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Abstract

We present SNS, a Solver for Synchronized Networks modelled as generalized
stochastic Petri nets. General enabling and �ring functions and reward measures
are speci�ed in the C programming language,providing extensive 
exibilit y with
respect to conventional net descriptions.

Unstructured and structured steady-state and transient solutions are possi-
ble, to compute the speci�ed rate-basedand impulse-basedreward measures.We
allow the model to have both immediate and timed synchronizing transitions.
Furthermore, the user can solve numerical linear algebra problems by a variety
of algorithms basedon solution vectors and matrices. We apply SNS on a case
study of kanban systemsand give numerical results. In the conclusion, we point
out ideasto expand the package.

Keyw ords: generalizedstochastic Petri nets, numerical solution of (structured)
Markov chains, Markov reward models, Kronecker algebra, numerical linear alge-
bra.

1 In tro duction

Generalizedstochastic Petri nets (GSPNs) [4] are very well suited to model man-
ufacturing systems,since they can represent the 
o w of parts in the factory, the
required synchronizations, and the potential concurrencyinherent in such systems.
Conventional packages[3, 9] for the solution of GSPNs, however, are limited by



the large amount of memory required to store the in�nitesimal generator of the
underlying continuous-time Markov chain (CTMC).

SNS (Synchronized Network Solver) is an advanced package which allows a
compositional description and solution of GSPNs, thus the solution of larger mod-
els. Compared to the QPN tool [1], synchronization betweensubmodelscan occur
through both timed or immediate transitions, and general reward structures, in-
cluding impulse-basedrewards, can be speci�ed at the net level [8]. In addition,
SNS allows the user to experiment with solution approaches, by giving accessto
the low level of the underlying CTMC or discrete-time Markov chain (DTMC).

The main features of SNSare:

� The GSPN is described using the C languagefor textual input.

� The usual reachabilit y graph exploration of the GSPN is performed, so that
reachabilit y questions such as livenessor absenceof deadlocks can be an-
swered by exhaustive search.

� In addition to conventional \
at" approaches, models composed of sub-
GSPNs connectedby synchronizing transitions are automatically translated
into structured Markov chains [8, 11, 13]. In this case,the storage of the
in�nitesimal generator is implicit and it is not a critical factor.

� Internally, the solution can be basedon either an embedding of the process,
resulting in a DTMC, or on the more commonCTMC. Thesetwo approaches
are known as \preservation" and \elimination" (of the vanishing markings),
respectively [7].

� Both steady-state (with either approach) and transient analysis (with elim-
ination) can be performed. These result in the computation of expected
reward measures.

� The feasibility of an exact analysis is restricted by the size of the iteration
vectors. On a modern workstation, models with state spaceshaving up to a
few million reachable markings can be solved in a matter of hours. For even
larger state spaces,it is possibleto compute an approximate solution, where
these vectors are decomposed into smaller ones, which are then updated
iterativ ely. \Cross-aggregation" [15] and a formalized scheme proposed in
[16] are two approachesfor this type of models.

� SNSusesthe linear algebrapackageMeschach[14]. Thus the userhasaccess
to the underlying Markov chain: matrix and vector operations, and iteration
schemeson thesecan be speci�ed and solved by direct methods, the power
method, the Jacobi method with overrelaxation, or projection methods for
denseor sparsematrices.

We present the �rst version of SNS, the concept of composition, and provide
numerical results for a casestudy of kanban systems.



2 Theoretical background

We brie
y summarizethe ideasbehind the hierarchical composition of GSPN and
the structure of their underlying Markov chain. For more information on GSPNs,
the reader is referred to [4, 5]. Setsare denoted by upper casecalligraphic letters
(e.g., A ), vectors and matrices are denoted by lower and upper casebold letters,
respectively (e.g., a, A ). In the following, we usetheseterms:

� S: the reachabilit y set.

� ST and SV : a partition of S into tangible and vanishing markings (ST [ SV =
S).

2.1 GSPN comp osition

In SNS, a GSPN model can be described as a set of interacting sub-GSPNs. In
each sub-GSPN, transitions are characterized as either internal or synchronizing.
Internal transitions are local to a particular sub-GSPN, while synchronizing tran-
sitions are (or can be, if we considereach sub-GSPN as a plug-in module) shared,
or \merged", among two or more sub-GSPNsand allow to model interactions be-
tweenthem. Each sub-GSPN consideredin isolation must ful�ll three conditions:

1. Each placehasat leastoneinput and oneoutput transition (P-restrictedness).

2. There is at least one synchronizing transition.

3. Each synchronizing transition hasat least onearc (input or output) connect-
ing it to a place.

However, theseconditions arenot su�cien t to guarantee that the overall model has
a �nite state space;this is an additional global requirement that the model must
satisfy. In particular, if an internal or an non-mergedsynchronizing transition with
no input arcs exist, the model is \op en". The time associated to such a transition
is interpreted as the interarriv al time in a Poissonarrival stream from the external
environment. Somemechanismmust then bepresent to prevent the transition from
increasingwithout bound the number of tokensin its output place(s),which would
causethe state spaceto be in�nite; usually this is accomplishedusing marking-
dependent transition rates.

