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Abstract

Transient analysis of non-Markovian Stochastic Petri
netsis a theoretically interestingandpractically important
problem. We presenta new methodto computebounds
and an approximationon the average statesojourn times
for a special class of deterministicand stochastic Petri
nets(DSPNs). In addition to the idea of the subordinated
Markov chain traditionally usedfor thestationarysolution
of DSPNs,our algorithm makes useof conceptsfrom re-
newal theory. Anapplicationto a �nite-capacityqueuewith
a serversubjectto breakdownsis included.

1. Intr oduction

StochasticPetri nets (SPNs) are well-suited for the
model-basedperformanceanddependabilityevaluationof
complex systems.In thepastfew years,many papershave
beenpublisheddealingwith theanalysisof non-Markovian
SPNswhere,undercertainstructuralrestrictions,the�ring
timesof sometransitionsmaybegenerallydistributed.Par-
ticular attentionhasbeengiven to deterministictransition
�ring times,an importanttool for modelingdiscrete-event
dynamicsystems.Examplesof activities thatmight have a
constantdurationaretransfertimesof �x ed-sizedatapack-
etsin a distributedcomputingsystemwith no interference
or loss, timeoutsin real-timesystems,andrepair timesof
componentsin fault-tolerantsystems.

Deterministicand stochasticPetri nets (DSPNs)have
beenintroducedin [1] asa continuous-timemodelingtool
that includesboth exponentially distributed and constant
time transitions.In DSPNs,transition�ring is atomicand
thetransitionwith thesmallest�ring delayis selectedto �re
next. Underthestructuralrestrictionthatatmostonedeter-
ministic transitionis enabledin any marking,ananalytical
methodto solve DSPNsin steadystateexists,basedon the

ideaof theembeddedMarkov chain[7, 8, 12]. In this case,
the markingsof a DSPNarethe sameasthoseof the un-
timedPetrinet,thusstandardstructuralanalysistechniques
canbeemployed. In particular, minimal-supportplaceand
transitioninvariantscanbecalculated[13].

However, the exact transientstudy of DSPNsis much
moredif�cult. In [4, 5], amethodbasedonLaplace-Stieltjes
transformsis proposed,but the numericalsolution is very
complex. A solution approachbasedon supplementary
variableshasalsobeenproposed[9], andfurther improved
throughtheuseof automaticstepsizecontrol [11]. In [10],
the two approachesarecomparedin termsof memoryre-
quirements,ef�ciency, andaccuracy.

In this paper, we presentinsteada new methodto obtain
boundsandanapproximationfor theaveragetotal sojourn
time in eachstateup to a given time t, for a specialclass
of DSPNssatisfyingtherestrictionthat they have only one
deterministictransitiond that becomesenabledonly upon
enteringa uniquestates, andd is “persistent”,thatis, once
it becomesenabled,it canbecomedisabledonly becauseof
its own �ring.

Our ideais to treat this stochasticprocessasa renewal
process.By computingtheexpectednumberof renewal cy-
clesup to time t andtheaveragesojourntime in eachstate
duringarenewal cycle,wecanthencomputeboundsonthe
averagetotal sojourntime in eachstate.

Thepaperis organizedasfollows. Section2 reviews re-
newal theoryandDSPNterminology. Section3, provides
the theoreticalresultsrequiredfor our approach. Section
4 describesthestep-by-stepcomputationalmethodwe pro-
pose. A completeexampleis illustratedin Section5. Fi-
nally, concludingremarksarelistedin Section6.

2. Background

We brie�y review theessentialconceptsof renewal the-
ory and DSPNs. For further information, the readercan



consult[3, 15] for theformer, and[2, 5, 8] for thelatter.

2.1.Renewaltheory

De�nition 2.1 If the sequenceof nonnegative random
variablesf T1; T2; : : :g is independentand identically dis-
tributed, the countingprocessf N (t) = maxf n 2 IN :
T1 + � � � + Tn � tg : t � 0g is saidto bearenewal process.
2

Thusa renewal processis a countingprocesssuchthat
thetimeT1 until the�rst eventoccurshassomedistribution
F , thetimeT2 betweenthe�rst andsecondeventhas,inde-
pendentlyof thetimeof the�rst event,thesamedistribution
F , andsoon. Whenaneventoccurs,we saythata renewal
hastakenplace.Then,

S0 = 0; and 8n � 1; Sn =
nX

k=1

Tk

aretherenewal times.
The distribution of N (t) is determinedby an important

relationship:thenumberof renewalsup to time t is greater
thanor equalto n iff thenth renewal occursby time t:

N (t) � n ( ) Sn � t:

Fromthis relation,weobtain

Pf N (t) = ng = Pf N (t) � ng � Pf N (t) � n + 1g

= Pf Sn � tg � Pf Sn +1 � tg:

