedeterministictransitionis enabledn ary
marking,f X (t) : t Og is a Markov regeneratie pro-
cess(MRGP) andits stationaryanalysiscanbe carriedon
by embeddingt at the instantswherea deterministictran-
sition become®nabledr uponenteringary statewhereno
deterministidransitionis enabled.

For eachdeterministictransitiond and eachmarkings
whered becomegnableda continuous-timeMarkov chain
(CTMC) is de ned, to modelthe evolution of the DSPN
while d is enabled Eachsuch*subordinatedviarkov chain”
(SMC)fX (t) :t  0g, with statespaceS, is studiedin the
transientattime , the ring time of transitiond. For every
statei 2 S, we compute”( ), the probability of beingin
i attime , and ~\( ), theamountof time spentin i upto
time . Notethatthe ring of anothertransitioncandisable
d; the SMCreachesnabsorbingstatein this case.

Then, a discretetime Markov chain (DTMC), the so-
called“embeddedMarkov chain” (EMC) with statespace
Sis de ned. For statesvhereno deterministicdransitionis
enabledthis is the classicalembeddingf a CTMC into a
DTMC: if statei goesto statej with rate j; intheCTMC,
statei goesto statej with probability j; h; intheEMC,
wherethe expectedholdingtime h; is simply theinverseof
the sumof theratesleaving statei toward ary otherstate.
For a states enablinga deterministictransitiond, instead,
the EMC coptainsa transitionfrom states to statej with
probability ,&~( ) Pi , wherematrixP 2 RS S
whoserows areprobabilityvectorstranslateshe SMCstate
i into the statej of the EMC. If i is a statereacheddy dis-
ablingd, thenj is thesameasi, thatis, P;; = 1iffi = j;
otherwise,P;; is the probability that the DSPN reaches
statg by ring din statei. TheexpectecholdingtimehS in
states for theEMC isdenedas g, "i( ), wherethe
predicateE(d; i) is trueiff d is enabledn thestatei 2 S of
the SMC. Thus,the statespaceS of the EMC containsonly
statesvherea deterministidransitionbecome&nabledand
statesvhereno deterministidransitionis enabled Thelim-
iting behavior of this EMC is thenobtainedby computing,
foralli 2 S, the stationaryprobability, p;, if the EMC is
ergodic, or the expectednumberof visits to eachtransient
stateuntil absorptionn;, otherwise.

Finally, theanalogoudimiting quantitiesfor the original
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Figure 1. A depiction of our class of MRGPs.

processareobtainedas:
. Pi hi .
tIlllm i)=P—— and tI!llm

o h i(t)=ni hi
ji2sP N

However, the transientanalysisof DSPNshas proved
muchharder As mentionedin the introduction,the algo-
rithms known so far require either inversion of Laplace-
Stieltjestransforms,or numericalintegration and solution
of differential equationsyesultingin substantiacomputa-
tion.

3. Our approach

We now considera restrictedclassof DSPNswhere(1)
thereis exactly onedeterministidransitiond, with constant
ring time , (2) d is persistentthatis, if it becomesn-
abled,it canbecomedisabledonly by its own ring, and
(3) d canbecomeenablednly in agivenmarkings. These
conditionscan be easily checled during the generatiorof
the statespaceand,in certaincasesgvena priori, through

structuralagumentsatthe netlevel.
Fig. 1 shavs the behaior of the MRGP we consider
Eachregeneratiorperiodcanbe describedasfollows:

1. Transitiond become®nabledn states attime 0.

2. TheDSPNevolvesaccordingo a SMC with in nites-
imal generatof) andstatespaceS

3. At time , transitiond res, letb 2 S be the state
immediatelybeforethe ring.

4. The ring of d in b causesghe DSPNto reachstate
¢ 2 S with probability P ...

5. The DSPN then evolves accordingto an “absorbing
Markov chain” (AMC) f X’(t) : t  0g with in nites-
imal generatorQ and statespaceS (the samestate

spacethe EMC would have if we performedthe em-
beddingrequiredfor stationaryanalysisluntil reaching
states, which is consideredabsorbingfor the AMC.