Fig. 1 shows a sub-GSPN.Boxesand thin bars represent timed and immediate
transitions, respectively. In addition, synchronizing transitions are shown in grey.
Di�eren t GSPNs obtained by combining four copiesof this sub-GSPN are shown
in Fig. 2, where the grey arcs indicate which synchronized transitions are merged.
In the �rst case,Fig. 2.(1), tout 1 is mergedwith either t in 2 or t in 3 , with probabilit y
0.3 and 0.7, respectively. The semantic of this \probabilistic merging" is exactly
as if sub-GSPN 1 had two copiesof transition tout 1 , identi�ed as t0

out 1
and t00

out 1
,

with rates equal 3/10 and 7/10 of the original rate, and thesewere independently
merged with t in 2 and t in 3 , respectively. Thus, the marking of sub-GSPNs2 and



3 a�ects the actual routing probabilities (which are in general not equal to 3/10
and 7/10), since if, for example, sub-GSPN 3 is not ready to synchronize with
sub-GSPN 1, the token in pout 1 will go to sub-GSPN 2 with probabilit y one.
Analogously, sub-GSPN 4 has two copiesof t in 4 : t0

in 4
mergedwith tout 2 and t00

in 4

merged with tout 3 . In the secondcase, the tandem GSPN of Fig. 2.(2), output
and input transitions of subsequent sub-GSPNsare merged: tout 1 with t in 2 , tout 2

with t in 3 , and tout 3 with t in 4 . In the third case,the fork/join con�guration of Fig.
2.(3), tout 1 is merged with t in 2 and t in 3 . The same is true for tout 2 , tout 3 , and
t in 4 . The fourth caseof Fig. 2.(4) mergestransitions tout 4 with t in 1 in addition to
case2, such that the GSPN becomesclosed. The last two casesof Fig. 2.(5) and
(6) correspond to the �rst and third case, respectively, except that the merged
synchronizing transitions have been made immediate. Note that the �fth caseis
fundamentally di�eren t from the �rst case,since it allows the simultaneous �ring
of multiple synchronizing transitions.

In all but the fourth case,all mergedsynchronizing transitions havebeendrawn
as local, so that the resulting GSPN can in turn act as a sub-GSPN with two
synchronizing transitions, t in 1 and tout 4 , in an higher-level model, and so on, in
a hierarchical fashion. Alternativ ely, one or both of the merged transitions could
still be consideredsynchronizing, to allow merging them further at even higher
levels.

Nk
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tink
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Figure 1: A sub-GSPN for our kanban system.

2.2 Structured state space

As long as the state spaceis �nite, we can in principle build the overall transition
matrix for the CTMC underlying such a model, but the memory requirements
often becomeexcessive. To tackle this problem we usea structural representation
basedon Kronecker expressions.Internal transitions describe the possiblechanges
of marking within one and only one basic sub-GSPN in an asynchronous fashion,
that is, independently of the state and activities in other sub-GSPNs. Their e�ect
is captured by small matrices composedusing Kronecker sums(

L
). The e�ect of

each synchronizing transition is instead captured by a Kronecker product (
N

) of
other small matrices, which model their synchronouse�ect on the state space(the



(1)

tin1
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tout3
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(2)

tin1 tout1
tin3 tout3

tin2 tout2
tin4 tout4

sub-GSPN 1 sub-GSPN 2 sub-GSPN 3 sub-GSPN 4

(3)

tin1 tout1

tin3 tout3

tin2 tout2

tin4 tout4

sub-GSPN 1

sub-GSPN 2

sub-GSPN 3

sub-GSPN 4
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tin1 tout1
tin3 tout3
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tin4 tout4

sub-GSPN 1 sub-GSPN 2 sub-GSPN 3 sub-GSPN 4

(5)
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t' in4 tout4
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t"out1 t" in4

0.3
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(6)

tin1 tout1

tin3 tout3

tin2 tout2

tin4 tout4

sub-GSPN 1

sub-GSPN 2

sub-GSPN 3

sub-GSPN 4

Figure 2: Various arrangements of four instancesof our sub-GSPN.

simultaneouschangeof marking in two or more sub-GSPNs). At each hierarchical



level, we can de�ne a matrix Q0 as

Q0 =
KM

k=1

Qk +
X

t j 2T sy nch

� (t j )
KO

k=1

W k ;j �
X

t j 2T sy nch

� (t j )
KO

k=1

D k ;j (1)

where Qk is an in�nitesimal generator describing the local transitions for the k-
th sub-GSPN (including the e�ect of immediate transitions), Tsy nch is the set
of synchronizing transitions, which must be timed. For immediate synchronizing
transitions, an embedded DTMC, not the underlying CTMC, is used, resulting
in a di�eren t formula [8]. � (t j ) is a \constant referencerate" for transition t j ,
W k ;j � 0 is a \correctiv e" matrix which captures both the e�ect of transition
t j on the k-th sub-GSPN and the e�ect of the marking of this sub-GSPN on the
enabling and rate of t j , while D k ;j is simply a diagonal matrix equal to the sum of
the elements on each row of W k ;j (henceQk ;j = W k ;j � D k ;j is alsoan in�nitesimal
generator). The Kronecker operations create a \p otential state space" S0 for the
GSPN equal to the Cartesian product of the state spacesfor each sub-GSPN.The
actual in�nitesimal generatorQ for the overall model can be obtained from Q0 by
eliminating the rows and columns corresponding to the unreachable markings in
S0n S [8, 13].

