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Abstract

With the increasingcomplexity of multipro cessorand distributed processingsystems,the needto dewelop e cien t and
accurate modeling methods is evident. Fault-tolerance and degradableperformanceof such systemshas given rise to
considerableinterest in models for the combined evaluation of performanceand reliability [1, 2]. Most of thesemodels
are basedupon Markov or semi-Markov reward processes.Beaudry [1] proposeda simple method for computing the
distribution of performability in a Markov reward process.We preser two extensionsof Beaudry's approac. First, we
generalizethe method to a semi-Markov reward process. Second,we remove the restriction requiring the assaiation
of zero reward to absorbing states only. Such reward models can be usedto evaluate the e ectiv enessof degradable
fault-tolerant systems. We illustrate the use of the approac with three interesting applications.
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1 Intro duction

Multipro cessorsand distributed processingsystems can provide higher performance and higher reliabil-
ity/availabilit y over single-processorsystems. In order to properly assesghe e ectiv enessof such systems,
measureshat conmbine performanceand reliabilit y are needed. For this purpose,Meyer [2] developed a con-
ceptual framework of performability . Markov and semi-Markov reward modelsare usedin the performability
evaluation of computer or communication systems.

This paper presens a new algorithm for the computation of the distribution of accurnulated reward
until absorption in a semi-Markov reward process. Failures and repairs of system resourcesare modeled
by a semi-Markov process,called the structure-state process[2]. A performance-leel, or reward rate, is
assciated with ead state of the structure-state process.The resulting semi-Markov reward processis then
able to capture not only failure and repair of system componerts, but degradable performance as well.
Application examplesusedto illustrate our method are fairly diverseand interesting. The rst exampleis a
repairable systemwith a limited number of repairs [3]. The secondexampleis the M/M/2 queueingsystem
subject to failure and repair. The nal exampleis basedon a measuremeftbased performability model of
a large IBM system[4].

In [1], Beaudry proposedan algorithm for computing the distribution of the accurulated reward until
absorption in a contin uous-time Markov chain. We extend her result in two directions. First, we consider
semi-Markov reward processesthus remaving the restriction of exponertially distributed sojourn times. We
have obsened in [4] that the use of an exponertial distribution as an approximation to a non-exponertial
distribution can causeconsiderableerrors in the results. Second,we allow non-absorbing states with zero
reward rate, which do occur in practical models [4]. In Beaudry's method, these states would have caused
a \division by zero" in the computations or would have required to approximate their zero reward rate
using a small positive quartit y instead, but we caution the readerthat the numerical errors due to such an
approximation can be large (as will be shavn in one of the examplesof Section 6).

In Section 2, the problem of computing the distribution of accunulated reward for a semi-Markov
processis introduced;in Section 3, an informal approad to the solution of this problem is given; in Section
4, a transformation is de ned, to obtain a new semi-Markov processwhose lifetime is distributed as the
accunulated reward of the original process. The e cien t construction of the new semi-Markov processis
discussedn Section5, while examplesof the application of our method to the modeling of computer systems
are preserted in Section6. Section7 contains someconsiderationsfor further extensions. Proof of important
results are given in the Appendix.

2 The semi-Mark ov Reward Pro cess

Assumethat fX (t);t 0Ogis aright continuous semi-Markov processwith state spaceS IN= f0;1;2;:::9
and with probability of being evertually absorbed equal to 1. Let Ty be the time of the k-th transition
(To= 0) and de ne Vg = Tx+1 Tk, the sgourn time in the k-th visited state (k 2 IN). Let Xy = X (Ty),
the state reached after the k-th transition. Let Sp denotethe set of absorbing states. De ne the kernel, the
transition probability matrix, and the initial probability row vector respectively as

Q(t) = [Qij (] = [PrfXysr = J;Vie  tjiXy = id]

P=[Pi]= [prfXys = jjXk = ig] = [Qi; (1 )] = Q(1)
—=1[il=[prfX(0) = id]



Assumefor simplicity that 8i 2 Sa, Qi (t) = U(t 1), where

8

<0 if x<O0
U(x) = .

1 ifx O

and note that 8i 2 Sy, Pij = Ofori 6 j.

fXk;k 2 INg is a discrete-time Markov chain over the state spaceS with transition probability matrix
P (see[5]). Eventually the processgets absorbed, sothe rst index K, such that X is absorbing,is nite
with probability 1.