LetY bethetime to reachstates startingfrom statec

(this randomvariabledepend®n c of course).

T = +Y isthelengthof ageneriaregeneratiorperiod;
thestatespaceof theDSPNis S = S[ SandS\ S= fsg;
~ (t) is the probability of statei 2 S and ~(t) is the ex-
pectedsojourntimein statei 2 Snf sgfor theAMC attime
t, giventpatit startswith aninitial probability distribution
~5(0)=,8"() Pj,forj 2 S, attimeO.

3.1.Bounding analysis

Ourassumptiongmply thatthereis only onetype of re-
generatiorpoint, hencewe canidentify a renaval process
whoserenaval periodscanbedividedinto two portions:the

rst onehasaconstanturation (theinterval from whend
become®nabledo whenit res) thesecondnehasacon-
tinuousphase-typgPH) distribution, possiblywith massat
zero(theinterval from thetimed res until it becomesn-
abledagain).

Before startingour discussionwe obsenre thatwe can
assumehat we are interestedn studyingthe behaior of
theDSPNuptotimet, for t greatethan . Thisis because,
fort , weknow thattheDSPNis still in theSMCattime
t, andan exact transientanalysisof the SMC will provide
all the desiredinformationwith no approximation.

Theorem3.1 Considera DSPNwith (only) onedetermin-
istic transitiond thatcanbecomeenabledonly uponenter
ing a uniquestates andis persistent.Then,the numberof
visits to states upto timet constitutesarenaval process.

Proof: Assumethatthe DSPNjust enteredstates at time
0, thatis, X (0) = s (if thisis not the case,we obtaina
delayedrenaval process)Then,if weletSy = 0andS, be
thetime atwhich states is enteredagain for then time, it
is easyto seethatthesequenceftimesfT, = S, S, 1:
n 1g areindependenandidentical distributed with the
samecumulatie distribution function F. Hence,process
fN()=maxfn2N:S, =T+ + T, tg:t 0Og
is arenaval process. 2

De nition 3.1 [16] A randomvariableK 2 N is a stop-
pingtimefor thesequencef independentandomvariables
fA1;A,;:::giff theeventfK = ng,forarnyn 2 N, isin-
dependendf f Apiq ;Ansz ;iiiQ. 2

Lemma3.1 N (t) + 1lisastoppingtime for thesequence
fT1; T2 00

Broof We can S|g1ply obsere that N(t) + 1 = n iff
" 'Te  t< ], Tk, andthelemmafollows from



andf Tnp ; Th+2 ;00 2

Lemma3.2 Fori 2 S,letT! bethesojourntimein state
i duringther™ renaval cycle. ThenN (t) + lis astopping
time for thesequencéT;; T,;:::Q.

the random variables

Proof: For ay n > O

N (t) + 1= nisindependentf f T} ., ;T\, 0. 2

h i
P : :
Lemma3.3 ForiinS, E N T = E[T]
(m(t) + 1), whereT' is thesojourntimein statei duringa

genericrenaval cycle.

Proof: SinceN (t) + 1is a stoppingtime for the sequence
fT1;T3; 10, wecanapplyWald's equatior{16] andobtain

2N5€)+1
E4 TIS=E[TE[N(t)+1]= E[T'] (m(t)+ 1): 2
n=1

Usingthepreviousresult,we canthenobtainthefollow-
ing boundsfor the transientaveragesojourntimesin each
state.

