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Abstract

Stochastic Petri nets (SPNs) with generally dis-
tributed ring times are isomorphic to generalized
semi-Markov processes(GSMPs), but simulation is
the only feasible approac for their solution. We ex-
plore a hierarchy of SPN classesvheremodeling power
is reducedin exchangefor an increasingly e cien t so-
lution. Generalizedstochastic Petri nets (GSPNSs), de-
terministic and stochastic Petri nets (DSPNs), semi-
Markovian stochastic Petri nets (SM-SPNs), timed
Petri nets (TPNs), and generalizedtimed Petri nets
(GTPNSs) are particular ertries in our hierarchy. Ad-
ditional classesof SPNs for which we shaov how to
compute an analytical solution are obtained by the
method of the embedded Markov chain (DSPNs are
just one example in this class) and state discretiza-
tion, which we apply not only to the contin uous-time
case(PH-type distributions), but alsoto the discrete
case.

1 Intro duction

About onedecadeago, Molloy [16], Natkin [18], and
Symons [19] independertly proposed ass@iating ex-
ponertially distributed ring delaysto transitions of a
Petri net. Generalizedstochastic Petri nets (GSPNSs),
introduced by Ajmone Marsan, Balbo, and Conte in
[2], relax this condition by also allowing transitions
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rings in constart zerotime. Stochastic activity net-
works (SANSs) [15] and stochastic reward nets (SRNS)
[9] are two other classesof Petri nets in which tran-
sition ring is either exponertially distributed or con-
stant zero. GSPNs, SANs, and SRNs are isomorphic
to cortinuous-time Markov chains (CTMCs).

The needfor non-exponertially distributed transi-
tion ring timesin SPNshasbeenobsened by seweral
authors. Bedhtta, Geist, Nicola, and Trivedi de ned
extended stochastic Petri nets (ESPNSs) [4] in which
the ring delay of timed transitions may have arbi-
trary distribution. The numerical solution for ESPNs
is applicable when the underlying stochastic behavior
is a semi-Markov process.Ciardo proposedseeral ex-
tensionsto ESPNsand called this modeling formalism
semi-Markov SPNs (SM-SPNs) [8]. Deterministic and
stochastic Petri nets (DSPNSs) introduced by Ajmone
Marsan and Chiola [3] as an extensionto GSPNs in-
clude exponertially distributed and constart timing.
If at most one deterministic transition is enabledin a
marking, the steady state solution can be computed
using an embedded Markov chain. Timed Petri nets
(see [20] as a recent survey paper) and generalized
timed Petri nets [13] employ a discrete time scalefor
their underlying Markov process.Timed transition in
TPNs and GTPNs re in three phasesand the next
transition to re is preselectedaccordingto a proba-
bilit y distribution.

Recerly, the classof extended DSPNs hasbeenin-
troduced [11]. In extended DSPNSs, transitions with
arbitrary distributed ring times are allowed under
the restriction that at most one transition with non-
exponertially distributed ring time is enabledin eadh
marking. General formulas for the steady-state solu-
tion of extendedDSPNswerederived by the method of
supplemenary variables. In casethe non-exponertial
distributions are piecewisespeci ed by polynomials,



an e cien t numerical solution is possible. Further-

more, Choi, Kulkarni, and Trivedi introduced the

classof Markov regenerative SPNs(MR-SPN) in [6, 7]

which is equivalent to the classof extended DSPNSs.

The authors obsened that the stochastic processun-

derlying a MR-SPN is a Markov regenerative process
and derived general formulas for the transient and

steady-state solution. The transient solution method

employs inversion of matrices containing expressions
of Laplace-Stieltjes transforms and the inversion of

Laplace transforms.

In this paper, we explore various subclasses of
SPNs, obtained by imp osingrestrictions on the combi-
nations of ring distributions typesallowed or on the
e ect of a transition ring on the other enabledtran-
sitions. This leadsto a hierarchy of SPN classesvhere
modeling power is reducedin exchangefor an increas-
ingly e cien t solution. GSPNs, DSPNs, SM-SPNs,
TPNs, and GTPNs are particular ertries in our hier-
archy. Furthermore, we show that state discretization
can be applied to both the continuous-time and the
discrete-time case. The class of Discrete-time SPNs
introduced by Molloy [17] is then extended by allow-
ing arbitrary discrete ring time distributions rather
than only the geometric distribution.