2.3 Numerical solution

The stochastic processunderlying a GSPN can be characterizedasan independent
semi-Markov processwhere the sojourn time in each state is either exponentially
distributed or zero. We can study this processby eliminating the zero-sojourn
states (vanishing markings), thus obtain a CTMC where only the tangible mark-
ingsarerepresented. This is known asthe \elimination" approach and is commonly
usedfor both steady-state and transient solutions.

However, in conjunction with our structured approach, elimination requires
that all synchronizing transitions be timed. If this is not the case, we showed
how \preservation" can be employed, to perform a steady-stateanalysis [8]. With
preservation, the semi-Markov processis embeddedat each changeof marking and
a DTMC is obtained. Only at the end the sojourn times in statesare usedto com-
pute the actual marking probabilities (vanishing markings have zero probabilit y
in the semi-Markov process,but not in the DTMC).

2.3.1 Elimination metho d (CTMC)

Let � 2 IR jS T j be the probabilit y vector for the tangible markings. Then, the
transient probabilities � (t) are the solution of

� (t) = � (0) � eQ t = � (0) �
1X

k=0

(Qt)k

k!
; (2)

where � (0) is a vector of appropriate size describing the probabilit y of being in
each state at time 0. If the initial marking m 0 is tangible, � (0) is simply equal



to one in the entry corresponding to m 0, and to zero elsewhere.The steady-state
probabilit y vector � is then de�ned as � = lim t !1 � (t).

In practice, � (t) can be computed using the Uniformization algorithm [12],
and � is computed as the solution of

� � Q = 0 subject to the normalization � � 1 = 1:

2.3.2 Preserv ation metho d (DTMC)

Preservation usesthe transition probabilit y matrix P of the embedded DTMC,
expressingthe probabilit y of going in one �ring from any marking m 2 S to any
other marking n 2 S, regardlessof whether they are tangible or vanishing. The
steady-stateprobabilit y vector 
 2 IR jS j of the embeddedDTMC is computed as:


 � P = 
 subject to the normalization 
 � 1 = 1:

Then, using the holding time vector h, de�ned as

hm =
�

� Q � 1
m ;m if m 2 ST

0 otherwise
;

we can compute both � and the rate at which each marking (tangible or not) is
entered in steady-state,� , (this is neededto compute impulse rewards, seebelow):

8m 2 ST ; � m =

 m � hmP

n 2S T

 n � hn

; 8m 2 S; � m =

 mP

n 2S T

 n � hn

:

2.3.3 Rew ard measures

We can specify a quantit y of interest for the GSPN using a reward structure (�; r ),
where � (m) is the reward rate gainedwhile the GSPN is in marking m, and r j (m)
is the reward impulse gained when transition t j 2 T �res in marking m. The
expected reward rate in steady state is then

X

m 2S T

� m � (m) +
X

m 2S

X

t j 2E (m )

� j ;m r j (m); (3)

where � j ;m is the rate at which transition t j �res in steady state in marking m
and E(m) is the set of enabled transitions in marking m. If we let � 2 IR jS j be
the vector describing the rate at which each marking is entered in steady state,
� j ;m is obtained as

� j ;m = � m
w j (m)

P
t l 2E (m ) w l (m)

;

where w j (m) is the rate of transition t j in tangible marking m, or the weight
(unnormalized probabilit y) of transition t j in vanishing marking m. With preser-
vation, the computation of � is straightforward. With elimination, we can observe



Input: Sub-GSPNs k = 1; : : : ; K and the set of synchronizing transitions
Tsy nch ;
Output: transient or steady-state reward measuresfor the model;

1. Build Qk , W k ;j , and D k ;j for every sub-GSPN k = 1; : : : ; K and every
synchronizing transition t j 2 Tsy nch .

2. Build the GSPN resulting from synchronizing the K sub-GSPNson the
transitions in Tsy nch and compute its reachabilit y set S.

3. Choosean initial distribution on S (e.g., the pmf corresponding to the
initial marking or the uniform pmf, as appropriate) and compute the
transient probabilit y vector at time t, � (t), or the steady-stateprobabilit y
vector � . The iterativ e solution methods require accessto the entries of
Q: this is accomplishedby addressingonly the entries of Q0corresponding
to reachable markings, as described in [8, 13]. If there are immediate
synchronizing transitions, preservation must be used [7]; the transition
probabilit y matrix P of the embedded processis used instead of Q, see
[8] for details.

4. Calculate the rate-basedrewards asa weighted sum of the probabilities of
� (or of � (t) for transient analysis, respectively) and the impulse-based
rewards as a weighted sum of the probabilities of � .

Figure 3: Algorithm for the numerical analysis of a structured GSPN.

that, for m 2 ST , � m = � m �
P

t l 2E (m ) w l (m) = � m =hm . However, for m 2 SV ,
the computation is more involved [7, 8].