Theorem3.2 The averagesojourntime up to timet in
statei is boundedby: if i 2 S, E[T'] (m(t) + 1)

i(t)y E[T'] (m(t)+ 1);ifi 2 Snfsg, E[T'] (m(t) +
1) (Elfn@e«] ) i) E[T] (m(t)+ 1)

Proof: We have

3 2
N(t) . Ng)+1
E4 T5 j()<E4
n=1 n=1

T\S:

By Lemma3.3,we alsohave

Ng)+1
E4 T)S = E[T] (m(t) + 1);
n=1

which provesthe upperbound. For the lower bound, ob-
sene that

2
O : .
E4  TS=E[M] (mO)+1) E[Mygal
n=1
and that T, («1 Isatmost fori 2 S, and at most
TN (t)+1 fori 2 Snfsg. 2

The lower boundof Theorem3.2 will not be tight for
moststatessince,in generalthetime spentin a particular
statei duringthe lastrenaval periodwill only be a small
fraction of the entire renaval period itself. However, in

practicalapplicationsthe vectorof expectedsojourntimes
is usedto obtain a high-level measureby assigninga re-
ward o eachstatei, and computinga weightedsum:
r(t) = 4,5 i(t) i. Then,the following boundson
r canbeobtained.

Theorem 3.3 Thevalueofr (t), theexpectedaccumulated
rewarduptotimet correspondingo theI{,aNard rateassign-

ment ;, fori 2 S, is boundedby: s E[T']
(m(t) + 1) maxizgg i (ElTney] )
MaX;, sprsgf 19 (1) i»s E[T'T i (m(t)+ 1):

Proof: For theupperbound,considerthat
X
ri) = i(t) i
i2S Ii 2S
X —
= E[T']
i2S

E[T'] (mt)+1)

(m(t) + 1):

For thelower bound,we have

X
r(t) i) i

i2s
X ) ‘
E[T'] (mt)+1) E[Myqpeal
i2s |
X o X
E[T'] i (m(t)+1)

i2S | i2s

E[Tli\l (t)+1 1

E[T'] i (m(t)+ 1)
iZSX A i28
E[Trl\l(t)+1] i
i25nfsg

E[Tri\l (t)+1 ]

And, by thesameargumentasin Theorem3.2,

X .
E[TN ] maxf ;g and
) 28
i28
X .
E[Tll\l(t)+1 I i (BTN ] ) max f ig:2
. i23nf sg
i23nf sg

Theorems3.2 and 3.3 tell us that if we can compute
theaveragesojourntime duringa genericrenaval cycle for
eachstatei 2 S, E[T'], the expectedengthof the lastre-
newalintenal, E[Ty (1)+1 ], andthereneval function,m(t),
thenwe canderive boundson the averagesojourntime for
eachstatei 2 S andonthecumulatve rewardupto timet.

The rst oneof thesequantitieds straightforvard. If i 2
S, E[T']is simply ~;( ), the samequantity that needsto
be computedor the stationaryanalysisof the DSPN.If i 2
Snfsg, E[T']issimply~(1 )i = limy1  ~(t), aquantity
thatcanbeeasilycomputeddy solvingthenonhomogenous



linearsystem~(1) Q =

~(0) , wherethe superscript
indicatesthe restrictionof Q and~(0) to the transient
stateq(i.e., with therow andcolumncorrespondingo state
s removed). See[6] for a detaileddiscussionof ef cient
methodgo compute~(1 ).

We thenfocuson the computationof the renaval func-
tion m(t) andof the expectedengthof thelastrenaval in-
tenval E[Ty (1)+1 ]. Thedif culty with usingtheformula

m(t) = Fa(t)
n=1

to computetherenaval functionis thatthe determinatiorof
Fo(t) = PfT{+:::+ T, tgrequireshecomputatiorof
ann-dimensionalintegral. Ross[15] proposedan ef cient
algorithm which requiresas inputs only one-dimensional
integrals.

Theorem 3.4 (Rosg15]) For arenaval processherethe
renaval interval haspdf f (x), de ne

Z, K1 X k
e X
my = @+ m 0O ax
0 k!
k=0
wherer = 1;2;:::;n; = n=t: Then,if m(t) is continu-
ousatt, m, corvergeto m(t) asn goestoin nity . 2

This theoremtells us that if we know the distribution
F (x) of the renaval interval, we canapproximatethe re-
newal functionarbitrarily well.