Sincethe randomvariablesf T1; T2; : : :g are independent
andhaveacommondistributionF , Sn is distributedasFn ,
then-fold convolutionof F with itself. Hence,

Pf N (t) = ng = Fn (t) � Fn +1 (t):

De�nition 2.2 The meanvalueof N (t) is calledthe re-
newal functionm(t):

m(t) = E [N (t)] =
1X

n =1

Pf N (t) � ng

=
1X

n =1

Pf Sn � tg =
1X

n =1

Fn (t): 2

2.2.DSPNs

We assumethatthereaderis familiar with thede�nition
of Petrinetswith inhibitor arcs.Then,a DSPNis obtained
by associatinga �ring time with exponential,zero,or pos-
itive constantdistribution to eachtransition(which is then
called an exponential,immediate,or deterministictransi-
tion, respectively), andits underlyingstochasticprocessis

f X (t) : t � 0g, whereX (t) 2 S is themarkingat time t,
andS is the setof possiblemarkings,or states,which we
assume�nite. For i 2 S, let � i (t) and� i (t) be theproba-
bility thattheDSPNis in statei at time t, andtheexpected
timespentin statei up to time t, respectively:

� i (t) = Prf X (t) = ig and � i (t) =
Z t

0
� i (u)du:

If at mostonedeterministictransitionis enabledin any
marking, f X (t) : t � 0g is a Markov regenerative pro-
cess(MRGP) andits stationaryanalysiscanbe carriedon
by embeddingit at the instantswherea deterministictran-
sitionbecomesenabledor uponenteringany statewhereno
deterministictransitionis enabled.

For eachdeterministictransitiond andeachmarkings
whered becomesenabled,acontinuous-timeMarkov chain
(CTMC) is de�ned, to model the evolution of the DSPN
while d is enabled.Eachsuch“subordinatedMarkov chain”
(SMC) f X̂ (t) : t � 0g, with statespaceŜ, is studiedin the
transientat time � , the�ring time of transitiond. For every
statei 2 Ŝ, we compute�̂ i (� ), theprobabilityof beingin
i at time � , and�̂ i (� ), theamountof time spentin i up to
time � . Notethatthe�ring of anothertransitioncandisable
d; theSMCreachesanabsorbingstatein thiscase.

Then, a discretetime Markov chain (DTMC), the so-
called“embeddedMarkov chain” (EMC) with statespace
~S is de�ned. For stateswhereno deterministictransitionis
enabled,this is theclassicalembeddingof a CTMC into a
DTMC: if statei goesto statej with rate� i;j in theCTMC,
statei goesto statej with probability� i;j � hi in theEMC,
wheretheexpectedholdingtimehi is simply theinverseof
the sumof the ratesleaving statei toward any otherstate.
For a states enablinga deterministictransitiond, instead,
the EMC containsa transitionfrom states to statej with
probability

P
i 2 Ŝ �̂ i (� ) � P i;j , wherematrix P 2 IRŜ � ~S ,

whoserowsareprobabilityvectors,translatestheSMCstate
i into thestatej of theEMC. If i is a statereachedby dis-
ablingd, thenj is thesameasi , that is, P i;j = 1 iff i = j ;
otherwise,P i;j is the probability that the DSPN reaches
statej by �ring d in statei . Theexpectedholdingtimehs in
states for theEMC is de�ned as

P
E(d;i ) �̂ i (� ), wherethe

predicateE(d; i ) is trueiff d is enabledin thestatei 2 Ŝ of
theSMC.Thus,thestatespace~S of theEMC containsonly
stateswhereadeterministictransitionbecomesenabledand
stateswherenodeterministictransitionis enabled.Thelim-
iting behavior of this EMC is thenobtainedby computing,
for all i 2 ~S, the stationaryprobability, pi , if the EMC is
ergodic,or the expectednumberof visits to eachtransient
stateuntil absorption,n i , otherwise.

Finally, theanalogouslimiting quantitiesfor theoriginal
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Figure 1. A depiction of our class of MRGPs.

processareobtainedas:

lim
t !1

� i (t) =
pi � hiP

j 2 ~S pj � hj
and lim

t !1
� i (t) = ni � hi :

However, the transientanalysisof DSPNshasproved
muchharder. As mentionedin the introduction,the algo-
rithms known so far requireeither inversion of Laplace-
Stieltjestransforms,or numericalintegrationandsolution
of differentialequations,resultingin substantialcomputa-
tion.

