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Abstract
Formalisms based on stochastic Petri Nets (SPNs)

can employstructural analysisto ensure that the under-
lying stochastic processis ful ly determined. The focus
is on the detection of con
icts and confusions at the
net level, but this might require to overspecify a given
SPN model. The problem becomes even more critic al
when reward processesof interest derived from the ba-
sic underlying processare considered. Typical examples
are state-dependent impulse reward measures. We pro-
posea de�nition of well-de�ned SPNs, which takesinto
account whether the basic underlying stochastic pro-
cess or the derived reward processesare determined.
A state-space-based algorithm to determine whether a
given SPN is well-de�ned is provided.

Keyw ords: Stochastic Petri net, reward process,con-

ict, confusion.

1 In tro duction
The Petri net (PN) formalism is an excellent tool for

the description of the logical behavior of discrete-state
systemsexhibiting concurrence,synchronization, and
con
ict.

In the performanceand reliabilit y arena, the needto
explicitly model the timing and probabilistic behavior
of a systemfurther led to several de�nitions of related,
but not exactly equivalent, stochastic Petri net (SPN)
formalisms [14, 4, 5, 11, 12].

Most of the work has focussed on SPNs having
an underlying continuous-time Markov chain (CTMC).
This is achieved by associating an exponentially or PH-
type [13] distributed �ring time to each transition.

The continuous support interval [0; + 1 ) of these
distributions implies that the modeler doesnot have to
worry about contemporary events in the model: they
have null probabilit y. However, this property implies
that it is actually di�cult to model systems where
causalconnectionsbetweenuntimed events doesindeed
arise.

This problem was solved in the GSPNs and related
formalisms [4, 2, 3, 6, 11] by intro ducing the immedi-
ate transitions, which �re immediately upon becoming
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enabled. This allows for contemporary �rings, and re-
quires to specify additional information in the model,
to \break the ties". More recently , a classof SPNshav-
ing an underlying discrete-time Markov chain (DTMC)
has been intro duced [10], which extends earlier de�ni-
tions [15]. For theseSPN models,contemporary �rings
becomethe rule morethan the exception,sinceall tran-
sitions �re only at integral times. Also in this case,we
must ensurethat the underlying stochastic processof
interest is fully determined. We then say that such a
SPN is well-de�ned.

The initial approach to break the ties in GSPNswas
to de�ne (global) weightsfor the immediate transitions,
and select the one to �re among those enabledwith a
probabilit y proportional to its weight. This results in a
model whosestochastic behavior is completely de�ned.
The modeler, however, is forced to assign weights to
each immediate transition, hence he must implicitly
know which sets of immediate transitions might be-
comeenabledin somereachable marking, a formidable
task in a large, complex model. The issue is partic-
ularly important if there is a possibility of confusion
among immediate transitions.

In [6], a di�eren t approach is chosen. Weights are
only meaningful locally, within an extended con
ict set
(ECS). Immediate transitions in di�eren t ECSscan be
�red independently , or concurrently , becauseany se-
quentialization of their �ring has the same e�ect. A
structural analysisof the GSPN is performed to de�ne
the ECSs, ensuring that no confusion or con
ict ex-
ists among transitions in di�eren t ECSs. This classof
GSPNs is said to be \de�ned at the net level".

Both approachesto ensurethat the SPN clearly de-
�nes a stochastic processhave advantages and disad-
vantages. Global weights put the burden on the mod-
eler, while local weights are easier to specify and less
prone to change the model behavior in unexpected
and subtle ways which can result in undetectederrors.
However, the structural tests of [6] are basedon neces-
sary, not su�cien t, conditions, hencethey can generate
falsealarms. When this happens,the modeler is forced
to either specify weights which are not going to be used
in the analysis, or ignore the structural analysiswarn-
ings, taking responsibilit y for its consequences.In this
secondcase, the burden on the modeler is analogous
to that required to ensurethat global weights result in
the intended behavior.