The reason for having to bound E[Ty 1 ] and
E[Ty ()1 ] insteadof computingtheiractualvalueis dueto
the well-knawn inspectionparadox:the lengthof Ty (1y+1
is in generalgreaterthanthat of a typical renaval intenal.
For example,considerthe caseof renaval intervals having
an exponentialdistribution with parameter , and assume
thatthe renaval processhasbeen“going on forever” (i.e.,
in thelimit fort ! 1 ). Then,the expectedlengthof the
renaval interval containinga given time instantt is 2=,
twiceaslongasthatof thegenericntenal. An intuitive ex-
planationfor thisis thatboththeage, t Sy (1), andthere-
maininglifetime, Sy 1)»1  t, areexponentiallydistributed
with parameter . For nite valuesof t, however, theageis
boundeddy t, so,in ourexample its expectedvalueis actu-
ally thatof anexponentiatruncatedatt, (1 e !')= ,and
ElTnw«1]1= (2 e ')=,lessthan2=, butstill larger
thanthe averagdengthof atypical reneval interval, 1= .

Taking into accountthe fact that the ageis no greater
thant is computationallydif cult unlessthe distribution F
is analytically known andtractable. However, we canal-
waysignorethis restrictionandcomputeanupperboundon
E[Tn (1)+1 ] by usingtherelation[14, p. 269]

Jm E[Ty @y ] = E[T?]=E[T]:

Sinceour renaval interval is describedasthe constant
plusthetime to absorptionin a CTMC, andeachvisit to a
stateof the SMC or CTMC is exponentiallydistributed,we
cantightentheboundsn theagyclic case.

Theorem3.5 If the SMC s agyclic, for ary statei in S,

i (t) satis es

E[T'] (m(t)+ 1) minf ;2E[T'lg  i(t):

If the AMC is agyclic, for ary statei in Snfsg, ;(t) satis-
es
E[T'] (mt)+1) minfE[Tnweal 2E[TIg ()
Proof: Forastatei 2 S (thecasel 2 Snfsgisanalogous),
exactly oneof thesethreeeventsmustoccur:

e;: In the lastrenaval cycle (the one containingtime t),
theDSPNdoesnotvisit statei;

e&: TheDSPNis in statei attimet;

e3: In thelastrenaval cycle, the DSPNVisits statei, but,
attimet, it is notin statei.

Conditioningon thesemutually exclusive events,we have
E[Tll\j (t)+1 = .E[T[I\I (t)+1 jei] Prieig+ E[Tll\j (t)+1 JGZ]
Prie;g+ E[Ty 1), j&s] Prfesg= 0 Prfeig+ 2E[T']
Prfe;g+ E[T'] Prfesg 2E[T']: By thesameargument
asin Theorem3.2,we obtaintheresult. 2

3.2.Approximate analysis

We now considerslightly differentapproachwherewe
seekto heuristicallyapproximatethe exact value of (t)
LetA(t) begeageof thecurrentrenaval interval attimet,
A(t) =t ?:(P T, andAl (t) bethetime spentin state
i2S uptoFtimet during the currentrenaval intenal, so

thatA(t) = =, A'(t). Then,
() = E[Ti+ T3+ + T+ A
(1) _ _
= E[Ti+ + Ty IN() = n] PriN(t)=ng

n=0
O

+ E[A"(t)jN(t) = n] PrfN(t) = ng
n=0

We canapproximatehe rst summatiorwith:

ifi2$
ifi 2 Snfsg

m(t) ()

O B <)



andthe secondportion summationafterde ning a = t

m(t) E[T] E[A(1)], with:
g () ifi 2 Sanda>
7i(a) ifi 2 Sanda
2 ~(a ) ifi2Snfsganda>
-0 if i 2 Snfsganda

This heuristicis appealingoecausé attemptgo capture
thefactthatthe DSPNalternatedbetweenSMC andAMC
periods,starting in the SMC at time O, by allocatingour
bestguessof the ageat time t, a, to the SMC, and only
the remainingpatrt, if ary, to the AMC. Moreover, it also
allows to capturethe factthat, attime 0, the DSPN (hence
theSMC)isin states, anessentiatharacteristiof transient
analysis.