3. Our approach

We now considera restrictedclassof DSPNswhere(1)
thereis exactlyonedeterministictransitiond, with constant
�ring time � , (2) d is persistent,that is, if it becomesen-
abled,it canbecomedisabledonly by its own �ring, and
(3) d canbecomeenabledonly in agivenmarkings. These
conditionscanbe easilychecked during the generationof
thestatespaceand,in certaincases,evena priori , through
structuralargumentsat thenetlevel.

Fig. 1 shows the behavior of the MRGP we consider.
Eachregenerationperiodcanbedescribedasfollows:

1. Transitiond becomesenabledin states at time0.

2. TheDSPNevolvesaccordingto aSMCwith in�nites-
imal generator̂Q andstatespaceŜ

3. At time � , transitiond �res, let b 2 Ŝ be the state
immediatelybeforethe�ring.

4. The �ring of d in b causesthe DSPN to reachstate
c 2 ~S with probabilityP b;c.

5. The DSPN then evolves accordingto an “absorbing
Markov chain” (AMC) f ~X (t) : t � 0g with in�nites-
imal generator~Q and statespace ~S (the samestate

spacethe EMC would have if we performedthe em-
beddingrequiredfor stationaryanalysis)until reaching
states, which is consideredabsorbingfor the AMC.
Let Y bethetime to reachstates startingfrom statec
(this randomvariabledependsonc of course).

T = � + Y is thelengthof agenericregenerationperiod;
thestatespaceof theDSPNis S = Ŝ [ ~S andŜ \ ~S = f sg;
~� i (t) is the probability of statei 2 ~S and ~� i (t) is the ex-
pectedsojourntimein statei 2 ~Snf sg for theAMC attime
t, given that it startswith an initial probabilitydistribution
~� j (0) =

P
i 2 Ŝ �̂ i (� ) � P i;j , for j 2 ~S, at time0.

3.1.Bounding analysis

Our assumptionsimply thatthereis only onetypeof re-
generationpoint, hencewe canidentify a renewal process
whoserenewal periodscanbedividedinto two portions:the
�rst onehasaconstantduration� (theinterval from whend
becomesenabledto whenit �res) thesecondonehasacon-
tinuousphase-type(PH) distribution,possiblywith massat
zero(theinterval from thetime d �res until it becomesen-
abledagain).

Beforestartingour discussion,we observe that we can
assumethat we are interestedin studyingthe behavior of
theDSPNupto timet, for t greaterthan� . This is because,
for t � � , weknow thattheDSPNis still in theSMCattime
t, andan exact transientanalysisof the SMC will provide
all thedesiredinformationwith noapproximation.

Theorem3.1 ConsideraDSPNwith (only) onedetermin-
istic transitiond thatcanbecomeenabledonly uponenter-
ing a uniquestates andis persistent.Then,thenumberof
visits to states up to time t constitutesa renewal process.

Proof: Assumethat the DSPNjust enteredstates at time
0, that is, X (0) = s (if this is not the case,we obtain a
delayedrenewal process).Then,if we let S0 = 0 andSn be
thetimeatwhichstates is enteredagain for then th time, it
is easyto seethatthesequenceof timesf Tn = Sn � Sn � 1 :
n � 1g areindependentandidenticaldistributedwith the
samecumulative distribution function F . Hence,process
f N (t) = maxf n 2 IN : Sn = T1 + � � � + Tn � tg : t � 0g
is a renewal process. 2

De�nition 3.1 [16] A randomvariableK 2 IN is a stop-
pingtimefor thesequenceof independentrandomvariables
f A1; A2; : : :g iff theevent f K = ng, for any n 2 IN, is in-
dependentof f An +1 ; An +2 ; : : :g. 2

Lemma 3.1 N (t) + 1 is a stoppingtime for thesequence
f T1; T2; : : :g.

Proof: We can simply observe that N (t) + 1 = n iffP n � 1
k=1 Tk � t <

P n
k=1 Tk , and the lemmafollows from
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theindependenceof therandomvariablesf T1; T2; : : : ; Tn g
andf Tn +1 ; Tn +2 ; : : :g. 2

Lemma 3.2 For i 2 S, let T i
r bethesojourntime in state

i duringther th renewal cycle. ThenN (t) + 1 is astopping
time for thesequencef T i

1; T i
2; : : :g.

Proof: For any n > 0, the random variables
f T i

n +1 ; T i
n +1 ; : : :g are independentof f T1; : : : ; Tn g, so

N (t) + 1 = n is independentof f T i
n +1 ; T i

n +2 ; : : :g. 2

Lemma 3.3 For i in S, E
hP N (t )+1

n =1 T i
n

i
= E [T i ] �

(m(t) + 1), whereT i is thesojourntime in statei duringa
genericrenewal cycle.