We introduce the semi-regeneratie SPNs (SR-
SPNs) for which we showv how to compute the steady
state solution by embedding a Markov chain at ap-
propriately de ned regeneration points. The ewlu-
tion of a SR-SPN between regeneration points is not
restricted to be a CTMC, as for MR-SPNs and ex-
tended DSPNs. Thus, we relax the restriction that in
any marking at most one timed transition with non-
exponertially distributed ring delay is enabled. In
Section4, we presen a SR-SPNsof atransmissionline,
where two deterministic transitions are concurrertly
enabled. We consider in particular SR-SPNswhere
all transition ring distributions can be piecewisede-
ned by polynomials multiplied with exponertial ex-
pressions. This classof probability distribution is re-
ferred to as explynomial distributions and includes
the exponertial aswell asthe constart distribution as
special cases.

The paper is organized as follows. Section 2 de-
nes SPNsand describestheir behavior. A hierarchi-
cal classi cation of SPNs accordingto the underlying
stochastic processis preseried in Section 3 and the
feasibility of their numerical solution is discussed.To
illustrate the numerical solution method of SR-SPNs,
a SR-SPN of a simple transmission line is analyzedin
Section 4. Finally, concluding remarks are given.

2 Stochastic Petri nets

Throughout this paper, we adopt the common for-
malism introduced for Petri nets in which transi-
tion rings is augmerted with time [9]. We consider
stachastic Petri nets (SPN) in which rings of timed
transitions is an atomic operation and two types of
transitions exist: immediate transitions, which re
without delay, and timed transitions, which re af-
ter a random ring delay. The ring of immediate
transitions has priority over the ring of timed tran-
sitions. Each immediate transition has assaiated a
weight which determinesits ring probability in case
this transition is conicting with someother immedi-
ate transition. The ring delay of ead timed tran-
sition is specied by a probability distribution func-
tion. As a consequencethe reacability set of a SPN
can be divided into vanishing and tangible markings
depending on whether an immediate transition is en-
abled. The tangible markings of a SPN correspond
to the states of an underlying stochastic process,the
marking process Firing weights of immediate transi-
tions, average ring delays of timed transitions, and
arc multiplicities may be marking-dependert.

A timed transition is denoted by t, the set of all
timed transitions by T. A tangible marking is de-
noted by , the tangible reachability setby S. E( )
is the set of transitions enabled in marking and
Si=f 2Sjt2 E( )gisthe setof markings where
t 2 T is enabled. Fi(; ) is the probability distri-
bution function for the ring time of t in If this
distribution is not marking dependert, we write F¢().

We consider only the casewhere the ring time
distribution may depend on the marking through a
\scaling factor" [1]. De ne the average ring time of
transition t in marking as:

Z,
8 2S5 : fi()= 1 F(; )d

Then, we require that

8 2S5 : F(; )=F 0

where F;() is the \normalized ring time distribu-
tion" of t, which hasaverageoneand is not a marking-
dependert quartit y.

To specify the inuence of the ring of a transi-
tion on the ring processof other transitions enabled
in the current marking, exeution policies have been
introduced in [1]. We allow di erent execution poli-
cies for timed transitions in a SPN which may also
depend on the marking [10]. Dene es( ) 2 fR;Cg



to be the execution policy to be usedfor transition s
when transition t res in marking . If es( ) = R,
transition s \Restarts" (samplesa new random delay
from the assaiated distribution); if e.s( ) = C, it
\Continues".

2.1 Stochastic behavior

The tangible marking of the SPN as a func-
tion of the time is described by a continuous-time
stochastic process.the marking process f f g; Og
or by a discrete-time bivariate stochastic process[9]:
f( M; M)y : n 2 INg, where [l is the instant of
time when a timed transition res and [ is marking
reached after this ring. [ is zeroand [ is the
initial marking.