We propose a mixed approach, where weights are



meaningful locally, but the determination of whether
the SPN is well-de�ned is performed during the gen-
eration of the underlying stochastic process,not be-
fore. Our approach is more generaland doesnot cause
\false alarms", but it is more computationally expen-
sive. Indeed, it can be usedin conjunction with the ap-
proach in [6], since it applies to the subsequent phase
of the analysis. The work most closely related to ours
is that of Sanders[17] on well-speci�ed Stochastic Ac-
tivit y Networks (SANs). Our contribution can be seen
as an extension of that work, becauseit applies also
to reward structures where impulse rewards are state-
dependent. It should also be noted that Sandersre-
cently generalizedfurther his de�nition of well-speci�ed
SANs [16]. The approach presented here has several
similarities with this later work. Our SPN de�nition
allowsmarking-dependent arc cardinalities, which have
no correspondence in SANs; on the other hand, the
de�nition in [16] associates reward impulses to entire
vanishingpaths (steps, in his terminology), rather than
just individual �rings, henceit is potentially even more
general in this respect.

Sections2 and 3 de�ne the PN and SPN formalisms
we adopt. Section 4 describes stochastic con
icts and
confusions,and how they canbesolved, resulting in the
de�nition of well-de�ned SPNs of Section 5. Finally,
Section 6 o�ers an algorithm to ensurethat a SPN is
indeed well-de�ned.

2 The PN formalism
We recall the (extended) PN formalism used in

[10]. See also [9] for more details on PNs with
marking-dependent arc multiplicities. A PN is a tu-
ple

�
P; T; D � ; D + ; D � ; � ; g; � [0]

�
where:

� P is a �nite set of places, which can contain to-
kens. A marking � 2 INjP j de�nes the number of
tokensin each placep 2 P, indicated by � p (when
relevant, a marking should be considereda column
vector).

� T is a �nite set of transitions. P \ T = ; .

� 8p 2 P; 8t 2 T; 8� 2 INjP j , D �
p;t (� ) 2 IN, D +

p;t (� ) 2
IN, and D �

p;t (� ) 2 IN are the multiplicities of the
input arc from p to t, the output arc from t to p,
and the inhibitor arc from p to t, whenthe marking
is � , respectively.

� � � T � T is an acyclic (pre-selection) priority
relation.

� 8t 2 T; 8� 2 INjP j ; gt (� ) 2 f 0; 1g is the guard for t
in marking � .

� � [0] 2 INjP j is the initial marking.

Placesand transitions are drawn ascirclesand rect-
angles, respectively. The number of tokens in a place
is written inside the place itself (default is zero). Input
and output arcs have an arrowhead on their destina-
tion, inhibitor arcshavea small circle. The multiplicit y
is written on the arc (default is 1); a missing arc indi-
cates that the multiplicit y is 0. The default value for
guards is 1.

Let E(� ) be the set of transitions enabled in
marking � . A transition t 2 T is enabled
in marking � if, and only if, its guard evalu-
ates to 1, its input and inhibitor arc conditions
are satis�ed, and no other transition with pre-
selection priorit y over t is enabled: (gt (� ) = 1) ^�
8p 2 P; D �

p;t (� ) � � p ^
�
D �

p;t (� ) > � p _ D �
p;t (� ) = 0

��

^ (8u 2 E(� ); u 6� t) :
A transition t 2 E(� ) can �re, causing a change to

marking M (t; � ), obtained from � by subtracting the
input bag D �

� ;t (� ) and adding the output bag D +
� ;t (� )

to it: M (t; � ) = � � D �
� ;t (� ) + D +

� ;t (� ) = � + D � ;t (� );
where D = D + � D � is the incidencematrix. M can
be extended to its re
exiv e and transitiv e closure by
considering the marking reached from � after �ring a
sequenceof transitions. The reachability set is then
given by S = f � : 9� 2 T � ^ � = M (� ; � [0] )g; where
T � indicates the set of transition sequences.The reach-
ability graph is (S; A ), where A contains an arc � t+� 0

i� � 2 S, t 2 T, and � 0 = M (t; � ).

3 The SPN formalism
A SPN is obtained by associating random durations

to the �ring time of the PN transitions. If no restriction
is placedon the distributions, the state s of a SPN has
a discrete structural component, the marking � , and
a continuous timing component, the remaining �ring
times (RFTs) � : s = (�; � ) 2 INjP j � (IR0) jT j , where
we de�ne IR0 = [0; + 1 ) and IR+ = (0; + 1 ). For each
transition t, � t is the time that must elapsewhile t is
enabled,before it can �re. If we do not reset � t when t
becomesdisabled, we can model an \age memory" be-
havior [1]. Otherwise, if we resampleit when t becomes
enabledagain,wecanmodel an \enabling memory" be-
havior [1]. Any mixture of these behaviors, and other
more complex onesare included in our de�nition.