Proof: SinceN (t) + 1 is a stoppingtime for thesequence
f T i

1; T i
2; : : :g, wecanapplyWald'sequation[16] andobtain

E

2

4
N (t )+1X

n =1

T i
n

3

5 = E[T i ]�E [N (t)+ 1]= E [T i ]�(m(t)+ 1): 2

Usingthepreviousresult,wecanthenobtainthefollow-
ing boundsfor the transientaveragesojourntimesin each
state.

Theorem3.2 The averagesojourntime up to time t in
statei is boundedby: if i 2 Ŝ, E [T i ] � (m(t) + 1) � � �
� i (t) � E [T i ] � (m(t) + 1); if i 2 ~S nf sg, E [T i ] � (m(t) +
1) � (E [TN (t )+1 ] � � ) � � i (t) � E [T i ] � (m(t) + 1).

Proof: Wehave

E

2

4
N (t )X

n =1

T i
n

3

5 � � j (t) < E

2

4
N (t )+1X

n =1

T i
n

3

5 :

By Lemma3.3,wealsohave

E

2

4
N (t )+1X

n =1

T i
n

3

5 = E[T i ] � (m(t) + 1);

which proves the upperbound. For the lower bound,ob-
serve that

E

2

4
N (t )X

n =1

T i
n

3

5 = E[T i ] � (m(t) + 1) � E [T i
N ( t )+1 ]

and that T i
N ( t )+1 is at most � for i 2 Ŝ, and at most

TN (t )+1 � � for i 2 ~S n f sg. 2
The lower boundof Theorem3.2 will not be tight for

moststates,since,in general,thetime spentin a particular
statei during the last renewal periodwill only be a small
fraction of the entire renewal period itself. However, in

practicalapplications,thevectorof expectedsojourntimes
is usedto obtain a high-level measureby assigninga re-
ward � i to eachstatei , and computinga weightedsum:
r (t) =

P
i 2S � i (t) � � i . Then, the following boundson

r canbeobtained.

Theorem3.3 Thevalueof r (t), theexpectedaccumulated
rewardupto timet correspondingto therewardrateassign-
ment � i , for i 2 S, is boundedby:

� P
i 2S E[T i ] � � i

�
�

(m(t) + 1) � � � maxi 2 Ŝ f � i g � (E [TN (t )+1 ] � � ) �
maxi 2 ~Snf sgf � i g � r (t) �

� P
i 2S E[T i ] � � i

�
� (m(t) + 1):

Proof: For theupperbound,considerthat

r (t) =
X

i 2S

� i (t) � � i �
X

i 2S

�
E [T i ] � (m(t) + 1) � � i

�

=

 
X

i 2S

E[T i ] � � i

!

� (m(t) + 1):

For thelowerbound,wehave

r (t) =
X

i 2S

� i (t) � � i

�
X

i 2S

�
E [T i ] � (m(t) + 1) � E [T i

N ( t )+1 ]
�

� � i

=

 
X

i 2S

E[T i ]� � i

!

�(m(t) + 1) �
X

i 2S

E[T i
N ( t )+1 ]� � i

=

 
X

i 2S

E[T i ]� � i

!

�(m(t) + 1) �
X

i 2 Ŝ

E[T i
N ( t )+1 ]� � i

�
X

i 2 ~Snf sg

E[T i
N ( t )+1 ] � � i :

And, by thesameargumentasin Theorem3.2,

X

i 2 Ŝ

E[T i
N ( t )+1 ] � � i � � � max

i 2 Ŝ
f � i g and

X

i 2 ~Snf sg

E[T i
N ( t )+1 ]� � i � (E [TN (t )+1 ] � � ) � max

i 2 ~Snf sg
f � i g: 2

Theorems3.2 and 3.3 tell us that if we can compute
theaveragesojourntimeduringagenericrenewal cycle for
eachstatei 2 S, E [T i ], theexpectedlengthof the last re-
newal interval, E [TN (t )+1 ], andtherenewal function,m(t),
thenwe canderive boundson theaveragesojourntime for
eachstatei 2 S andon thecumulative rewardup to time t.

The�rst oneof thesequantitiesis straightforward. If i 2
Ŝ, E [T i ] is simply �̂ i (� ), the samequantity that needsto
becomputedfor thestationaryanalysisof theDSPN.If i 2
~Snf sg, E [T i ] is simply ~� (1 ) i = lim t !1 ~� i (t), aquantity
thatcanbeeasilycomputedby solvingthenonhomogenous
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linearsystem~� (1 ) � ~Q � = � ~� (0) � , wherethesuperscript
“ � ” indicatesthe restrictionof ~Q and~� (0) to the transient
states(i.e.,with therow andcolumncorrespondingto state
s removed). See[6] for a detaileddiscussionof ef�cient
methodsto compute~� (1 ).