Consider now the remaining ring time (RFT) of
ead timed transition after a change of the mark-
ing. The RFT of transition t enabledin marking [,
t[”], speci es the time to be spert in markings en-
abling t beforetransition t can re. The transition t
with the minimum RFT enabledin [ res at time

+1] = 4+ M |f the ring time distributions
of two or more transitions enabledin a marking have
jumps at the sameinstants of time, the probability of
them having the sameRFT is positive. We do not con-
sider this case,although weights can be usedto de ne
a probability massfunction over thesetransitions.

At time [ the RFT of ead timed transition en-
abledin the initial marking is given by a random sam-
ple, rand(F;( [;)), from the ring time distribution
assaiated with this transition (all other RFTs are un-
de ned). If transition t 2 E( [) has the minimum
RFT, at time [, the RFT " of any other tran-
sition s 2 E( 1) at time U = M4+ Mg

rand(Fs( ")) if s (") = R_s62E( ")

( s[n] t[n]) fo( 1)

fo( M) if es ( [n]) =C"s2E( [“])

Using the terminology of [1], this behavior corresponds
to a\race policy", sincethe minimum RFT determines
the next transition to re. After the ring of atimed
transition, the next tangible marking is reached either
directly or after the ring of immediate transitions.
The probability of branching to marking after the
ring of timed transition t in marking is t;
The following ring time distributions are impor-
tant in practical applications:
constant. X PrfX
g=0if

Const(c);c 0 ,
<c 1lif C.

geometric: X Geom(p;!);0 < p 1;!
0, Prix g=1 (@ pbrc where! is
the length of the unit step. The constart distri-
bution is a special case: Const(c) is equivalert to
Geom(1;c).

discrete: X Discr , the distribution func-
tion of X is obtained asa weighted sum of a ( nite

or countably in nite) number of constart distri-
butions. The geometric distribution is a special
case. It is possibleto approximate any distribu-
tion arbitrarily well by using a su cien tly large
number of elemers in the weighted sum.

exmpnential: X Expo( ); >0, PrfX
g=1 e This distribution approades
Const(0) as increases.

uniform: X Unif(a;b);b>a 0, PrfX
g=0if <a,( a)=b a)ifa b, and

1if b. This distribution approadces Const(b)
as a approadesh.

polynomial: X Poly , the distribution func-
tion of X is piecewisede rl*!ed by polynomials in
(expressionsof the form = ;& ';a 2 IR) and
has nite support [ min ; max - The nite discrete
and uniform distributions are special cases. It is
possibleto approximate any distribution arbitrar-
ily well by using either a su cien tly large number
of polynomials of small degree(e.g., constarts, as
for the discrete distributions) or by using a poly-
nomial of su cien tly large degree.

explynomial: X Expoly the dis-
tribution function of X is piecewisede ned by
g,xpolyfglomials in (expressions of the form

in:O jm:O ajj 'e i va; 2 IRy 5 2 [0;+1)).
The polynomial and exponertial distributions are
special cases.

3 SPNs with ecien t solution

In this section, we describe se\eral typesof behavior
which might renderthe solution analytically tractable.
This leadsto a hierarchy of SPN classeswhere mod-
eling power is reducedin exchangefor an increasingly
e cien t solution. The classesare de ned by the un-
derlying stochastic process.

3.1 Mark ov SPNs

The main obstacleto an analytical solution is the
presenceof the RFT in the state description. If the



ring time distribution of t is memoryless,the RFT
of t in  hasthe samedistribution as the ertire r-
ing time, F¢(; ), hence,there is no needto include
it in the state description. Accordingly, two classes
of SPNs were de ned: we call them \CTMC-SPNs",
where all distributions are exponertial [16, 18], and
\DTMC-SPNs", whereall distributions are geometric
[17], since the marking processf () : Og is a
contin uous-time Markov chain (CTMC) or a discrete-
time Markov chain (DTMC), respectively.

As the geometric distribution is memorylessonly
at discrete time instants multiple of the \time step"
I, exponertial and geometric distributions cannot be
freely mixed. A special caseof memorylessdistribu-
tion is the constart zero, the distribution of the im-
mediate transitions.