A real-valued reward rate r; is assaiated to ead state i 2 S. Assume that the reward rates are
non-negative and, in particular, zerofor the absorbing states:

8i2S;, (ri2IR;rjy 0) ~ (i2Sa) ri=0):

De ne the accunrulated reward earnedup to time t by
Z t
Y(t) = 0 Ix( )d .

The measureconsideredin this paper is the distribution of Y (1 ), represening the accunulated reward up
to absorption, conditioned on the initial statei:
Z,
Cix)=prfY(1) x| Xg=1ig=pr rxmdt  x j Xo=1
0

The problem of computing the distribution of Y (t) for a nite t in a Markov reward processis considered
elsewhere[6]. The distribution of Y (t) in a semi-Markov reward processis discussedin [7, 8].

The following semi-Markov reward processwill be used as a running example throughout the paper.
Errors arise in a system (initially in an up state) according to a Poisson processwith rate . When
an error is detected, the system goesto a recowr state, where it tries to handle the error. The error
handling time is a given constart T. If a seconderror arisesbefore the recovery completes(within T time
units from the occurrence of a previous error), the system fails, going to a down state. This event has
probability 1 c¢c= 1 e T . Figure 1 shows the transitions between states. Using the given de nitions,
S = fup;recower; downg, Sa = fdowng, _ = [1;0;0], and
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The reward rates are ryp = 1, rrecover = , 'down = 0, where O 1. If = 0,then Y (1) is the total
systemuptime until failure and henceC(x) will be the distribution of systemuptime. If = 1,thenY (1)

will be the time to systemfailure.

3 A Change of Pace

The stochastic processf X (t);t Og de ned in the previous section is a semi-Markov reward process,
since a reward rate is assaiated with ead state of the semi-Markov process. A method of computing

3



EXP()

s ko '$
EXP()
up recower = down

&% &% &%

3 |

CONST(T)

Figure 1: A simple example.

the distribution of accurmulated reward until absorption when f X (t);t  0g is a Markov chain was given
in [1], where transient states were restricted to strictly positive reward rates. More recertly, in [9], this
restriction is removed. A similar approac can be usedin the semi-Markov setting. Beaudry's idea in [1] is
to de ne a new Markov chain fX (x);x  Og by dividing the transition rates out of state i by r;, sothat the
distribution of time to absorption of the new processis the sameasthat of Y (1 ) in the original process.
This is true becausethe transformation takesinto accourt the earnedreward in the \time" index of the
stochastic process. The sojourn in state i is slowed down or acceleratedaccording to the value of ri, being
larger or smaller than 1. Then, for state i, sojourn times of length in fX (t);t Og and of length r; in
fX(x);x 0Og are equivalent. Another way of thinking about this transformation is a substitution of the
index variable, from time to reward: a sojourn of t time units corresponds to a gain of tr; reward units
in state i (and a gain of x reward units in state i correspondsto a sojourn of x=r; time units). Figure 2
illustrates this correspondence.

Following the exampleof gure 1, the sgjourn time in state up is left unchangedand sois the onein state
down (which is irrelevant since state down is absorbing), but the sgourn time in state recower is changed.
The transition toward state down now hasrate = and a successfulrecovery takesT \time" (or, better,
accruesT reward).

There is a di cult y with the above approad: the reward rate of a transient state could be zero. No
reward is earned during the sogjourn in such a state, however the system will evertually move either to
another transient state, possibly with positive reward rate, or to an absorbing state.

Intuitiv ely, zeroreward rates correspond to instantaneoustransitions in f X (x);x  0g, sincef X (x); x
Og spendsno time (f X (t);t  0g gainsno reward) in transient stateswith zeroreward rate. Note that it is
possibleto increasethe reward rate in ead state by a positive quantity bshit ¢+ (€.9. 1) sothat all the reward
rates becomestrictly positive. The following equality then holds:

E[Y(1)jXo=1i]=E[Y(1)]Xo=1] benitt MTTF;

where Y (1 ) is the cumulativ e reward computed using the shifted reward rates and M TTF; is the expected
lifetime starting in state i (obviously independert of the reward rates). Unfortunately the expressioncan-
not be generalizedto the distribution of Y (1 ), becausethe cumulative reward and the lifetime are not
stochastically independert.