We thenfocuson the computationof the renewal func-
tion m(t) andof theexpectedlengthof thelastrenewal in-
terval E [TN (t )+1 ]. Thedif�culty with usingtheformula

m(t) =
1X

n =1

Fn (t)

to computetherenewal functionis thatthedeterminationof
Fn (t) = Pf T1 + : : :+ Tn � tg requiresthecomputationof
ann-dimensionalintegral. Ross[15] proposedanef�cient
algorithm which requiresas inputs only one-dimensional
integrals.

Theorem3.4 (Ross[15]) For arenewal processwherethe
renewal interval haspdf f (x), de�ne

mr =
Z 1

0

r � 1X

k=0

(1 + mr � k )
e� �x (�x )k

k!
f (x)dx;

wherer = 1; 2; : : : ; n; � = n=t: Then,if m(t) is continu-
ousat t, mn convergeto m(t) asn goesto in�nity . 2

This theoremtells us that if we know the distribution
F (x) of the renewal interval, we canapproximatethe re-
newal functionarbitrarilywell.

The reason for having to bound E[TN (t )+1 ] and
E[T i

N ( t )+1 ] insteadof computingtheiractualvalueis dueto
the well-known inspectionparadox:the lengthof TN (t )+1

is in generalgreaterthanthatof a typical renewal interval.
For example,considerthecaseof renewal intervalshaving
an exponentialdistribution with parameter� , andassume
that the renewal processhasbeen“going on forever” (i.e.,
in the limit for t ! 1 ). Then,the expectedlengthof the
renewal interval containinga given time instantt is 2=� ,
twiceaslongasthatof thegenericinterval. An intuitiveex-
planationfor this is thatboththeage, t � SN (t ) , andthere-
maininglifetime, SN (t )+1 � t , areexponentiallydistributed
with parameter� . For �nite valuesof t, however, theageis
boundedby t, so,in ourexample,its expectedvalueis actu-
ally thatof anexponentialtruncatedat t, (1 � e� �t )=� , and
E[TN (t )+1 ] = (2 � e� �t )=� , lessthan2=� , but still larger
thantheaveragelengthof a typical renewal interval, 1=� .

Taking into accountthe fact that the ageis no greater
thant is computationallydif�cult unlessthedistribution F
is analyticallyknown and tractable. However, we canal-
waysignorethisrestrictionandcomputeanupperboundon
E[TN (t )+1 ] by usingtherelation[14, p. 269]

lim
t !1

E[TN (t )+1 ] = E [T2]=E[T]:

Sinceour renewal interval is describedastheconstant�
plus the time to absorptionin a CTMC, andeachvisit to a
stateof theSMC or CTMC is exponentiallydistributed,we
cantightentheboundsin theacyclic case.

Theorem3.5 If theSMC is acyclic, for any statei in Ŝ,
� i (t) satis�es

E [T i ] � (m(t) + 1) � minf � ; 2E [T i ]g � � i (t):

If theAMC is acyclic, for any statei in ~S nf sg, � i (t) satis-
�es

E [T i ]� (m(t)+ 1)� minf E [TN (t )+1 ]� � ; 2E [T i ]g � � i (t):

Proof: For astatei 2 Ŝ (thecasei 2 ~S nf sg is analogous),
exactlyoneof thesethreeeventsmustoccur:

e1: In the last renewal cycle (the onecontainingtime t),
theDSPNdoesnotvisit statei ;

e2: TheDSPNis in statei at time t;

e3: In the last renewal cycle, theDSPNvisits statei , but,
at time t, it is not in statei .

Conditioningon thesemutually exclusive events,we have
E[T i

N ( t )+1 ] = E [T i
N ( t )+1 je1] � Prf e1g + E[T i

N ( t )+1 je2] �
Prf e2g + E[T i

N ( t )+1 je3] � Prf e3g = 0 � Prf e1g + 2E[T i ] �
Prf e2g+ E[T i ] � Prf e3g � 2E [T i ]: By thesameargument
asin Theorem3.2,weobtaintheresult. 2

3.2.Approximateanalysis

Wenow consideraslightly differentapproach,wherewe
seekto heuristicallyapproximatethe exact valueof � i (t)
Let A(t) betheageof thecurrentrenewal interval at timet,
A(t) = t �

P N (t )
n =1 Tn , andA i (t) bethetime spentin state

i 2 S up to time t during the currentrenewal interval, so
thatA(t) =

P
i 2S A i (t). Then,

� i (t) = E [T i
1 + T i

2 + � � � + T i
N ( t ) + A i (t)]