GSPNSs|[2] are a special caseof CTMC-SPNs where
the massat zerois either zeroor one. By using state-
expansion,any phase-ype distribution with any mass
at zerostill results in an underlying CTMC [1].

The \discrete-time SPNs" de ned in [17] allow only
geometric distributions with the samestep !, possi-
bly with parameter one, that is, the constart ! , since
Const(! ) is equivalent to Geom(1;! ). A discretiza-
tion analogousto the oneusedto expanda phase-tpe
distribution can be applied to the discrete-time case
[8]. First, a geometric distribution with unit step i!
can be discretized as shown in Figure 1, wheret; has
step 3! andt, hasstep! . Weights are neededto de-
cide whether transition t; or t, will re, given that
both attempt to re, an ewvent which has probability
pgwhenthe underlying DTMC isin state (100c). This
allows more generality than in [17], since the timing
of a transition (i.e., F;, Geom(p;3!)) and its abil-
ity to re whencompeting with other transitions (i.e.,
Wi, = wj) aredescribed by di erent quartities. Then,
Const(i! ) is equivalent to Geom(1;i! ), hence TPNs
are alsoreducibleto a DTMC with unit step !, if all
constart ring times are a multiple of ! . The pro-
cessdescribed by a TPN is probabilistic ewven if its
ring times are not random variables since, whenewer
two transitions have the minimum RFT, the conict
must be resolved probabilistically using the weight in-
formation. Finally, sinceany discrete distribution can
be obtained as a weighted combination of constarts,
any SPN whose ring distributions have as support a
subsetof fil :i 2 INg can be reducedto a DTMC
with unit step! .

For both CTMC-SPNs and DTMC-SPNs, steady-
state and transient analysis can be performed using
standard numerical techniques [9]. Assumethat the
state spaceof the processis S and the initial proba-

010

Figure 1: Discretizing two Geom distributions.

bility distribution is (0). The steady-state probabil-
ity vector of a CTMC described by the in nitesimal
generatorQ, or of a DTMC described by the one-step
transition probability matrix P, is the solution of
X
1) = 0 subject to i=1
i2S

Q=0 or (P

assuming that S cortains only one recurrent class
of states (if this is not the case, S can be parti-

tioned into a transient classand two or more recurrent

classeswhich canbe solved independertly). Sparsity-
preserving iterativ e methods such as Gauss-Seidelor
Successie Over-Relaxation can be e ectiv ely usedfor
the solution. For transient analysis of the corntinuous
case,the transient probability vector at time is the
solution of

% = ()Q with initial condition  (0)

and can be computed using Jensen's method, also
called Uniformization or Randomization [12]. For the
discrete case,the Power method can be used:

@i+ 1)) =

(the iterations halt when i!
required for transient analysis.

(it )P starting from  (0)

). Ergodicity is not

3.2 Semi-Mark ov SPNs

If the ring of a transition t in marking [" causes
transition s to restart its ring in " gg( M) =



R, the RFT of s hasto be resampledin [+l |f
all transition pairs behave this way, the marking pro-
cessis a semi-Markov process (SMP), that is, it en-
joys absenceof memory immediately after every state
change[l, 4]. If s hasan exponertial distribution, the
choice betweenRestart and Continue is irrelevant and
we assumee.s = R in this case. The time instants
["l:n 2 IN are called regeneation points [5].

For transient and steady-state analysis of a SMP,
the ewolution of the processduring the regeneration
points hasto be studied. Equation (1) describesthe
kernelK () = [kj ( )] of a SMP. Sincethe future of the
marking processafter a regenerationpoint becomesa
probabilistic replica of the future of the processafter
time zero, if started in the same state, the kernel is
also given by Equation (2).

kij ( ): Prf (n+1] — J, [n+1] [n] J [n] — |g(1)
=prf W=j;, B @=ig @)
Equation (3) describes the vector h( ) = [hi( )] of

holding time distributions in the states of the SMP,
which can be reducedto Equation (4).

hi()=prf ol 0 =g (3)
=prf M j O =g (4)
The matrix () of transient solutions of a SMP is

given by the following system of integral equations:
z

()= ( diag(h()) + . ( ydK(y) ()
where diag(h( )) represens a square matrix having
the elemers of h( ) on the main diagonal and zeros
elsewhere.