Kulkarni [9] shoved how to eliminate zero reward transient statesif fX (t);t 0g is a Markov chain.
A similar approach had already been used in the Generalized Stochastic Petri Net (GSPN) framework
[10], where in nite rates arise directly from the de nition, not from the presenceof zero reward rates. In

4



O FRL NWMAMO

25
2.0
15
1.0
0.5
0.0

OFR NWbMOM

X (t)

Figure 2: Transformation on the index variable.
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the GSPN, \timed" transitions represen activities whosetime to completion is exponertially distributed,
while \immediate" transitions represer logic evernts taking no time. The markings (states) of the GSPN
are partitioned into \tangible" and \vanishing”, the latter corresponding to markings where at least one
immediate transition is enabled. Though vanishing markings may describe logical (but instantaneous)
conditions of relevance,they must be eliminated beforethe underlying stochastic processcan be studied: a
GSPN is hencetransformed into a smaller Markov chain whosestates are the tangible markings only.

Yet another related e ort is reported in [11], wheregroupsof \fast" statesare approximated to be groups
of vanishing states. In [12], the distribution of sojourn time until absorption for a given subsetof statesin
a Markov processis calculated.

In gure 1, state recower becomesvanishingif is 0. This would amourt to saying that no useful work
is performed when a recovery is under way, a reasonableassumption.

4 The De nition of the New Pro cess

In this sectiona new semi-Markov processf X (x);x  0Og is de ned, whosestate spaceis a subsetof S and
whosetime to absorption has the samedistribution as Y (1 ). This is done by eliminating the vanishing
states and by scalingthe sgjourn time in ead state.

Let Sg be the set of transient states with zeroreward rates, Sy the set of transient stateswith positive
reward rates, and dene S; = St[ Sa = SnSp, sothat S = Sg[ St[ Sa = So[ Si. If the states are
reorderedaccordingto thesesubsets,the one-steptransition probability matrix P and the initial probability
vector _ can be partitioned as

2 3
" # [00] [0T] [0A]
p = plool - plo] _QE[TO] E[TT] E[TA]%
- pho pig &
0 0 |
i

The quartit y

M = [Ml,j ] — (I P[OO]) 1P[01] — P[01]+ P[OO]P[O].] + P[OO]ZP[01]+ -

h i h i
MOTIMOAT = (| plooly 1p[OTl. (| p00ly 1p[oA]

will be often usedin the following derivations. (I  P[%) 1 s the fundamertal matrix of the discrete-time
Markov chain fXy;k 2 INg when all the states in S; are consideredabsorbing. Hencethe entries of M
satisfy [13]:

*»
8i2So, 8 2S;; My = priXkx=j:;8n 0<n< k X,2SyjXg=ig
k=1
that is, Mj; is the probability that the rst state visited in S; will be j, after an arbitrary number of
transitions within Sy, given that the processf Xy;k 2 INg isin state i 2 Sp.
The state spaceof the new processf X (x);x 0gis S = S;. Let T} be the \time" of the i-th transition
for fX(x);x Ogandlet To=0,% = fi,1  Ti, and X; = X(T}). The kernel

h i h i
Q)= Qij(x) = priXeer = ;% xjX¢=ig



is given by 8

X
2 Qi;j i + Qi;l i Ml;j if i 2 ST
Qij (¥) = i 2s, i
Qij (x) if i 2 Sa

If state i 2 St doesnot reach any state in Sy, this transformation presenesthe type of the Q;; () distribu-
tion, it merely stretchesor compressests shape on the horizontal axis, from \time" to \reward". If states
in Sp are indeed readhed, Qi;j () is a mixture distribution, possibly completely di erent from Q;; (), which
is just a componert in the mixture (Q;j; () could even be identically equal 0).