=
N (t )X

n =0

E[T i
1 + � � �+ T i

N ( t ) jN (t) = n]�Prf N (t) = ng

+
N (t )X

n =0

E[A i (t)jN (t) = n] � Prf N (t) = ng

Wecanapproximatethe�rst summationwith:

m(t) � E [T i ] =
�

m(t) � �̂ i (� ) if i 2 Ŝ
m(t) � ~� i (1 ) if i 2 ~S n f sg

5



andthesecondportionsummation,afterde�ning a = t �
m(t) � E [T] � E [A(t)], with:

8
>><

>>:

�̂ i (� ) if i 2 Ŝ anda > �
�̂ i (a) if i 2 Ŝ anda � �
~� i (a � � ) if i 2 ~S n f sg anda > �
0 if i 2 ~S n f sg anda � �

:

Thisheuristicis appealingbecauseit attemptsto capture
the fact that theDSPNalternatesbetweenSMC andAMC
periods,starting in the SMC at time 0, by allocatingour
bestguessof the ageat time t, a, to the SMC, and only
the remainingpart, if any, to the AMC. Moreover, it also
allows to capturethe fact that,at time 0, theDSPN(hence
theSMC)is in states, anessentialcharacteristicof transient
analysis.

We observe that, while this approximationcannotbe
shown to be a lower or upperboundfor � i (t), it is never-
thelessguaranteedto fall within the boundswe de�ned in
theprevioussection,since,for i 2 Ŝ,

�̂ i (� ) � (m(t) + 1) � � � m(t) � �̂ i (� ) + �̂ i (a)

� m(t) � �̂ i (� ) + �̂ i (� ) = �̂ i (� ) � (m(t) + 1);

while, for i 2 ~S n f sg,

~� i (1 ) � (m(t) + 1) � (E [TN (t )+1 ] � � )

� m(t) � ~� i (1 ) + 0 �

m(t) � ~� i (1 ) + ~� i (a � � ) � ~� i (1 ) � (m(t) + 1):

4. Computational algorithm

Our approachhingeson the ability to obtainthe distri-
bution F (x) of therenewal interval T. Sincethe lengthof
this interval is T = � + Y , where� is a constant,we know
that F (x) = 0 for x < � . For x � � , instead,F (x) is
theprobabilitythat theAMC is absorbedin states by time
x � � , giventhatit is startedwith theinitial probabilitydis-
tribution ~� (0) previously de�ned. Thus,computingF (x)
numericallyonly requiresusto performa transientanalysis
ontheAMC to computetheprobabilityof beingin states at
times0; t1; t2; : : : ; tM AX , appropriatelychosensothatthis
discretizationof F (x) is agoodapproximationof its contin-
uousbehavior (in particularF (tM AX ) shouldbeveryclose
to one). The detailedstepsrequiredfor our boundingap-
proacharethen:

1. From the model, compute the reachability graph
(R; A). If thereis only one deterministictransition
d, with duration� , d becomesenabledonly uponen-
tering a uniquestates, andd is persistent,continue;
otherwisestop.

2. De�ne the SMC and the AMC from the model, and
computetheir statespacesŜ and ~S andin�nitesimal
generatorŝQ and ~Q.

3. Perform an instantaneousand cumulative transient
analysistheSMC: startingfrom theinitial states, and
for eachstatei 2 Ŝ of theSMC, computetheproba-
bility of beingin i at time� , �̂ i (� ), andthecumulative
sojourntime in i duringtheinterval [0; � ], �̂ i (� ).

4. For eachstatei 2 Ŝ of the SMC, obtain from the
model the probability P i;j that statej 2 ~S of the
AMC is reachedwhend �res in i , andusethesequan-
tities to computethe initial probabilitydistribution of
theAMC, ~� j (0) =

P
i 2 Ŝ �̂ i (� ) � P i;j .

5. ComputetheprobabilityPrf Y � yg thattheAMC in
states at timesy = 0; t1; t2; : : : ; tM AX , thende�ne a
discretizationof F usingthevalues

F (x) =

8
<

:

0 if x < � ;
Prf Y � yg if x = � + y, for

y 2 f 0; t1; : : : ; tM AX g:

6. Computethe expectedsojourn time ~� i (1 ) in each
transientstatei 2 ~Snf sg of theAMC until absorption,
startingfrom the initial distribution ~� (0), by solving
thelinearsystem~� (1 ) � ~Q � = � ~� (0) � .

7. For eachtime t of interest,computeanapproximation
of the averagenumberof renewal cyclesm(t) using
Ross'smethod.

8. ComputeE[TN (t )+1 ] = E [T2]=E[T]: While E [T 2]
canbeobtainedfrom thediscretizationof F (x), E [T]
is evensimpler:E [T] = � +

P
i 2 ~Snf sg ~� i (1 ).

9. For eachtime t of interest,computethe boundsfor
theaveragetotal sojourntime in eachstateor thetotal
accumulatedrewardusingTheorems3.2and3.3.