Using the terminology of [1], we assume a \race
policy": only the enabled transitions with the min-
imum RFT can �re in a given state. In addition
to the distribution of the �ring times, stochastic in-
formation might be required to fully de�ne the be-
havior of the SPN, since multiple enabled transitions
might have the sameminimum RFT in a state. The
weights are used to determine the probabilit y that
a given one �res �rst. Formally, a SPN is a tuple�
P; T; D � ; D + ; D � ; � ; g; � [0] ; F; � [0] ; �� ; C; w

�
where:

�
�
P; T; D � ; D + ; D � ; � ; g; � [0]

�
de�ne a PN.

� 8� 2 S; 8t 2 E(� ); 8u 2 T; 8� u 2 IR0; Ft;u (�; � u ; �)
is the cumulativ e distribution function (CDF) for
the new RFT of u when t �res in marking � , and
the RFT of u just before the �ring of t was � u .

� 8t 2 T; � [0]
t 2 IR0 is the initial RFT of t.

� �� � T � T is an acyclic (post-selection)priorit y
relation.

� C is a partition of T into weight classes. Let Ct
be the weight classcontaining transition t 2 T.



� 8� 2 S; 8t 2 E(� ); 8S � Ct \ E(� ); wt jS (� ) 2 IR+

is the �ring weight for t in marking � when S is
the set of candidates (seethe following) to �re in
the sameweight classas t.

We now formalize the dynamic evolution of a SPN.
At time � 1, the SPN is in state s(� 1) = (� (� 1); � (� 1)).
If E(� (� 1)) is empty, the state is absorbing. Other-
wise, let � � = mint 2E ( � ( � 1 )) f � t (� 1)g be the minimum
RFT among the enabledtransitions and � 2 = � 1 + � � .
Then, at any time � 0 2 [� 1; � 2), the state is s(� 0) =
(� (� 1); � (� 0)), where

� t (� 0) =
�

� t (� 1) if t 62E(� (� 1))
� t (� 1) � (� 0 � � 1) if t 2 E(� (� 1))

This meansthat the RFT of each transition is decre-
mented by the amount of time elapsedwhile being en-
abled. At time � 2, at least one RFT reacheszero, and
the corresponding transitions attempt to �re. The no-
tation for the \state at time � " needsthen to bere�ned.
If one or more �rings occur at time � :

� lim � 0! � + s(� 0) = s(� + ) and lim � 0! � � s(� 0) =
s(� � ) normally di�er.

� We de�ne the state at time � as the new state
reached after any �rings occurring at time � :

s(� ) def= s(� + ).

� Assuming n �rings occur, we need to denote the
n � 1 intermediate states visited during these �r-
ings: s(� ; i ) = (� (� ; i ); � (� ; i )) ; i 2 f 1; 2; : : : ; n � 1g
is the i -th state entered at time � . Also, let

s(� ; 0) = (� (� ; 0); � (� ; 0)) def= s(� � ) and s(� ; n) =

(� (� ; n); � (� ; n)) def= s(� ).

Continuing our example, if only one transition t 2
E(� (� 1)) has the minimum RFT � � , it �res imme-
diately at time � 2, and the new state of the SPN
is s(� 2) = (� (� 2); � (� 2)) = M (t; s(� 1)), where M
has been extended from markings to states: � (� 2) =
M (t; � (� 1)), and 8u 2 T; � u (� 2) is a random deviate
from the distribution Ft;u (� (� 2; 0); � u (� 2; 0); �), that is,
from Ft;u (� (� 1); � u (� 1) � � � ; �), if u 2 E(� (� 1)), and
from Ft;u (� (� 1); � u (� 1); �), otherwise.

If multiple transitions reach a zeroRFT at the same
time, we choose one to �re among them, say t, ac-
cording to the post-selectionpriorit y and the weights.
In the new marking, sometransitions might still have
a zero RFT, so they can �re immediately, depending
on the e�ect of the �ring of t on the marking and on
the RFTs, and so on, until we reach a state where
no enabled transition has a zero RFT. Formally, a
transition t 2 T is said to be a candidate in state
s(� ) = (� (� ); � (� )) i� t 2 E(� (� )) ^ � t (� ) = 0 ^ (8u 2
T; u 6�� t _ u is not a candidate in s(� )): That is, a tran-
sition t is a candidate in s(� ) if it is enabled,its RFT is
zero,and no other candidatehaspost-selectionpriorit y
over it.