For steady-state analysis, an emkedded Markov
chain (EMC) can be de ned. The one-step transi-
tion probability matrix P of the EMC is computed
by studying the ewlution of the SMP betweenthe re-
generation points. Having obtained the matrix P, the
steady-state solution of the EMC can be derived by
solving the linear system of global balance equations.
Subsequetly, the vector ¢ of corversionfactors hasto
be computed. The entries of ¢ represen the expected
holding times in the statesof the SMP betweentwo re-
generation points. The solution vector of the EMC is
multiplied with the vector ¢ and normalized to obtain
the steady-state probability vector of the SMP.

The one-steptransition probability matrix P of the
EMC is derived from the kernel: P = lim ; K{()

d the vector c of conversion factors is given by ¢ =

01 (1 h())d. The steady-state solution of the

EMC can be obtained by solving:

(P 1)=0 subjectto i=1 (6)

and the steady-state solution of the SMP is given by:

diag(c)
=3 7
. )
For a SM-SPN, the ertries of kernel and the vector
of holding times are given by (for simplicity, we assume
that simultaneous rings have zero probabilit y):

X Z
kij ()= i (1 Fs(i;y) dR(i y)
t2E (i) 052 E(i);s6t
hi()=1 (1 Feis )
t2E(i)

Equation (5) can be solved directly or by employ-
ing Laplace-Stieltjes transforms as recenly proposed
in [6, 7]. This solution method may causenumerical
di culties and its computational costis signi cant for
large models. Howewver, when all ring time distribu-
tions are expolynomial distributions, the entries of P
and ¢ canbe obtained by symbolic integration, and the
steady-state solution can then be obtained by solving
(6) and (7).

3.3 Semi regenerativ e SPNs

If there is a marking and two transitions t; s 2
E( ) sudh that e.s( ) = C, t can re befores, and s
does not have an exponenrtial distribution, the mark-
ing processis not semi-Markov. However, under cer-
tain conditions, it might be possibleto nd regener-
ation points, at which the processenjoys absenceof
memory. This processis called a semi regeneative
process(SRP) in [5], sowe call semiregeneative SPN
(SR-SPN) a SPN whosemarking processis a SRP. For
the transient and steady-state analysis, the ewolution
of the processhetween the regeneration points must
be studied. Since this can be an arbitrary stochas-
tic process,the marking processof a SR-SPNis more
generalthan in a MR-SPNs [6] or an extended DSPN
[11]. The set of regeneration points of a SR-SPN can
be expressedas

f k2 IN;ng 2 IN;ng = 0;Nis1 > Nig

where ead regeneration point  ["«I must satisfy the
condition that, whenthe SPN enters marking [« at



time [l by ring transition t, any transition enabled
in [« restarts its ring process.

8 [nk],852 E( [nk])1 et;S( [Nk l]) =R

In the following we concerrate on steady-state
analysis. As for SMP, an EMC is de ned at regen-
eration points of a SRP. For the one-steptransition
probability matrix P of the EMC, the ewlution of the
SRP between the regeneration points must be stud-
ied. The steady-state solution of the EMC can be
computed asin the caseof SMPs, but, the conversion
factors constitute a matrix rather than a vector. The
steady-state probability vector of the SRP is derived
by multiplying the steady-state probability vector of
the EMC with the matrix of conversion factors and
normalizing accordingto Equations (6) and (8).

The one-step transition probability matrix P =
[pj ] of the EMC and the matrix C = [c;] of con-
version factors are de ned by:

pj = Prf Mel=jj =g
Pri Ml=jj O =jg

Eftime in j during [ ["k); [Mealyj d = jg
Eftime in j during [0; ("2))j O = ig

Gi

The steady-state solution of the EMC can still be
obtained by solving the linear systemof equations(6).
The solution of the EMC is converted to that of the
SRP multiplying by the corversion factors and nor-
malizing:

°= G =P (8)

For a structural de nition of SR-SPNs,the setsSg,
T, and Tgr, are introduced. Sg is the set of all mark-
ingsin which only exponertial transitions are enabled.
T is the set of all general (non-exponertial) transi-
tions of the SPN. Tr T is a set which cortains
regenerative transitions. A transition t 2 Tg is called
regenerative, if all other transitions of the SPN have
to restart whent becomesenabled, res, or becomes
disabled. Note that Tr doesnot have to cortain all
generaltransitions.