The matrix _ o 4
h i h y i pPITT] PITA]
P=Q)= Py = piXyi=jiXo=ig = =
is related to P by the following relation:
P = plill; ploly = plill 4 plolplol] 4 pli0]p[00p[0l] 4 pli0lp[002p[01] 4 (1)

P de nes the DTMC obtained from f Xk 2 INg when only transitions into states of S are considered:

R
81258285 Py = prfXy=j;8n 0<n<k X,2SpjXp=ig
k=1
That is, a singlestepfromi 2 Stoj 2 Sin fXy;k 2 INg can be seenas a sequenceof stepsin f X ; k 2 INg,
starting from i, endingin j, and such that the visited states, apart from the rst and the last, belongto Sp.
The initial probability vector h i
~=[N]= priX(0) = ig

of the transformed processis given by

h i h i
A= [4 Oy = ATLARL =TI, 0071, [Al4 [0 [0A] 2

That is, the probability that the initial state for f X, ;k 2 INgisi 2 S; is computed as the sum of the
probability that the initial state for f X;k 2 INgisi plusthe probability that the initial state for f X;k 2 INg
belongsto Sy but the rst state visited in Si, after an arbitrary number of transitions in Sg, is i.

De ne N(n) and N (n) as the number of statesin St visited in the rst n stepsby fXy;k 2 INg and
f Xk 2 INg respectively, including the initial state. Using the de nition 1cy= lifevent istrue, 1 y=10
otherwise:

X X
N(n) = Lix25r); N (n) = L 28y’
k=0 k=0

N (1) and N (1 ) are the number of statesin Sy visited beforeabsorption by the two processesespectively,
including the initial state. We then obtain the following results:

pl’flﬁ(l ) = 0g= prf)@OZ Sag=1 Q[T]lz ﬁ[A]l

8n 1 priN(1 )= ng= AMPITI 'BITAY

where 1 is the column vector with all ertries equalto 1. The following results are proved in [12]:
8i2S1;8n 0 prfN(1)=njXo=ig=prfK(1)=njXo=ig

X
8i2Sy; 8 0, priN(L)=njXp=ig= MijprfN(1 )=njXo=jg
j2S1



8n 0; prfN(1)=ng= prfN(1) = ng
Using the above de nitions and results, the following lemmasare proved (in the appendix):

Lemma 1 (dealing with the caseX 2 Sp)

X
8i2Spy; 8 0 prfY(1) Xx;N(1)=njXpo=1ig= MijprfY(1) x; N(1)=njXo=jg
j2S;

X
8i 2 Syp; Ci(x) = Mi; Cj (x)
i2S:

Lemma 2 (relating the two processesgiven the number of stepsin St before absorption)
8i2Sr;8n 0 prfX(x)2Sa; N(@)=njXo=ig=prfY(1) x;N(@)=njXo=ig
Lemma 3 (eliminating the condition on the humber of stepsto absorption from the previous lemma)
8i2S;; Ci(x)= Fi(x)

] X
8i2Sy;, Ci(x)= M F(X)
i2S1
where
8 2 Sy Fj(x)=prfX(x)2SajXo=ig
Removing the dependencefrom the initial state in lemma 3, we obtain:

Theorem 1 (main result)

def X X
C(x) = Ci(x) i GCi(x) i+ Gi(x) i

i2S i2S; i2Sg

0 1
X X X
= Fi(x) i+ @ M F(x)A ;i usingLemma3
izsl iZSO jZS]_O 1
X X X
= Fi(x) i+ Fi(x) @ M A
25, j25; i2So
X
= Fi(x) i+ Fi(x)("y j)  using Equation (2)
251 j2s;
= Fj ()"
j2S1

where the last quantity can be de ned as F(x), the unconditional distribution of the time to absorption for
processf X (x);x  0g.

The transformation of this section, applied to the exampleof gure 1when , the reward of state reco\er,
is zero, gives S = fup; downg,

2 < « 3
O = 4 cl e*) @ o1 e *) 5
0 Uix 1)
" 1 o !
. cC C
P = 0 1
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Figure 3: The equivalent Markov chain.

Thus the system stays in state up for a number of periods, until it jumps to state down, where it gets
absorbed. The length of ead period is exponertially distributed with parameter (the semi-Markov process
is independen, sincethe distribution of the period doesnot depend on whether the destination state is up

or down) and the number of periods up to absorption has a geometric distribution with parameter (1 c).

The sum of the lengths of all the periods is exponertially distributed with parameter (1 c), sothe process
is equivalent, asfar as absorption time is concerned,to a Markov chain with state spacef up;downg where
the transition from state up to state down hasrate (1 ¢) and where state down is absorbing (see gure

3). Then

prfY(1) xg= prfX(x)=downg=1 e @ OX

5 Elimination of the vanishing states and computation of C(x)

The rst part of this section discusseghe cost of performing the elimination of the vanishing states when
the state spaceS is nite. Various methods to compute the functions F;(x), neededto obtain C(x) using
theorem 1, are discussedat the end of the section.