Let C(s) be the set of candidatesin state s = (�; � ).
Then, transition t 2 C(s) is chosento �re among the

transitions in its weight classCt w.p.

ŵt jC(s) \ C t (� ) =
wt jC(s) \ C t (� )

X

u2C (s) \ C t

wu jC(s) \ C t (� )

Unlike [11], no �ring probabilit y is de�ned when t1 and
t2 are candidatesbelonging to di�eren t classes.

We adopt the GSPN terminology and call a state s
tangible if C(s) = ; , vanishing otherwise.

4 Sto chastic con
ict and confusion
Fig. 1 shows three SPNs and their underlying ba-

sic process. For all three, s(0) = (1100; cc� ), where
� indicates a \no-value" RFT for t3, meaning that its
�ring time must be resampled as soon as it becomes
enabled. Consider the �rst SPN. At time c� , the state
is s(c;0) = (1100; 00� ). SinceC(s(c;0)) = f t1; t2g, the
state is vanishing. Then, either t1 or t2 �res next, with
probabilit y � or 1 � � , and the next state s(c;1) is
(0110; � 0� ) or (1001; 0� 0), respectively (note that �
is de�ned by the SPN i� Ct 1 = Ct 2 ). If s(c;1) =
(0110; � 0� ), the new state is again vanishing, and t2
�res immediately, leading to state s(c;2) = (0011; � � 0),
also vanishing. Finally, t3 �res, leading to the tangi-
ble (absorbing) state s(c) = s(c;3) = (0010; � � � ). If
s(c;1) = (1001; 0� 0), the new state hastwo candidates,
t1 and t3, with probabilit y � and 1 � � , respectively,
and so on, until reaching state (0010; � �� ). Any path
from s(0) = (1100; cc� ) results in s(c) = (0010; � �� )
with probabilit y one.

In the secondSPN, the �ring of t3 alsomovesa token
from p1 to p3, thus disabling t1. The choices labeled
with probabilities � vs. 1 � � and � vs. 1 � � corre-
spond to reaching tangible states s(c) = (0011; � �� )
or s(c) = (0010; � � � ). These two events happen with
probabilit y � + (1 � � )� and (1 � � )(1 � � ), respec-
tiv ely. The �rst choice probabilistically resolvesa con-
fusion, while the secondresolves the con
ict created
by the confusion. It is interesting to note that, from a
stochastic point of view, there is no di�erence between
confusion and con
ict. Both expressthe fact that dif-
ferent states can be reached according to the choice of
sequentialization for transitions attempting to �re at
the sametime, and both must be resolved by assigning
appropriate probabilities.

Finally, in the third SPN, the �ring of t3 moves all
tokens(either zeroor one) from p1 to p3. We still have
a confusionbetweent1 and t2, but the resulting con
ict
betweent1 and t3 is a new type of asymmetric con
ict
due to marking-dependent arc cardinalities. The �ring
of t3 disablest1, but not vice versa. Here,asin the �rst
case,the tangible state at time c is s(c) = (0010; � �� )
with probabilit y one. However, sequenceswith di�er-
ent �ring counts lead to this state.

If we are only interested in the tangible-to-tangible
transitions, � and � are relevant only for the second
SPN. If we are also interested in the number (but not
the order) of �rings, then � and � becomerelevant for
the third SPN as well.
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Figure 1: Stochastic con
icts and confusions.

5 Well-de�ned SPNs
We now intro ducethe conceptof well-de�ned SPNs,

and provide a state-space-basedalgorithm to determine
when a SPN satis�es it.

First, we needto de�ne the \sto chastic processun-
derlying a SPN". Often, this is takento meanthe mark-
ing at time � , f � (� ) : � 2 IR0g. However, this takesinto
account only information regarding the sojourn of to-
kens into places,not the �ring of transitions. A more
detailed processis needed:

De�nition 5.1 The underlying stochastic
process for a SPN, or basic process, is
f (t [n ]; � [n ] ; � [n ]) : n 2 INg, where, for n > 0,
t [n ] 2 T is the n-th transition to �re, in
marking � [n � 1] , � [n ] is the time at which it
�res, and � [n ] is the new marking reached
with this �ring (t [0] = N ULL , � [0] = 0, and
� (� ) = � [n̂ ], where n̂ = maxf n : � [n ] � � g is
the number of �rings up to time � ).