De nition 1 (SR-SPN) A SPN is a SR-SPN, if a
set Tr of regeneative transitions can be found, such
that Sg and S;;t 2 Tr constitute a partition of S.

The de nition of the regeneration points of a SR-
SPN depends on whether a regeneratiwe transition is

enabled or not. For states ["«] 2 S, the next re-
generation point is chosento be the instant of time
after the transition with the minimum ring delay has
red: [l = [m* | For states [M«1 2 S:t 2 Tk,
the next regenerationpoint is chosento be the instant
of time after t has red or hasbecomedisabled.

The possible ewolution of the SR-SPN during the
enabling period of a regenerative transition t is de-
scribed by the sulordinated (stochastic) process of
t 2 Tr. The matrix of transient state probabilities
for this processis () =1[ § ()l

itj ()= Prfstate at time jstatei attime Og

Basedon ( ), P and C can be de ned row-wise.
For all regeneratie transitions t 2 Tr the rows corre-
sponding to statesi 2 S; are de ned by:

Pi = u; t t 9
Loifj 2
= 1]
Ci 0  otherwise (10)
where u; is the i-th row unity vector, = ﬁ is

the matrix of branching probabilities after a ring of
t,and (= !{ and = | arethe transient
probabilities and the expected holding times of the
states of the subordinated process:

z 1

t = . t( )dFe( ) (11)

Z1
T ()@ F())d (12)

The entries of P and C for rows corresponding to
statesi 2 Sg are given by

0 ifi=| I
Pi= ey 9T o itiej

where i is the rate leading from state i to state |
and ; is the sum of all outgoing rates for state i.

If a regenerative transition t is never enabled to-
gether with other transitions, the steady-state solu-
tion of a SR-SPNis insensitive to the distribution of
t, sinceequations (11) and (12) reduceto:

¢ = diag(f(i))

The e cien t numerical computation of the Equa-
tions (11) and (12) is the critical step for the practical
application of SR-SPNs. In the next section, an ex-
ampleis presened, in which the subordinated process
is a SMP.

=1



The numerical solution of a SR-SPNs with large
state spacecan be performed e cien tly if the subor-
dinated processesare CTMCs. In this case,at most
one regenerative transition may be enabled in eath
marking. SR-SPNswith this restriction are equiva-
lent to the classof extended DSPN de ned in [11] and
Markov regenerative SPNs de ned in [6]. In caseof
a subordinated CTMC, the matrix of transient state
probabilities for the subordinated processis given by
the matrix exponertial of the generator matrix Q. for
the subordinated CTMC of transition t:

8t2Tr: ()=€™ (14)
In Appendix A we shav how to generalize Jensen's
method for an e cien t calculation of the rows of the
equations(11) and (12) in caseof expolynomial regen-
erative transitions.

The analysis can be generalizedto the casewhere
the ring time distribution of a regeneratie transition
dependson the marking through a scalingfactor. This
can be done by scaling the generator matrix by the
corresponding scaling factors:

Q= 6§ = f(i) o (15)
In this casethe matrices  and  are given by:
Z,
v= e dRy() (16)

Z 4 ’
= (1 F()d diagf(i) (A7)

Equations (16) and (17) generalizethe results pre-
sented in [14] (seeAppendix B).

3.4 Generalized semi-Mark ov SPNs

If thereisamarking i andtwo transitions t; s 2 E(i)
such that e.s = esx = C, and t and s do not have an
exponertially distributed ring delay, the underlying
processis too dicult to study asa SRP, or it might
even not be a SRP. The underlying stochastic process
is a generalizedsemi-Markov process. It is usual to
resort to simulation to obtain quantitativ e results for
such processes.However, it is also possibleto derive
the state equations for the transient or steady-state
caseby meansof supplemenary variables [11]. The
resulting equations constitute a system of partial dif-
ferertial equationswhich can be analyzednumerically
by replacing the di erential quotients by nite dier-
encequotients.