If no reward impulse is de�ned for immediate transitions, then Eq. (3) reduces
to

X

m 2S T

� m

0

@� (m) +
X

t j 2E (m )

w j (m)r j (m)

1

A :

If the reward structure (�; r ) can be de�ned locally for each sub-GSPN, the
GSPN marking m is replacedby the local marking m k of the corresponding sub-
GSPN k, in the formula above. Then, � (m k ) and r (m k ) denote local reward
rates and impulses,respectively, and � m k , the marginal state probabilities for sub-
GSPN k, is usedinstead of � m . In this case,reward measuresare alsocomputable
in a compositional fashion.

SNS computes measureson � (t), � and � . The algorithm for the numerical
analysis is summarizedin Fig. 3. Step 2 is required only if the state spaceS of the
overall model is a strict subsetof S0. If the two setsinstead coincide, the solution
approach is simpler, since it becomescompletely compositional.

Remark: Service time distributions of transitions are assumedexponential.
This constraint can be relaxed to phase-type distribution by an algorithm known



Option -m Description
0.(|) Unstructured GSPN: CTMC MGCR
1.(|) Unstructured GSPN: CTMC LU
2.(|) Unstructured GSPN: CTMC POWER
3.(8.) Unstructured GSPN: CTMC (DTMC) JOR
4.(|) Unstructured GSPN: CTMC UNIF ORM
10.(12.) Reachabilit y sub-GSPNs: CTMC (DTMC)
11.(13.) Reachabilit y GSPN: CTMC (DTMC)
20.(|) Structured GSPN: CTMC POWER, diagonal stored
21.(|) Structured GSPN: CTMC POWER, diagonal recomputed
22.(32.) Structured GSPN: CTMC (DTMC) JOR, diagonal stored
23.(33.) Structured GSPN: CTMC (DTMC) JOR, diagonal recomputed
24.(|) Structured GSPN: CTMC UNIF ORM, diagonal stored
25.(|) Structured GSPN: CTMC UNIF ORM, diagonal recomputed
40. Approximation: CTMC Crossaggregation
50. Linear Algebra: Meschach

Table 1: SNSmenu

from the packageESP [10]. We omit this discussionhere, sincenumerical analy-
sis of the kanban systemsin our casestudy would becomeeven more time- and
memory-consumingdue to the additional state spacegrowth.

3 SNS implemen tation

3.1 Execution and textual output

The command to run SNS is sns [-h] [-m] [-n] [-s] [-a] [-l] [-o]. Option -h serves
for help and prints the SNS menu as given in Table 1. Option -m executesthe
computations described in the menu. Option -n speci�es the number of sub-GSPNs
for the structured solution. Option -s determinesthe maximum number of states
as a bound for the reachabilit y search. Option -a is an acceleratedalgorithm for
GSPNswith symmetric product state space,i.e. for S = S0. Option -l canbeset to
indicate that the reward measuresare local to each sub-GSPN.Option -o speci�es
whether solution vectorsor generatormatrices are printed into corresponding �les.
If the user choosesto perform a numerical analysis using the package Meschach
[14], thesematrices can be read into memory again by appropriate routines.

The standard solution methods for the steady state analysis of unstructured
GSPNs(conventional GSPN models) are direct (Gaussianelimination, LU decom-
position), projection (Generalized conjugate residual algorithm, MGCR), power,
or Jacobi with overrelaxation. The uniformization method is used for transient
solution. To analyze a structured GSPN, the reachabilit y sets and the genera-



Type File � :sns Contents

SPMAT* kint tim.sns Qk for timed local trans. of sub-GSPN k
SPMAT* kint imm.sns Qk for imm. local trans. of sub-GSPN k
SPMAT* ksync tim j .sns W k ;j for timed synch. trans. j of sub-GSPN k
SPMAT* ksync imm j .sns W k ;j for imm. synch. trans. j of sub-GSPN k
SPMAT* krew rate.sns rate-basedlocal rewards for sub-GSPN k
SPMAT* krew impuls.sns impulse-basedlocal rewards for sub-GSPN k
VEC* rew ratei .sns i th global rate-basedreward for the GSPN
VEC* rew impulsei .sns i th global impulse-basedreward for the GSPN
VEC* 0=kreach tan.sns tang. reach. set of GSPN (0) or sub-GSPN k
VEC* 0=kreach van.sns van. reach. set of GSPN (0) or sub-GSPN k
VEC* 0=kprob.sns state prob. for the GSPN (0) or sub-GSPN k
SPMAT* generator.sns in�nitesimal generator Q of the GSPN
SPMAT* incidence.sns incidencematrix of the GSPN
Text output.sns computation time, required memory, results

Table 2: SNSoutput �les

tor matrices for the individual sub-GSPNsand the reachabilit y set for the overall
model are built �rst (the overall reachabilit y set is not explicitly built if it is known
to be the exact Cartesian product of the local state spaces).Then, either the elim-
ination or the preservation methods are used. The structured GSPN can be solved
as a CTMC using the power, Jacobi with overrelaxation, or uniformization meth-
ods. To acceleratethe computation, the diagonal can be stored explicitly instead
of being obtained through Kronecker operators, but this increasesthe memory
requirements. The DTMC can be solved using the Jacobi method with overre-
laxation. Finally, approximate solutions are provided by the Cross-aggregation
method [15].