In the GSPN, the presenceof a recurrent subset of vanishing states implies that the processbecomes
stochastically discortinuous. By cortrast, during the transformation of the processfX (t);t  Og into
fX (x);x Og, this situation cannot arise, sincerecurrent subsetsare neither presert initially nor generated
during the construction (slowing down or acceleratingthe sojourn time in a state doesnot changethe relative
transition probabilities from a state to the other states). The absenceof recurrent subsetof vanishing states
guararteesthe existenceof the inverse(l P[00y 1,

De ne G asthe subgraph obtained from the state transition diagram when only the vanishing states are
considered.G can contain self-loops and transient loops

A self-loop is a transition from a vanishing state to itself (P;; 6 O for somei 2 Sp) and it can be simply
ignored: P;; is setto 0 and the other non-zeroertries in row i for P9 and PI°U are normalized (the new
value of Pjj is Py =(1  Py;), forj 2 S;j 6 i). Sincestate i is vanishing, this modi cation doesnot change
the nal result (only the nal destination is relevant, not the number of jumps into state i before nally
leaving it). The diagonal ertries of P[% from now on can be assumedto be zero.

A transient loop is a set of mutually readable transient states, a strongly connectedcomponert in G.
The presenceof transient loopsis not a problem in principle, but it can negatively a ect the performanceof
the algorithm for the elimination of the vanishing states. Let ng and n; be the number of statesin Sy and
S: respectively, let x[i] be the number of non-zeroertries in Plil;i;j 2 0;1g, and assumethat a sparse
storagetechnique is used (for simplicity of notation assumex[1 larger than both n; and n;).

If no transient loop is presen, a partial ordering is implicitly de ned on the states of Sy (nodes of G);
from it, a compatible total ordering can be found in time O(x[°?), by meansof a topological sort [14], so
that, if state i follows state j, then j cannot be reached from i in G.



If the total ordering is applied to Sg, PI°%l becomesstrictly upper triangular:

1
(P[OO])no =0 and (| P[OO]) 1_ ™ (P[OO])k
k=0

hence(l POy 1 js upper triangular with diagonal ertries equal to 1. Although (I P9y 1 is never
explicitly computed in practice, the triangular nature of P[0 allows great e ciency; the required stepsare
listed in the following, together with the asymptotic executiontime requiremerts:

solve for M in M = (I + PlO0)pI0l] n; O(x[°0])
compute W using W = P10Mm n,O(x[10))
compute P using P = P+ w O(npny + x[11)

The total time requiremert to compute P is then (given the assumptionx%  nj and xU  n,)
O((x%91 + x[*n;y) 3)

If transient loopsare presen, the worst-casebound on the time requiremert is higher, an LU -factorization
is involved, and the obtained matrices L and U can have a large ll-in, possibly O(n3):

factorize PI% into L and U o(nd)
solve for M in (I  PIO%M = PO ysing L and U n;0(n3)
compute W using W = P10Mm n,O(x[10))
compute P using P = P+ w O(ngny + x[1)

Sothe total time requiremert is
O(n3 + (x*+ ng)ny) (4)

Comparing (3) with (4), the term O(x[®n,) is substituted by the term O(ng + n3n;). The two terms are
equivalert only if xI° = O(n3) and if ng = O(ny).

Finally, if transient loops are presen, but their size can be considered\small" with respect to ng, the
topological sort idea can still be usedto improve the performance. A partial ordering is now implicitly
de ned among the transient loops (strongly connectedcomponerts in G), not among the states (nodesin
G), if ead state not in a transient loop is consideredas a transient loop in itself. The strongly connected
componerts can be found using a modi cation of the depth- rst seart algorithm [15], so the number of
operationsto nd atotal ordering on the states of Sy is still O(x[%%) as before. The total ordering de ned
this way is such that, if state i follows state j, then either state j cannot be reached from state i in G, or
statesi and j are mutually reachable in G (they are in the samestrongly connectedcomponert).