Figure 2 summarizesthe classeof SPNsand relates
them to the underlying stochastic processes.

SPNs:
Underlying: GSMP

L2

SR-SPNs:
Embedded: SMP
Subordinated: GSMF

K

SR-SPNs:
Embedded: SMP
Subordinated: DTM(

SR-SPNs:
Embedded: SMP
Subordinated: CTM(

SMP-SPNs:
Underlying: SMP

AR

CTMC-SPNs:
Underlying: CTMC

DTMC-SPNs:
Underlying: DTMC

Figure 2: SPN hierarchy.

4 An example

In this section, a SPN model of a simple transmis-
sion line is considered, to illustrate the steady-state
analysis of a SR-SPN. It is assumedthat, after the
generation of a messageits transmission beginsand a
timeout clock is started. Conict for the medium can
delay the start of transmission. If the timeout elapses
before the transmission of the messageis completed,
the transmissionwill be repeated. A measureof inter-
est is the number of successfutransmissionsper unit
time. Figure 3 shavsa SPN model of the system. The
generation of a messageis modeled by transition tg,
which has an arbitrary ring time distribution with
average ring time fi, = . The timeout and the
transmission of the messageare represerted by tran-
sitions t; and t3 with constart ring times of ; and

3, respectively. The delay to acquire the medium is
modeled by transition t,, which has an exponertially
distributed ring time with rate . The multiplicit y of
someinput arcs is marking-dependen to ensurethat
placesp;, p2, and ps are empty after the ring of t;
or ts.

In this SPN, t; and t3 have constart ring times,
are concurrertly enabled,and start their ring process
at di erent instants of time. Nevertheless,the analysis
is possibleusing rings of the transitions to and t; as
regeneration points: Tg = fto;t;9. The readability
set of the SR-SPN consists of three markings and is
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Figure 4: The readability graph for the model.

shawn in Figure 4:
S=10;1;29; 0:[10;0;0; 1:[0;1;1;0]; 2:[0;1;0;1]

The sets S;, = fOg and S;; = f1;2g constitute a
partition of the reacability set S. Since transition
to is exclusively enabled, the solution of the SPN is
insensitive to the distribution ofty. It only dependson
the average ring time (. The processsubordinated
to transition t, is a SMP and shown in Figure 5.

The matrix ¢, () of the transient state probabil-
ities for the SMP subordinated to t; can be obtained
symbolically:

2
1 0 0

4 1 e (- min (; 3)) e e (- min (; 3)) e
u( 3) 0 1 uC 3)
whereu( ) is the unit step function. The matrices ¢,

of state probabilities of the SMP in the instant of ring
of t; and , of expected holding times in states up

[ 1:0110 |- Expo(r) [ 2:0101 |
\ Const( 3)

Figure 5: The SMP subordinated to t;.

| 0:1000 |

to ring of t; are:
z 1

u= t()duC 1) = (1)

Z, Y4
= ()@ uC a))d = t()d
0
Employing equations (9) and (10) yields the one-step

transition probability matrix P of the EMC and the
matrix of conversion factors C:

1

2 3 2
010 o 0 O
P=41005 c=40 3 15
100 o 0 3%

All changesof marking causedby rings of transition
t; lead to marking 0. Marking 2 cannot be reaced
in a regenerationpoint, hencedoesnot appear in the
EMC (this implies that the last row and column of P
and the last row of C do not needto be computed
in practice). The steady-state probability vector of
the EMC is computed by solving the linear system of
equations (6). The steady-state marking probability
vector of the SR-SPN is obtained by multiplying the
steady-state probability vector of the EMC with the
matrix C of conversion factors and a subsequenh nor-
malization accordingto Equation (8).

Conclusion

In this paper, we have classi ed the SPNsinto var-
ious classes,according to the nature of their under-
lying stochastic process. The most complex classwe
identi ed, SR-SPNs,correspondsto semi-regeneratie
processesand e ectiv ely extendsthe classof SPNsfor
which an analytical solution is known.