Transition matrices, reward, and probabilit y vectors and reachabilit y setscan
be written to �les � :sns as given in Table 2. VEC*, IVEC*, and SPMAT* are
Meschach data structures for double or integer vectorsand sparsedouble matrices,
respectively. UCVEC* is usedby SNSfor unsignedcharacter vectors. Bookkeeping
information about the numerical solution, such as timing, memory requirements,
and results, is written to a �le output:sns.

3.2 Textual input

3.2.1 SNS

The semantics of the Petri net model and the parametersspecifying the numerical
solution are given in an input �le in C syntax. The number of rate-based and
impulse-basedrewards, the typesof transitions, and the bounds on the placesare
setwithin the function sns parameter(). The boundsdo not haveto bestrict, they



Type Function Used to de�ne:
void* sns parameter() parameters for solution and

ordered state spacegeneration;
void* sns0=k enable() enabling of transitions for GSPN/sub-GSPN;
void* sns0=k �re() �ring of transitions for GSPN/sub-GSPN;
void* sns0=k initial() initial marking for GSPN/sub-GSPN;
double sns0=k reward() reward measuresfor GSPN/sub-GSPN;

Table 3: SNSfunctions

are only neededfor state lexicographic enumeration. The relevant data structures
are explained in Table 4. Additionally , global solution parameters such as the
maximum number of iterations, the convergencecriterion, or the overrelaxation
factor for JOR, might be re-set by the user.

First, a model can be described by a conventional GSPN. The enabling and
�ring rules, the initial marking, and the reward measuresare de�ned in corre-
sponding functions sns0 � (), seeTable 3. As an example, the appendix illustrates
the input �le for the GSPN in Fig. 1. Once compiled, it can be solved exactly as
an unstructured GSPN (using options � m[0 � 8] of the SNSmenu).

Instead, if we describe a model by a structured GSNP composedof at least
two sub-GSPNs,we de�ne the enabling and �ring rules, the initial marking, and
the reward measuresfor each sub-GSPN k analogouslyto those of a conventional
GSPN, as mentioned above. For example, the structured GSNP of four sub-
GSPNs in Fig. 2 is given by functions snsk � () for each sub-GSPN k 2 f 1; 2; 3; 4g
(seethe functions sns0 � () in the appendix). In addition to the speci�cation of
a conventional GSPN, the rates of synchronizing transitions are set within the
function sns parameter(). After compilation, we compute the reachabilit y setsS
of sub-GSPNs(using options � m[10; 12]) for either the elimination or preserva-
tion method. If the state spaceS of the overall model is a strict subsetof S0, we
must compute the reachabilit y set ST of the GSPN for the elimination method
and sets ST and SV for the preservation method (using options � m[11; 13]). Fi-
nally, options � m[20� 33] solve the structured GSPN exactly and option � m[40]
approximately.

3.2.2 Matrix computations using Mesc hach

SNS is linked to the linear algebra package Meschach[14]. The library of algo-
rithms often neededin numerical linear algebraproblems is brie
y shown in Table
5. The routines are written in the C programming languageand are all available
in their original version. Any linear algebra problem might be speci�ed within a
function meschach(). The main achievement of the library Meschach is to o�er
a good compromisebetweene�cien t but in
exible Fortran programs and 
exible
but resource-consuminginterpreter-based programs (lik e Mathematica or Mat-



Type Name Global solution variables
int MAX ITER max. no. of iter. (default 1000);
double CONVERGE convergencecriterion (default 10� 6);
double RELAXA TION overrelaxation for JOR (default 0.9);
Type Name Within sns parameter
IVEC** sns place bound marking bounds for places;
IVEC** sns transition type type of trans. for GSPN/sub-GSPNs;

[0-99] imm. local trans.;
[100-199] imm. preserved local trans.;
[200-299] imm. preserved sync trans.;
[500-599] timed local trans.;
[600-699] timed sync trans.;

IVEC* sns sync rate rate of synch. trans. for the GSPN;
IVEC* sns reward rate no no. of GSPN/sub-GSPNs rate rew.;
IVEC* sns reward impuls no no. of GSPN/sub-GSPNs impulse rew.;
Type Name In sns0=k enable, �re, initial, reward
UCVEC* place vector of places;
return timed(double) �ring rate of timed trans.;
return immediate(double) choice probabilit y of imm. trans.;
return measure(double) reward measure;

Table 4: SNSdata structures

lab). SNS usesprede�ned Meschach data structures for vectors, sparsematrices,
or iteration schemesand thus provides a direct interface for the user, supporting
the application of Meschach routines, and for the designer, easing implementa-
tion of new algorithms. For example, on the incidence matrix of the GSPN (�le
incidence:sns) transition and place invariants, the fundamental circuit matrix, or
the �ring count vector can be computed for structural analysis. Also, phasetype
distributions might be speci�ed later within the textual input, and the user can
de�ne his own iterativ eprocedureson the SNSvectors,matricesand, iterativ edata
structures for alternativ e approximation schemes.The function meschach() is ex-
ecutedby option -m50 of the menu. In particular, we like to point out Meschach's
sparseiterativ e solutions such asSonneveld's Conjugate Gradients Squared(CGS)
method, the LSQR method of Paige and Saunders,or the GeneralizedMinimal
RESidual method (GMRES) of Saadand Schultz. The Krylo v subspacemethods
cover the Lanczosand Arnoldi algorithms.