We obsere that, while this approximationcannotbe
shavn to be a lower or upperboundfor (t), it is never
thelessguaranteedo fall within the boundswe de ned in
theprevioussectionsince fori 2 S,

() (m) + 1) m(t) Ni( )+ Ni(a)
m(t) M)+ N0)="N0) (m) + 1)

while,fori 2 Snfsg,

S(1) (m®+ 1) (Elfngal )

m(t) ~(1)+0
m(t) ~(1)+~(@ ) ~(1) (m(t)+ 1)

4. Computational algorithm

Our approachhingeson the ability to obtainthe distri-
bution F (x) of thereneval interval T. Sincethe lengthof
thisinternvalisT = + Y, where is aconstantwe know
thatF(x) = Oforx < . Forx , instead,F (x) is
the probabilitythatthe AMC is absorbedn states by time
X , giventhatit is startedwith theinitial probabilitydis-
tribution ~(0) previously de ned. Thus,computingF (x)
numericallyonly requiresusto performatransientanalysis
onthe AMC to computeheprobabilityof beingin states at

discretizatiorof F (x) is agoodapproximatiorof its contin-
uousbehaior (in particularF (ty ax ) shouldbevery close
to one). The detailedstepsrequiredfor our boundingap-
proacharethen:

1. From the model, compute the reachability graph
(R;A). If thereis only one deterministictransition
d, with duration , d becomesnabledonly uponen-
tering a uniquestates, andd is persistentcontinue;
otherwisestop.

2. De ne the SMC andthe AMC from the model, and
computetheir statespacesS and S andin nitesimal
generator€) andQ.

3. Perform an instantaneousand cumulative transient
analysisthe SMC: startingfrom theinitial states, and
for eachstatei 2 S of the SMC, computethe proba-
bility of beingini attime , 4( ), andthecumulatie
sojourntimein i duringtheintenal [0; ], A( ).

4. For eachstatei 2 $ of the SMC, obtain from the
model the probability P;; that statej 2 S of the
AMC is reachedvhend res in i, andusethesequan-
tities to computethg initial probability distribution of
theAMC, j (0) = i2g Ai( ) Pi;j .

5. Computethe probabilityPrfY  ygthatthe AMC in

discretizatiorof F usingthevalues

8 .
< 0 if x< ;

F(x)=_  PrfY yg ifx= +y, for

6. Computethe expectedsojourntime ~(1 ) in each
transienstatel 2 Snf sg of the AMC until absorption,
startingfrom the initial distribution ~(0), by solving
thelinearsystem~(1) @ = ~(0) .

7. For eachtimet of interest,computeanapproximation
of the averagenumberof reneval cycles m(t) using
Rosss method.

8. ComputeE [Ty (t)+1 ] = E[T?=E[T]: While E[T?]
canbeobtainedrom the disgsetizatiorof F (x), E[T]

isevensimpler:E[T]= + ;5455 ~i(1).

9. For eachtime t of interest,computethe boundsfor
the averagetotal sojourntime in eachstateor thetotal
accumulatedewardusingTheorems3.2and3.3.

For our heuristicapproximationapproachthe stepsare
similar, exceptthatwe alsoneedto performatransiengnal-
ysis solution, for the SMC attime a, if a < , or for the

AMC attime a ,if a > |, for eachtimet of interest,
wherea=t m(t) E[T].
5. Example

We now presentan applicationof our techniques.Con-
siderthe DSPNshawn in Fig. 2, modelinga nite-capacity
gueuewnheretheseneris subjecto breakdevns. We usethe
notation#( p;i) to indicatethe numberof tokensin placep
whenthemarkingisi and (t;i) to indicatethe ring rate
for transitiont whenthe markingisi (the markingis omit-
tedif the“currentstate”is intended).
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Figure 2. An example of our class of DSPNs.