For our heuristicapproximationapproach,thestepsare
similar, exceptthatwealsoneedto performatransientanal-
ysis solution, for the SMC at time a, if a < � , or for the
AMC at time a � � , if a > � , for eachtime t of interest,
wherea = t � m(t) � E [T].

5. Example

We now presentanapplicationof our techniques.Con-
sidertheDSPNshown in Fig. 2, modelinga �nite-capacity
queuewheretheserveris subjecttobreakdowns.Weusethe
notation#( p; i ) to indicatethenumberof tokensin placep
whenthemarkingis i and� (t; i ) to indicatethe �ring rate
for transitiont whenthemarkingis i (themarkingis omit-
tedif the“currentstate”is intended).

6



Arrive Queue Serve

Fail

Repair
UpDown

#(Queue)M

Figure 2. An example of our class of DSPNs.

TransitionsAr r iv eandServemodelthearrival andser-
vice processes,respectively. Tokensin placeQueuerepre-
sentcustomersin thequeue,includingtheone(s)in service.
Themaximumnumberof customersthatcan�t in thequeue
is M (theinhibitor arcfrom Queueto Ar r iv eenforcesthis
limit). Theserver is working whenthereis a tokenin place
Up, andit is beingrepairedwhenthereis insteada tokenin
Down. Thefailureof theserver is representedby transition
F ail , whose�ring �ushesthecontentsof placeQueue(the
input arcfrom Queue to F ail hasa “variablecardinality”.
Therepairof theserver is theonly activity with adetermin-
istic duration. The conditionsfor applyingour resultsare
satis�edaslongasthetiming of theothertransitionsin our
modelis asfollows:

� TransitionAr r iv e hasan exponentialdistribution. A
PHdistributioncanalsobeused,but it mustberesetby
the�ring of transitionF ail . This is essentialbecause,
whena failure occursandthe deterministictransition
Repair becomesenabled,no memoryof thepast,in-
cludingthephasein whichthearrival processwas,can
bemaintained.

� TransitionServe can have an arbitrary PH distribu-
tion, again resetby the �ring of transitionF ail . This
is reasonable,sinceit is equivalent to assumingthat
thefailureof theserverdestroysany work in progress.
Note that the rate of the service can be marking-
dependent,hencethis allows us to model a multiple
or in�nite server behavior, aslong asthe failuresand
repairsaffect theentireservicestationasa whole,and
not individual servers.

� TransitionF ail canhave anarbitraryPH distribution.
No restrictionsneedto beplacedon theresetbehavior
of this transition,since,likeRepair, it is persistent.

Westressthatarrivalscanrestartagainimmediatelyafter
a failure, without having to wait for the completionof the
repair. If this were not the case,we could of courseadd
aninhibitor arcfrom placeDown to transitionAr r iv e, and
the processwould be even simpler, sincethe SMC would
consistof thesingleabsorbingmarkingf Downg.

We considerthe following transientmeasures,time av-
eragedover theinterval [0; t]:

� Theexpectedcustomerthroughput:

1
t

�
X

i 2 ~S

� i (t) � � (Serve;i ):

� The expectednumberof customerswaiting to be ser-
vicedor in service:

1
t

�
X

i 2S

� i (t) � #( Queue;i )

(includingcustomerslost dueto a server failure; there
doesnot seemto bea simpleway to restrictthis mea-
sureto customerswhocompleteservice).

Fig. 3 shows the correspondingunderlyingprocessob-
tainedwhenthenondeterministictransitionshaveexponen-
tial distributions with rate � (Ar r iv e), � (Serve), and �
(F ail ). Markingsarerepresentedusingbagnotation: for
example,marking f Up;Queue2g meansthat thereis one
token in placeUp, two tokensin placeQueue, andno to-
kenselsewhere. The heavy arcsindicatethe �ring of the
deterministictransition. If the failure processhasinstead
an Erlang distribution with K phases,eachexponentially
distributedwith rate� , theunderlyingprocessis shown in
Fig. 4, wherethecomponent“P” of thestateindicatesthe
phaseof theErlangdistribution.

Weobservethat,in ourexample,thedistributionF (x) of
therenewal time T is actuallyknown in closedform, since
T = � + Y and Y is either Expo(� ) or Er lang(K ; � ),
dependingon the type of failure process.This is because
thearrival andserviceprocessesdo not affect theduration
of therenewal intervals.