Basic dense Densefactorization Sparseand iterativ e
copy BKP (Bunch-Kaufmann-Parlett) copy
input/output Cholesky LD L T input/output
allocate/deallocate Band LD L T allocate/deallocate
extract row/column LU (GaussianElimination) extract row/column
initialize, resize QR resize
inner product Band LU matrix-v ector product
transpose,adjoint Givens' rotation sparseCholesky
multiplication Householdertransformations sparseLU
norms diagonal and triangular matrices sparseB K P
permutation eigenvalue/vector iterativ e methods
linear combination singular value decomposition Krylo v spacemethods
complex vectors matrix polynomials
addition matrix exponentials

fast Fourier transform

Table 5: Meschach operations on matrices and vectors.

4 A numerical case study

As a case study, we consider a kanban GSPN of four sub-GSPNs. Each sub-
GSPN is modelled by the one shown in Fig. 1. The parameters specifying the
internal stochastic behavior for sub-GSPN k are the rates � m k and � back k and
the probabilities pok k and p r edok . We assumethat thesequantities are constant,
but they could depend on the local marking (or even on the global marking,
in the caseof synchronizing transitions) without a�ecting the feasibility or the
complexity of the solution algorithms. A pallet enter sub-GSPN k of the kanban
GSPN through transition t in k , provided there is a kanban ticket in placepkanban k .
Then, the pallet proceedsto the machine, in place pm k . After being worked by
tm k , a part is checked for quality and it is either transported back to pm k by tback k

for further rework, or moved out of the machine by tout k . The numerical values
of the parameters for the model are: � m 1 = 1:2, � m 2 = 1:4, � m 3 = 1:3, and
� m 4 = 1:1. Also, pok k = 0:7, p r edok = 0:3, and � back k = 0:3 for k = 1; 2; 3; 4.
The parametersa�ecting the synchronizing behavior are the rates � in k and � out k ,
speci�ed later. All transitions have single-server semantics. We considersix cases
of a kanban GSPN, corresponding to the connectionsshown in Fig. 2(1)|(6).

(1.) We assign rate 0:4 � 0:3 = 0:12 to f t0
out 1

; t in 2 g and 0:4 � 0:7 = 0:28 to
f t00

out 1
; t in 3 g. We also assignrate 1.0 to both f tout 2 ; t0

in 4
g and f tout 3 ; t00

in 4
g.

(2.) In a tandem GSPN, we assign rate 0:4 to f tout 1 ; t in 2 g, 0:5 to f tout 2 ; t in 3 g,
and 0:6 to f tout 3 ; t in 4 g.

(3.) In a fork/join GSPN, we assign rate 0:4 to the merged set of transitions



f tout 1 ; t in 2 ; t in 3 g and 0:5 to f tout 2 ; tout 3 ; t in 4 g.

(4.) We additionally synchronize and assignrate 1:0 to f tout 4 ; t in 1 g of the tandem
GSPN. Initially N tokensare set in placespm k ; k = 1; 2; 3.

(5.) Unlike the �rst case,we regard synchronizing transitions as immediate and
assignprobabilit y 0:3 to f t0

out 1
; t in 2 g, and 0:7 to f t00

out 1
; t in 3 g. We also assign

probabilit y 0:5 to both f tout 2 ; t0
in 4

g and f tout 3 ; t00
in 4

g.

(6.) In a secondfork/join GSPN, we assignprobabilit y 4=9 to f tout 1 ; t in 2 ; t in 3 g
and 5=9 to f tout 2 ; tout 3 ; t in 4 g.

The input and output rates for the entire kanban GSPN are set in all casesbut
case4 by assigning� in 1 = 1:0 and � out 4 = 0:9.

In Table 6, we give ek , the expected overall number of tokens in the steady
state in pm k , pback k , and pout k , for each sub-GSPNk of the kanban GSPN and the
throughput � of the �rst sub-GSPN,asa function of the initial number N k = N of
tokensinitially in each placepkanban k . We observe that the loadsof corresponding
sub-GSPNs di�er for the six con�gurations, while the 
o w through the system
does not change signi�cantly . In the �rst four cases,the �rst sub-GSPN is the
most loaded and the fourth sub-GSPN is the least loaded. If we compare case
(1) with case(5), making the synchronizing transitions immediate the behavior of
the system changed so that the third sub-GSPN becomesthe bottleneck. Going
from case(3) to case(6) shifts the bottleneck to the secondand third sub-GSPN.
Naturally , for the fork/join GSPNs of cases(3) and (6), the secondand third
sub-GSPN are equally loaded.