In our notation, � [0] and � (0) represent di�eren t
concepts. The former is the initial marking, beforeany
�ring. The latter is the marking at time 0+ , that is,
after any �ring occurring at time 0. The two can di�er
if a transition has a zero RFT initially .

De�nition 5.2 A SPN is well-de�ned if its
basic processis completely de�ned, that is, if
8n 2 IN; 8t 2 T; 8� � 0; 8� 2 INjP j ; Prf t [n ] =
t; � [n ] � � ; � [n ] = � g is completely determined
by the elements of the SPN.

Hence,any stochastic con
icts and confusionsmust
be resolved by post-selection priorities or weights. If
any is unresolved, the SPN is not well-de�ned.

In practice, we are normally interested in stochastic
reward processesderived from the basic process[11].

De�nition 5.3 f Y (� ) 2 IR : � 2 IR0g is a
reward processderived from the basic process
through the reward structure (�; r ) if:
Y (� ) =

R�
0 � (� (u))du +

P
1� n � n̂ r t [n ] (� [n � 1])

=
P

0� n< n̂ � (� [n ]) � (� [n +1] � � [n ]) + � (� [n̂]) �
(� � � [n̂ ]) +

P
1� n � n̂ r t [n ] (� [n � 1]) wherethe re-

ward rates � : INjP j ! IR describe the rate at
which reward is accumulated in each marking
and the reward impulsesr : (T � INjP j ) ! IR
describe the impulse accumulated when each
transition �res in each marking.

It is then possiblefor the reward processto be well-
de�ned, even when the basic processis not.

De�nition 5.4 A SPN is well-de�ned with
respect to a reward structure (�; r ) if
Prf Y (� ) = yg is completely determined by
the elements of the SPN.

Corollary 5.1 A well-de�ned SPN is well-
de�ned with respect to any reward structure.

Note that the SPN might not be well-de�ned even
if the underlying untimed PN does not contain con-

icts or confusions. In the �rst example of Fig. 1, if
t1, t2, and t3 are in di�eren t weight classes,� and �
are not de�ned. Most reward processesof interest are
not a�ected by thesechoices,sowe could �re t1 and t2
\concurrently". Equivalently , we could enforcea par-
ticular sequentialization of t1, t2, and t3, for example
(t1; t2; t3), and ignore the other \equivalent" ones. De-
tecting thesesituation is one of the goalsof the struc-
tural analysis of [6]. However, the value of � and � is
relevant for the reward processY(� ) = \the number of
�rings of t3 occurring while t1 is disabled, during the
interval (0; � ]". In this case,t1, t2, and t3 must be in
the sameweight class,resulting in � = ŵt 1 jf t 1 ;t 2 g(1100)
and � = ŵt 1 jf t 1 ;t 3 g(1001).

On the other hand, weights might not have to be
de�ned in a SPN even if the underlying PN exhibits
con
ict and confusions. For an extreme case,consider
a constant zero reward process,for which the SPN is
always well-de�ned. More interestingly, consider the
reward processY(� ) = \the amount of time #( p1) =
#( p2), during the interval (0; � ]" in the secondSPN,
or any reward processwhich disregards the �rings of
t1 in the third SPN. The two SPNs are well-de�ned
with respect to these processes,even if they are not
well-de�ned (with respect to their basic processes).

We can focus on the instants of transition �rings,
since the semantics of the SPN evolution during in-
stants of time where there is no �ring is determined by
the race behavior. In other words, stochastic con
icts
and confusionsare more likely to occur in DDP-SPNs
[10] (or in other SPN de�nitions with discreteor mixed-
time distributions) than in GSPNs [4, 6], but they can
be treated with a uniform approach.

In the next section, we examinean algorithm to de-
termine whether a SPN is well-de�ned with respect to a
reward process(strictly speaking, it is a semi-algorithm



becauseit is not guaranteed to terminate if the number
of states to be consideredis in�nite, a common limita-
tion for any approach basedon the enumeration of the
state space).