TransitionsAr rive andServe modelthearrival andser
vice processeggespectiely. Tokensin placeQueue repre-
sentcustomersn thequeuejncludingtheone(s)in service.
Themaximumnumberof customershatcan t in thequeue
isM (theinhibitor arcfrom Queueto Ar riv e enforceghis
limit). Theseneris workingwhenthereis atokenin place
Up, andit is beingrepairedvhenthereis insteada tokenin
D own. Thefailureof theseneris representedly transition
Fail , whosering ushesthecontentof placeQueue (the
inputarcfrom Queueto Fail hasa‘“variablecardinality”.
Therepairof theseneris theonly actiity with adetermin-
istic duration. The conditionsfor applyingour resultsare
satis edaslong asthetiming of the othertransitionsin our
modelis asfollows:

TransitionAr riv e hasan exponentialdistribution. A
PHdistribution canalsobeused put it mustberesetby
the ring of transitionF ail . Thisis essentiabecause,
whena failure occursandthe deterministictransition
Repair becomesnabledno memoryof the past,in-
cludingthephasédn whichthearrival processvas,can
bemaintained.

Transition Serve can have an arbitrary PH distribu-

tion, again resetby the ring of transitionF ail . This

is reasonablesinceit is equivalentto assumingthat
thefailureof thesener destrys ary work in progress.
Note that the rate of the service can be marking-
dependenthencethis allows us to model a multiple

or in nite sener behaior, aslong asthe failuresand

repairsaffect the entireservicestationasawhole,and

notindividual seners.

TransitionF ail canhave anarbitraryPH distribution.
No restrictionsneedto be placedon theresetbehaior
of thistransition,since like Repair, it is persistent.

We stresghatarrivalscanrestartagainimmediatelyafter
a failure, without having to wait for the completionof the
repair If this were not the case,we could of courseadd
aninhibitor arcfrom placeD own to transitionAr riv e, and
the processwould be even simpler sincethe SMC would
consistof thesingleabsorbingnarkingf D owng.

We considerthe following transientmeasurestime av-
eragedovertheinterval [0; t]:

The expectedcustometthroughput:

1 X :
n i(t) (Serve;i):

28
The expectednumberof customersvaiting to be ser
vicedor in service:

1 X
- i(t) #( Queue;i)
b

(including customerdost dueto a sener failure; there
doesnot seemto be a simpleway to restrictthis mea-
sureto customersvho completeservice).

Fig. 3 shaws the correspondinginderlyingprocessob-
tainedwhenthenondeterministi¢ransitionshave exponen-
tial distributionswith rate (Arrive), (Serve), and
(Fail). Markingsarerepresentedising bag notation: for
example, marking f Up; Queue?g meansthat thereis one
tokenin placeUp, two tokensin placeQueue, andno to-
kenselsavhere. The heary arcsindicatethe ring of the
deterministictransition. If the failure processhasinstead
an Erlang distribution with K phasesgachexponentially
distributedwith rate , the underlyingprocesss showvn in
Fig. 4, wherethe component P” of the stateindicatesthe
phaseof the Erlangdistribution.

We obsenrethat,in ourexample thedistribution F (x) of
therenaval time T is actuallyknown in closedform, since
T = + Y andY is eitherExpo( ) or Erlang(K; ),
dependingon the type of failure process.This is because
the arrival and serviceprocesseslo not affect the duration
of therenaval intervals.

Hence, we can compute analytically the value of
E[Tn (1)+1 |- If weignorethatthe ageof therenaval inter-
val is boundedby t, we cansimply assumehe worst-case
scenariglongestTy (1)+1 ) thatthe DSPNis in the AMC at
timet:

Jm ETy@pea]  lim E[Th o+ jX (1) 2 Snfsg];

which resultsin

. 2
t|!|1m E[Tn )+ ] + -



Figure 3. The process underl ying our DSPN (exponential failure process).

if thefailure processs exponentialand

. K+1
t!'lm E[Tn )+ ] +

if it is Erlang. To computethe actualvalueof E [Ty (t)+1 ]
for a nite t, we needto take into accounthe factthatthe
renaval intenval is boundedby t. Again by assuminghe
worst-casescenario(which, for the caseof an Erlangfail-
ure processassumeshatthe DSPNis in the rst phaseof
the Erlangdistribution attime t, notjustin ary stateof the
AMC), we obtain

2 e (t )
E [TN (t)+1 ] e

if thefailure processs exponentialwhile, if thefailure pro-
cesss Erlang,we obtain

K+1 e )

ElTn )+ ] +

Theseboundsexplicitly statethattheageisatmost , spent
intheSMC,plust , spentin theAMC, andtheremaining
lifetime hasthe entireexpectationE[Y ].