The sizeof the state spacesST , SV , and S0, and the overall number of non-zero
elements for the sparsestorage of the \lo cal" matrices Q k , W k ;j , and D k ;j are
given in Table7. For comparison,wealsolist the number of nonzeroelements in Q,
that would be generatedwith elimination, and in ~P, that is, with preservation ( ~P
is actually smaller than P, sincenot all vanishing markings needto be preserved,
see [8]). This allows to estimate the memory requirements in addition to two
double-precisioniteration vectors � [m ] and � [m +1] , and the integer vector of the
indices of the reachable markings, each of size jSj. We can seehow the memory
requirements for the local matrices are negligible with respect to the storageof the
three vectors mentioned above, and that, instead, the explicit storageof Q would
require a much larger amount of memory. Table 8 shows the computation time
\solve" for the entire solution processusing the Jacobi method with relaxation
parameter equal to 0.9, and the time \explore" to explore the reachabilit y set,
in seconds. For higher values of the parameter N , the exact solution becomes
unfeasible. Thus, for cases(1) and (2), we use the Cross aggregation method,
level 1 [15], resulting in relatively small approximation errors, as shown in Table
9. The computational e�ort is neglegible,seeTable 10. The convergencecriterion
is set to jj � [m ] � � [m +1] jj1 < 10� 6. The program was run on a Sony NWS-5000
workstation with 90Mbyte of main memory.

Based on this example, we might be interested in balancing the load of all
sub-systemsor in performing parametric sensitivity studies. The approximation



N i e1 e2 e3 e4 �
1 1 0.877 0.337 0.520 0.469 0.174
2 1.753 0.545 0.997 0.994 0.310
3 2.646 0.657 1.406 1.487 0.400
4 3.561 0.717 1.747 1.939 0.458
1 2 0.903 0.638 0.518 0.368 0.137
2 1.803 1.266 1.041 0.797 0.255
3 2.713 1.847 1.538 1.223 0.339
4 3.642 2.401 2.035 1.667 0.394
1 3 0.907 0.671 0.671 0.355 0.132
2 1.810 1.329 1.329 0.765 0.248
3 2.722 1.946 1.946 1.160 0.332
4 3.647 2.520 2.520 1.523 0.393
5 4.588 3.053 3.053 1.876 0.439
1 4 0.828 0.687 0.722 0.761 0.128
2 1.696 1.344 1.428 1.531 0.243
3 2.593 1.963 2.127 2.316 0.327
4 3.515 2.542 2.822 3.119 0.388
5 4.455 3.081 3.523 3.939 0.433
1 5 0.801 0.632 0.674 0.762 0.198
2 1.594 1.280 1.405 1.684 0.333
3 2.413 1.958 2.174 2.632 0.415
4 3.240 2.644 2.962 3.613 0.476
1 6 0.860 0.810 0.810 0.534 0.139
2 1.691 1.671 1.671 1.268 0.263
3 2.543 2.548 2.548 1.974 0.343
4 3.379 3.437 3.437 2.748 0.413
5 3.789 4.454 4.454 3.914 0.529

Table 6: Expected number of tokens in each sub-GSPN and throughput as a
function of N for casesi .

methods can give us rough estimatesfor the dynamic behavior of the system,while
someselectedexact computations provide us with solutions for a models with up
to a few million states in a matter of hours.

5 Conclusion

We presented SNS, the synchronized network solver, and gave an example of its
application to the modeling of a kanban system. Thanks to the compositional
approach and to the approximation algorithms implemented in SNS,models with
very large state spacescan be successfullyanalyzed. For a copy of the program



N i jST j jSV j jS0j local nonzero(Q) nonzero(~P)
1 1 256 0 256 22 960 960
2 10,000 0 10,000 88 62,400 62,400
3 160,000 0 160,000 220 1,280,000 1,280,000
4 1,500,625 0 1,500,625 440 13,965,000 13,965,000
1 2 256 0 256 20 944 944
2 10,000 0 10,000 80 60,800 60,800
3 160,000 0 160,000 200 1,240,000 1,240,000
4 1,500,625 0 1,500,625 400 13,475,000 13,475,000
1 3 160 0 256 20 616 616
2 4,600 0 10,000 80 28,120 28,120
3 58,400 0 160,000 200 446,400 446,400
4 454,475 0 1,500,625 400 3,979,850 3,979,850
5 2,546,432 0 9,834,496 700 24,460,016 24,460,016
1 4 108 0 256 20 360 360
2 2,808 0 10,000 80 15,768 15,768
3 34,240 0 160,000 200 247,296 247,296
4 261,100 0 1,500,625 400 2,194,800 2,194,800
5 1,445,904 0 9,834,496 700 13,463,340 13,463,340
1 5 202 52 256 22 800 852
2 5,472 3,336 10,000 88 35,064 38,400
3 61,600 55,104 160,000 220 492,640 547,744
4 420,625 467,000 1,500,625 440 3,833,000 4,300,000
5 2,075,346 2,075,346 9,834,496 770 20,631,240 23,273,940
1 6 152 8 256 20 600 608
2 3,816 697 10,000 80 23,832 24,529
3 41,000 13,656 160,000 200 316,360 330,016
4 268,475 128,000 1,500,625 400 2,343,050 2,471,050
5 1,270,962 769,480 9,834,496 700 12,025,566 12,795,046

Table 7: Memory requirements as a function of N for casesi .

pleasecontact the �rst author.
Further work on the tool will undoubtedly focus on distributed implementa-

tions to exploit the availabilit y of multiple workstations. This is particularly useful
for the state spaceexploration, where e�cien t distributed state spacegeneration
algorithms havebeendevised[2, 6]. This will easilyallow to managemodelshaving
one order of magnitude larger state spacesthan the onespresented.