We observe that the de�nition of the basic and re-
ward processesgiven above have a strong \sim ulation

a vor". If indeed simulation is used for the solution,
our algorithm can be applied every time a vanishing
state is encountered. This will ensure that the SPN
is well-de�ned or that, if it is not, none of the unre-
solved stochastic con
icts and confusionswas encoun-
tered during the simulation runs. Either way, the re-
sults of the simulation are \reliable".

If the SPN has su�cien t restrictions on the �r-
ing times, its underlying processmight be a DTMC,
CTMC, or a Markov-regenerative process (MRGP),
also known as semi-regenerative process Numerical
methods can then be employed for the transient or
steady-state solution of the processesof interest, pro-
vided the number of reachable markings is �nite [11,
10, 7, 8, 12]. In all cases,the algorithm requires to
generate a \state-space" where the RFT information
is implicitly encoded in the discrete part of the state
(the marking, or the marking plus the \phase" of the
RFT if discrete or continuous time phasedistributions
are used).

Regardlessof whether simulation or a numerical
method is employed, stochastic con
icts and confusions
can arise only under these conditions: (1) multiple
transitions attempt to �re at the sametime (for GSPNs
and related models, this can happen only with imme-
diate transitions, since contemporary �rings of timed
transitions have probabilit y zero), (2) at least two of
them are in di�eren t weight classes,and (3) they have
no post-selectionpriorit y de�ned between them. Our
algorithm checks whether the SPN is not well-de�ned
by testing for these conditions. If they are satis�ed,
it can further check whether the reward process(es)of
interest are not well-de�ned as well.

6 The algorithm
The algorithm described in this sectionexaminesev-

ery possibleordering of contemporary transition �rings
starting from a vanishing state s and until tangible
states are reached. The input is:

� a SPN (P; T; D � ; D + ; D � ; � ; g; � [0] ; F; � [0] ; �� ; C;
w), with a vanishing initial state, s = s(0� ) =
(� [0] ; � [0] ), and

� a set of impulse reward functions M =
f r 1; :::; r jM j g, where r m

t (� ) 2 IR is the impulse re-
ward obtained when �ring transition t in mark-
ing � according to the m-th reward structure,
1 � m � jM j (reward rates are not needed).

If the SPN is well-de�ned, the output is the set of tan-
gible states Ts reachable from s in zero time Ts = f �s :
Prf s(0) = �s j s(0� ) = sg > 0g and the set Ps =
f (
 �s; � �s)j �s 2 Tsg, where 
 �s 2 IRjM j and � �s 2 (0; 1].
(
 �s; � �s) 2 Ps represents all possible paths to a sin-
gle tangible state �s 2 Ts starting from the vanishing
state s, where � �s is the sum of the path probabilities,

and 
 �s = (
 1
�s ; :::; 
 jM j

�s ) is a vector containing, for ev-
ery impulse reward function r m 2 M , the accumu-
lated reward value 
 m

�s along these paths. The prob-
abilit y of reaching tangible state �s in zero time from
s is Prf s(0) = �sjs(0� ) = sg = � �s, and the m-th ex-
pected accumulated impulse reward in reaching it is
E [Y m (0) j (s(0� ) = s ^ s(0) = �s)] = 
 m

�s .
If the SPN is not well-de�ned, the behavior of the al-

gorithm dependson the type of problemsencountered:

� If the probabilit y � �s of reaching somestate �s 2 Ts
from s cannot be determined, the algorithm as-
sumes, conservatively, that all reward processes
derived from the SPN are also not well-de�ned
and it issuesan error message.It could indeed be
the casethat the marking reached doesnot a�ect
the further evolution of the reward process,but
this would require a more global understanding of
the stochastic processand of the reward structure
than it seemsreasonableto assume. We call this
caseprobability-confusion.

� If the probabilit y of reaching the states in Ts from
s can be determined, but multiple �ring sequences
can lead to a given state �s 2 Ts and the SPN does
not provide enough information to compute their
probabilit y individually , the reward structures de-
termine whether the derived reward processesare
well-de�ned or not. If the di�eren t �ring sequences
result in the sameaccumulated impulse rewards,
there is no need to distinguish among them, and
the reward processesare well-de�ned. Otherwise,
if di�eren t �ring sequencesleading to �s accumu-
late di�eren t reward impulses and the SPN does
not provide a way to compute their probabilit y
individually , E [Y m (0)js(0� ) = s ^ s(0) = �s] it-
self cannot be computed. In this case, the SPN
is guaranteed to be not well-de�ned with respect
to the corresponding reward structure (�; r m ) and
the algorithm issuesan error. We call this case
reward-confusion.