We usedtheseboundson E[Ty (1y+1 ] to computeourre-
sults,reportedin Fig. 5. Eachsetof plots shavs the lower
andupperboundsusingour boundingtechniquethe lower
anduppervalueof the 95% con denceintervals computed
usingsimulation,andthevalueobtainedusingour heuristic
approximation.The numericalvaluesof the parametersre
M = 10 (this limit is usedalsoin the simulationfor com-
parisonpurposesevenif the simulationdoesnot requireto
limit the numberof tokensin placeQueue, aslong asthe
systemis stable), = 10, = 12, = 1,and = 01
(exponentialcase)or K = 5and = 0:5 (Erlangcase).

For anexponentiaffailure processye studiedthesystem
attime11,55,110,550,and1100(i.e., 1,5, 10,50,and100

timestheaveragerenaval period). It is apparenthatsteady
stateis reachedjuite fast,andthatour boundingtechnique
is correct,but resultsin boundsthat might be too wide in
practice.Hence for anErlangfailure processye focuson
the earlier portion of the systemevolution, from time 2 to
time 30, beforesteadystateis reached.Especiallyfor the
throughputthe upperboundis meaningful.

Even moreinteresting,however, is the performanceof
ourheuristicapproximationwhichfollows very closelythe
resultsobtainedfrom simulation. We believe this to be a
very encouragingesult.

Oneof thereasondor thelooselower boundswhent is
smallis that Theorem3.3 maximizesthe reward accumu-
lated during the last renaval cycle, Ty (1)+1 , by assuming
thattherewardis alwaysmaxf ;g. In our case this corre-
spondgo assuminghattheseneris alwaysbusyduringthe
periodin AMC (for throughpubounds)pr thatthequeues
alwaysfull (for queudengthbounds).It shouldbe possible
to obtaintighterboundsby explicitly consideringheevolu-
tion of the reward valuesduring the lastreneval cycle, for
example by computingthe maximumof the accumulated
rewardsconditioningon i beingthe stateof the DSPN at
time t, for eachi 2 S. However, this is computationally
prohibitive for realisticsystemsasit requiresto solve the
modelO(jSj) times.

6. Conclusion

Thestationaryanalysisof DSPNshasbeenstudiedn the
pastand,if atmostonedeterministidransitionis enabledn
ary marking,ef cient solutionalgorithmsareknown. How-
ever, the transientanalysisof the sameclassof DSPNsis
computationallyintensve. We thenoptedto studythetran-
sientanalysisof a subclasf DSPNsusingboundingand
approximationtechniquesnstead. By not seeking‘exact”
results,we are ableto studyvery large models,since, es-
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Figure 4. The process underl ying

sentially only stationaryandtransientanalysisof CTMCs
is required.More speci cally:

1. We provedthatthe subclasf DSPNswe considered
de nesarenaval process.

. We de ned upperand lower boundsfor the average
sojourntime in eachstateandfor the accumulatede-
wardupto timet; while ourlowerboundcanbeoverly
pessimisticfor shorttransienttimes, one canusethe
boundinformationto gaugehow closethe DSPNis to
steadystate sinceour boundscoincidein thelimit.

. We de ned a heuristic approximationguaranteedo
fall within our bounds,which appeargo be quite ac-
curatein practice.

We believe that the idea of using CTMC techniques
to computeapproximateor exact transientmeasure®n a
DSPNis very promising,andthatour contritution is justa
stepin this direction.
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