Another fundamental feature required in practice will be the useof moresophis-
ticated approximation algorithms, since the exact Markovian solution of realistic
models is likely to exceedthe amount of memory and processingpower we can
access.



N i \explore" \solve" i \explore" \solve"
1 1 not req. 0.083 2 not req. 0.100
2 not req. 8.700 not req. 6.000
3 not req. 436.067 not req. 251.717
4 not req. 6,954.650 not req. 3,300.017
1 3 0.017 0.267 4 0.005 0.150
2 0.967 12.550 0.633 7.583
3 16.267 309.533 11.267 198.883
4 190.500 4,736.400 122.500 3,393.650
5 1,759.000 22,215.257 1,477.317 20,830.417
1 5 0.017 0.283 6 0.017 0.183
2 0.783 21.400 0.517 8.600
3 15.250 401.133 5.967 73.833
4 323.483 4,268.317 75.783 719.750
5 3,988.933 707.483 7,111.681

Table 8: Computational requirements as a function of N for casesi .

N i e1 e2 e3 e4 �
1 1 0.875 0.292 0.494 0.477 0.177
2 1.746 0.471 0.942 1.008 0.316
3 2.637 0.565 1.319 1.487 0.406
4 3.551 0.611 1.622 1.899 0.464
10 9.350 0.660 2.325 3.062 0.565
15 14.334 0.662 2.379 3.200 0.570
1 2 0.903 0.626 0.502 0.372 0.138
2 1.795 1.226 1.014 0.807 0.259
3 2.702 1.785 1.486 1.212 0.344
4 3.623 2.299 1.910 1.575 0.404
10 9.392 4.443 3.480 2.827 0.542
15 14.349 5.297 3.924 3.112 0.563

Table 9: Expected number of tokens in each sub-GSPN and throughput as a
function of N for the Crossaggregation, level 1 on casesi .
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N i jS0j local \solve"
1 1 256 22 0.283
2 10,000 88 0.450
3 160,000 220 0.550
4 1,500,625 440 0.800
10 6,690,585,616 4,840 5.200
15 443,364,212,736 14,960 17.883
1 2 256 20 0.200
2 10,000 80 0.200
3 160,000 200 0.217
4 1,500,625 400 0.433
10 6,690,585,616 4,400 4.783
15 443,364,212,736 13,600 16.633

Table 10: Memory and computational requirements as a function of N for the
Crossaggregation, level 1 on casesi .
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App endix
As an example,we give the input �le for the unstructured GSPN shown in Fig. 1.

void *sns_parameter(){
sns_place_bound->me[0][0] = N; /* place p_m */
sns_place_bound->me[0][1] = N; /* place p_c */
sns_place_bound->me[0][2] = N; /* place p_back */
sns_place_bound->me[0][3] = N; /* place p_out */
sns_transition_type[0] = iv_get(6);
sns_transition_type[0]->ive[0]=600; /* transition t_out */
sns_transition_type[0]->ive[1]=500; /* transition t_in */
sns_transition_type[0]->ive[2]=501; /* transition t_m */
sns_transition_type[0]->ive[3]=0; /* transition t_redo */
sns_transition_type[0]->ive[4]=1; /* transition t_ok */
sns_transition_type[0]->ive[5]=502; /* transition t_back */
sns_reward_rate_no->ive[0] = 2; /* no. of tokens, throughput */

}

void *sns0_enable(unsigned char *type, UCVEC*place, int i, double *rate){
switch (i) {
case 1: /* t_in */

if((place[1] + place[2] + place[3] + place[4]) < N) timed(1.0); break;
case 2: /* t_m */

if((place[1]) > 0) timed(1.2); break;
case 3: /* t_redo */

if((place[2]) > 0) immediate(0.3); break;
case 4: /* t_ok */

if((place[2]) > 0) immediate(0.7); break;
case 5: /* t_back */

if((place[3]) > 0) timed(0.3); break;
case 0: /* t_out */

if((place[4]) > 0) timed(1.0); break;
}

}

void *sns0_fire(UCVEC *place, int i){
switch (i) {
case 1: place[1] += 1; break;
case 2: place[1] -= 1; place[2] += 1; break;
case 3: place[2] -= 1; place[3] += 1; break;
case 4: place[2] -= 1; place[4] += 1; break;
case 5: place[3] -= 1; place[1] += 1; break;
case 0: place[4] -= 1; break;
}

}

void *sns0_initial(UCVEC *place){}

double sns0_reward(UCVEC*place,int i){
switch (i) {
case 0: /* no. of tokens in system */

measure(place[1] + place[2] + place[3] + place[4]); break;
case 1: /* throughput of transition t_m */

if(place[1]>0) measure(1.2); else measure(0); break;
}

}