For simplicit y, the algorithm assumesthat there ex-
ists a unique x for which Ft;u (�; � u ; x) = 1. If this is
not the case,the �ring of t results in multiple states,
di�ering only in the RFTs, and the algorithm should
be adjusted accordingly.

The reachabilit y graph exploration could be
restarted after a probabilit y- or reward-confusion is
found and the user has supplied the missing informa-
tion to resolve it. However, the same task could be
performed \on-line", continuing the exploration after
the user rede�nes someweight classesor post-selection
priorities, as long as the new information is \consis-
tent" with that previously available. Fig. 2 shows the
algorithm. Parameter calls can be by value (in), by
reference (out), or by value-reference (inout).

The initial call is \tra v(s; Ts; Ps)", where s is the
initial vanishing state and Ts is initially empty. The
�rst loop of the procedure \tra v" partitions all candi-
date transitions of s into sets of candidate transitions
Ĉi = C(s) \ Ci belonging to the sameweight class.

The second(innermost) loop calculates,for every set
Ĉi , the set of paths Ps;Ĉ i

� Ps, which start with the



pro cedure trav( in : s � (�; � ); inout : Ts ; out : Ps )
Ps = ; ;
foreac h Ci 2 C do

Ĉi = C(s) \ Ci ; Ps; Ĉ i
= ; ;

foreac h t 2 Ĉi do
� 0 = � � D �

� ;t (� ) + D +
� ;t (� );

f t = ŵt j Ĉ i
(� );

8u 2 T; � 0
u = \new value according to F t;u (�; � u ; �)";

s0 = (� 0; � 0);
if C(s0) 6= ; then # s0 is vanishing

trav(s0; Ts ; Ps0);
Ps;t =

S
( 
 0

�s ;� 0
�s ) 2P s 0

f (
 �s ; � 0
�s f t ) j 8m 2 f 1; : : : ; jM jg;


 m
�s = (
 0

�s
m + r m

t (� )� 0
�s )f t

	
;

else # s0 is t angible
if s0 62Ts then Ts = Ts [ f s0g;
Ps;t = f (
 s0; f t ) j 8m 2 f 1; : : : ; jM jg; 
 m

s0 = r m
t (� )f t g ;

Ps; \ =
S

( 
 �s ;� �s ) 2P s;t :( 
 0
�s ;� 0

�s ) 2P s; Ĉ i

f (
 �s + 
 0
�s ; � �s + � 0

�s )g ;

Ps; Ĉ i
=

S
( 
 �s ;� �s ) 2P s;t [P s; Ĉ i

:( 
 0
�s ;� 0

�s ) =2P s; \
f (
 �s ; � �s )g [ Ps; \ ;

if Ps = ; then Ps = Ps; Ĉ i
;

else if Ps 6= Ps; Ĉ i
then stop; # err or

end pro cedure

Figure 2: Algorithm for well-de�ned SPNs.

�ring of transitions from Ĉi . Every transition t 2 Ĉi is
�red accordingto its �ring probabilit y f t leading to the
new marking � 0. The new RFTs � 0 are obtained from
� by applying the appropriate racepolicy [1], resulting
in the new state s0 = (� 0; � 0).

If s0 is vanishing, the recursivecall \tra v(s0; Ts; Ps0)"
exploresfurther reachable statesand computesPs0, as-
suming that the vanishing reachabilit y graph created
from s is acyclic and that no probabilit y- or reward-
confusion occurred. The e�ect of �ring t, which led
to s0, is added to Ps0, resulting in the subset of all
paths Ps;t � Ps, which start with the �ring of t in s.
Thus, the instantaneousimpulse reward r t (� )� 0

�s gained
by �ring t in � , reaching tangible state �s, is added to
the corresponding accumulated impulse rewards 
 0

�s of
Ps0. Then, all accumulated impulse rewards and the
path probabilit y of going from s0 to �s are multiplied by
the �ring probabilit y f t of the transition t which �red
in s.