Weiillustrate the type of behavior that canbe mod-
eled by the SR-SPNsusing a simple system transmit-
ting messagesas an example. In it, two determinis-
tic transitions can becomeenabled concurrertly, but
not necessarilyat the sametime. A similar model
was given as an example of a DSPN which cannot be
solved with previously known methods [3].
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A Extending Jensen's metho d to ex-
polynomial distributions

In this appendix we derive an e cien t numerical
computation of equations (11) and (12) for a transi-
tion t with an expolynomial distributed ring time and
a subordinated CTMC. The preseried formulas gen-
eralize Jensen'smethod and the formulas preseried in
[17] for polynomial distributions.

For 2(0;1);m2IN; 2][0;1), dene

z

E( ) = eQ : L( m; ) = yme y eQYdy

0



The solution of (11) and (12) is a weighted sum of
matrices E() and LC™ ), E() can be calculated
with Jensen'smethod: de ne

A = %Q+ l; g= 102 maxjgj
1

The rows of E( ) are obtained as

O x
EY () k) (k;q)
k=1L
where is calculated by iterativ e vector-matrix mul-
tiplications:

O=u; (k+D= (k) A

u; is the i-th row unity-vector and (k;q ) is the k-
th Poisson probability in g which can be calculated
iterativ ely by:

q
k+1

The truncation points L and R of the summation can
be estimated for a given error tolerance [9].

For the calculation of L( ™ ) the power seriesof
the matrix exponertial can be substituted:

z

Oqg)=e9; (k+Lqg)= (kiq)

X
LOm )= ym eV A¥  (k;ay) dy
0 k=0
I
* (k + m)! X m '
= K1 (h;(a+ 1))
o K@+ ) h=o

Applying right truncation leadsto:

- X
LEm (i) (k) (k) (k)

k=0

where (k) and (k) are calculated iterativ ely:

_ m! ) _ k+ m+ 1
0) = @+ yma (k+1)= (k) kel
0=1 (h;(g+ ) )

h=0
(k+ 1= (k) (k+m+ 1;(g+ ))

A criterion to bound the truncation error can be
derived. The ertries of ead row of the matrix expo-
nertial sumto one. The truncation error of ead entry
of L™ ) s boundedby ", if R satis es

( )
R= min s (h)y (hy "

r2IN h=0

where s is the (exact) sum of ead row of L{:™ ) |f
= 0, sis given by

m+1
— m —
If > 0,sisgivenby |
z m! S '
S= y"e ydy:W 1 (h; )
0 h=0

The computational e ort for the calculation of one
row of LC™ ) depends mainly on the number of
vector-matrix multiplications. If a weighted sum of
matrices E() and L( '™ ) hasto be calculated, it is
possibleto factor out the matrix powers,thus avoiding
repeated vector-matrix multiplications. The asymp-
totical complexity for the numerical solution in caseof
an expolynomial distribution is therefore of the same
order asin the caseof a deterministic ring time.

B Formulas for marking-dep endence
through a scaling factor

In this appendix we derive the equations (16) and
(17) preseried for regenerative SPNswith a transition
t with a generaldistributed ring time depending on
the marking through a scalingfactor and with a subor-
dinated CTMC. De ne the normalized state probabil-
ities of the subordinated CTMC as( j is the absolute

and " is the normalized elapsedring time of t):
NOyE EEG D= )

The matrix of normalized state probabilities is given

by the matrix exponertial of the scaledgeneratorma-

trix @ (this can be shown by the underlying system
of di eren tial equationsrgléq): )

I A
M= () =

De ne ! 5 as the probability, that the subordinated
CTMC isin state | after t res, givenit wasin state i
initially , and ﬂ asthe expectedholding time in state

j upto che ring of t. Integratingzby substitution:
1

1
o= ) CCDARGr )= A (YR

Z 1
i = i (@
z,
= MY F(()d"

Substitution of the ertries of the matrix exponertial
leadsto equations (16) and (17).

Fe(i; j)d