Hence, we can compute analytically the value of
E [TN (t )+1 ]. If we ignorethat theageof therenewal inter-
val is boundedby t, we cansimply assumetheworst-case
scenario(longestTN (t )+1 ) thattheDSPNis in theAMC at
time t:

lim
t !1

E[TN (t )+1 ] � lim
t !1

E[TN (t )+1 jX (t) 2 ~S n f sg];

which resultsin

lim
t !1

E[TN (t )+1 ] � � +
2
�
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Figure 3. The process underl ying our DSPN (exponential failure process).

if thefailureprocessis exponentialand

lim
t !1

E[TN (t )+1 ] � � +
K + 1

�

if it is Erlang. To computethe actualvalueof E [TN (t )+1 ]
for a �nite t, we needto take into accountthe fact that the
renewal interval is boundedby t. Again by assumingthe
worst-casescenario(which, for the caseof an Erlangfail-
ureprocess,assumesthat theDSPNis in the �rst phaseof
theErlangdistribution at time t, not just in any stateof the
AMC), weobtain

E [TN (t )+1 ] � � +
2 � e� � ( t � � )

�

if thefailureprocessis exponentialwhile, if thefailurepro-
cessis Erlang,weobtain

E [TN (t )+1 ] � � +
K + 1 � e� � ( t � � )

�
:

Theseboundsexplicitly statethattheageis atmost� , spent
in theSMC,plust � � , spentin theAMC, andtheremaining
lifetime hastheentireexpectationE [Y ].

WeusedtheseboundsonE[TN (t )+1 ] to computeour re-
sults,reportedin Fig. 5. Eachsetof plotsshows the lower
andupperboundsusingour boundingtechnique,thelower
anduppervalueof the95%con�denceintervalscomputed
usingsimulation,andthevalueobtainedusingourheuristic
approximation.Thenumericalvaluesof theparametersare
M = 10 (this limit is usedalsoin thesimulationfor com-
parisonpurposes,evenif thesimulationdoesnot requireto
limit the numberof tokensin placeQueue, aslong asthe
systemis stable),� = 10, � = 12, � = 1, and� = 0:1
(exponentialcase)or K = 5 and� = 0:5 (Erlangcase).

For anexponentialfailureprocess,westudiedthesystem
attime11,55,110,550,and1100(i.e.,1,5,10,50,and100

timestheaveragerenewal period).It is apparentthatsteady
stateis reachedquitefast,andthatour boundingtechnique
is correct,but resultsin boundsthat might be too wide in
practice.Hence,for anErlangfailureprocess,we focuson
the earlierportion of the systemevolution, from time 2 to
time 30, beforesteadystateis reached.Especiallyfor the
throughput,theupperboundis meaningful.

Even more interesting,however, is the performanceof
ourheuristicapproximation,whichfollowsverycloselythe
resultsobtainedfrom simulation. We believe this to be a
veryencouragingresult.

Oneof thereasonsfor thelooselower boundswhent is
small is that Theorem3.3 maximizesthe reward accumu-
latedduring the last renewal cycle, TN (t )+1 , by assuming
that therewardis alwaysmaxf � i g. In our case,this corre-
spondsto assumingthattheserver is alwaysbusyduringthe
periodin AMC (for throughputbounds),or thatthequeueis
alwaysfull (for queuelengthbounds).It shouldbepossible
to obtaintighterboundsby explicitly consideringtheevolu-
tion of the rewardvaluesduring the last renewal cycle, for
exampleby computingthe maximumof the accumulated
rewardsconditioningon i being the stateof the DSPNat
time t, for eachi 2 S. However, this is computationally
prohibitive for realisticsystems,asit requiresto solve the
modelO(jSj) times.

6. Conclusion

Thestationaryanalysisof DSPNshasbeenstudiedin the
pastand,if atmostonedeterministictransitionis enabledin
any marking,ef�cient solutionalgorithmsareknown. How-
ever, the transientanalysisof the sameclassof DSPNsis
computationallyintensive. We thenoptedto studythetran-
sientanalysisof a subclassof DSPNsusingboundingand
approximationtechniquesinstead.By not seeking“exact”
results,we areable to studyvery large models,since,es-
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Figure 4. The process underl ying our DSPN (Erlang failure process).

sentially, only stationaryandtransientanalysisof CTMCs
is required.Morespeci�cally:

1. We proved that thesubclassof DSPNswe considered
de�nesa renewal process.

2. We de�ned upperand lower boundsfor the average
sojourntime in eachstateandfor theaccumulatedre-
wardupto timet; while our lowerboundcanbeoverly
pessimisticfor short transienttimes,onecanusethe
boundinformationto gaugehow closetheDSPNis to
steadystate,sinceourboundscoincidein thelimit.

3. We de�ned a heuristic approximationguaranteedto
fall within our bounds,which appearsto be quite ac-
curatein practice.

We believe that the idea of using CTMC techniques
to computeapproximateor exact transientmeasureson a
DSPNis very promising,andthatour contribution is just a
stepin thisdirection.
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