If s0 is tangible, the recursionterminates, s0 is added
to the set of tangible statesTs, if not already there, and
a singleinitial direct path from s to s0 is createdin Ps;t .
The instantaneousimpulse reward gainedby the �ring
of t with probabilit y f t in � is stored in 
 s0.

Finally, for every iteration over all t 2 Ĉi , the set
Ps;t is obtained and aggregatedin Ps;Ĉ i

which is ini-

tially empty for every set Ĉi . During a single iteration
Ps;t and the old Ps;Ĉ i

are uni�ed in two steps,because
multiple paths going to the same tangible state have
to be eliminated and grouped into one, resulting in the
new Ps;Ĉ i

:

1. Paths in both (
 �s; � �s) 2 Ps;t and (
 0
�s; � 0

�s) 2 Ps;Ĉ i

going to the sametangible state �s are aggregated
in the intersection Ps;\ , where the corresponding

accumulated impulse rewards and path probabili-
ties are added, (
 �s + 
 0

�s; � �s + � 0
�s).

2. All remaining paths of Ps;t and Ps;Ĉ i
not included

in Ps;\ , namely paths going to di�eren t tangible
states, are aggregatedin the new Ps;Ĉ i

, together
with Ps;\ .

Probabilit y- or reward-confusion cannot occur
among transitions of Ĉi : 8Ĉi ;

P
( 
 �s ;� �s )2P s; Ĉ i

� �s = 1.

The SPN is not well-de�ned if a vanishing state s
is encountered such that Ps;Ĉ i

6= Ps;Ĉ j
, for di�er-

ent sets of candidate transitions Ĉi 6= Ĉj . The
depth-�rst search ensuresthat a minimal set of tran-
sitions causing the SPN to be not well-de�ned is
found, since the test is performed in every vanish-
ing state. Then, probabilit y-confusion and reward-
confusion correspond, respectively, to the conditions

9(
 �s; � �s) 2 Ps;Ĉ i
; 9(
 0

�s; � 0
�s) 2 Ps;Ĉ j

: � �s 6= � 0
�s and

9m; 9(
 �s; � �s) 2 Ps;Ĉ i
; 9(
 0

�s; � 0
�s) 2 Ps;Ĉ j

: 
 m
�s 6= 
 0

�s
m .

The SPN is instead well-de�ned with respect to the
reward structures if the following condition holds for
all vanishing states s generated by the algorithm:
8Ĉi ; Ĉj ; Ps;Ĉ i

= Ps;Ĉ j
.

In the description, we assumethat the SPN starts at
time zero in state s(0� ) with probabilit y Prf s(0� ) =
sg = 1 and that it hasno accumulated reward initially ,
E [Y (0� )] = 0. When our algorithm is used within
the overall state spaceexploration, thesevaluescan be
usedappropriately. This is possiblebecauseour de�ni-
tion assumestime-homogeneousdistributions and re-
ward structures.

Before concluding this section, we observe that the
complexity of the proposedalgorithm as stated is pro-
portional to the number of paths going through the
vanishing markings and ending in a tangible marking.
However, if the setof vanishingstatesis kept during the
recursive calls, the complexity is reducedto be propor-
tional to the number of arcs in the vanishing portion
of the reachabilit y graph, thus analogousto any other
algorithm for the exploration of the state space.

7 Conclusion
We extended Sanders'swork [17], which is appro-

priate for constant reward impulses and constant car-
dinalit y arcs. Our marking-dependent generalizations
require a non-trivial extension of all de�nitions, since
�ring the same set of transitions in a di�eren t order
might lead to di�eren t markings. [17], and more re-
cently [16], allow for an unspeci�ed probabilit y when
choosingwhich transition to �re next, and examineaf-
ter the fact whether that choice makesa di�erence (if
it does, the model is not \w ell-speci�ed"). We instead
say that the SPN is not \w ell-de�ned" if the proba-
bilistic evolution of the underlying stochastic process
cannot be determined. This includes the sequencingof
�rings occurring at the sameclock time so it is more
restrictiv e.

We then intro duce the notion of \w ell-de�ned with
respect to a reward structure". A well-speci�ed SPN
according to [17], may be not well-de�ned with respect



to a reward structure, if marking-dependent impulse
rewards are used, while a not well-speci�ed SPN may
be well-de�ned with respect to a reward structure, if
no reward impulsesare usedin the reward structure.
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