Assumefor simplicity that there are exactly no=k transient loops of sizek ead: matrix P[°% can then
be put in upper block triangular form, where ead block PiEjOO];i j is of sizek k. Also, denotewith Mj;
and Pigjpl] the k 1 blocks forming M and P[°Y respectively (a small abuse of notation, since we already
used the same symbols to indicate elementsof a matrix, not blocks). Each diagonal block must then be
LU -factorized, introducing ll-in only in the block itself, then a block-oriented badk-substitution procedure
can be usedto compute M, k rows at a time, without any ll-in [16, page161]. The required stepsare:

10



for i = 1 upto no=k do no=k

factorize P into L; and U O(kd)
for i = ng=k downto 1 do no=k
forj = 1 upto ny do Ny
. _ Pne=k 4[00]
compute A using A = |21 P My O()
solve for Mj; in (I Pig?O])Mi;j = Pigol] A using L; and U; 0(k?)
compute W using W = P[10Mm n,O(x[10))
compute P using P = P+ W O(ngny + x11)

The expressionO( ) dependson the number of non-zero entries in eath PiEIOO], but, summing over all the

valuesof | and i it givesO(x[%%), to be summedover all n; valuesof j, sothe total time requiremert is
O(k2ng + knony + (x1°01 + x[20h)ny) (5)

If k = O(ng), there is a small (constart) number of large loops: expressions(5) and (4) coincide. If
k = O(1), there is a large number of small (constant size) loops: expressions(5) and (3) coincide. Finally,
if k is a sublinear function of ng, for examplek = O(" ng), the dominant term in (5) will be determined
by the relative value of ng, n1, x[%0, and x[1%, but the running time of the algorithm will be in any case
improved by exploiting this ordering, especially consideringthat the determination of the ordering itself is
an inexpensiwe operation in comparisonwith the other steps.

Sofar the discussionhas beenon the computation of P. It should be clear how the samebounds hold
when consideringthe computation of @, although, in general,the analogousexpressionQ(x) = Q1 (x=r) +
Qi%(x=r)M (where Q' and Q% have the obvious meaning)in generalinvolvessumsof real functions, not
of real numbers. The bounds are nonethelessvalid even in this case,for example the reader could imagine
that they represert the time to output @ in symbolic sparseformat.

The elimination of vanishing states helpsthe subsequeh numerical solution both by reducing the overall
size of the problem (especially when ng is large in comparisonto n; and the ll-in introduced in P is
small) and by avoiding the introduction of distributions having extremely small averages,to approximate
vanishing states. As it will be pointed out in the sectionon the examples,the existenceof \fast" states puts
an excessie burden on the numerical solution. Furthermore, the incorporation of the reward information
into the rate allows us to reducethe problem of computing the accunulated reward to that of computing
the time to absorption. Once matrix @ has beenobtained, the problem of computing C(x) (by computing
Fi(x) rst) for the relevant value(s) of x or, even better, as a function of x, remains. Unfortunately this
problem is generally harder than the elimination of the vanishing states itself. Viable methods include
numerical integration of a system of coupled Volterra equations [17], use of Laplace-Stieltjes transforms,
and, if all Q;; () are phase-type distributions, transformation of the semi-Markov processinto a CTMC to
be solved using appropriate numerical methods. Regardlessof the method employed, additional advantages
can be obtained by lumping all the absorbing states together, an operation always advisable unlessdetailed
information on the particular failure state (reasonor \mo de" of the failure) is required. In the following it
is assumedthat this lumping is performed and the absorbing macro-stateis L.

For simplicity we will drop the \*" notation, sincethe problem is now the computation of the time to
absorption for a semi-Markov processand the fact that this processwas obtained from yet another process
is irrelevant. The goal is the computation of the time-dependen state probability for state L (or the rst-
passagetime distribution to state L), conditioned on the initial state i, for ead statei 2 S nSp sucd that

i > 0.
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Conceptually only O(n;) distribution functions are needed,or even less;for example only one function
is neededif the initial state is certain, that is, if 9i 2 SnSp such that ; = 1. Unfortunately, in general,
additional information must be computed to obtain the required distribution(s), sothat the solution can be
very expensiwe in terms of execution time, memory requiremerts, or both.

If eadh distribution is approximated using a phase-fype expansion,a Markov chain is obtained. A survey
of numerical methods to solve for the time-dependen state probabilities is preseried in [18]. There is a
tradeo betweenthe number of stagesusedin the expansionsand how well the distributions are tted, but
the rst and main tradeo is betweensizeand simplicity: the state spaceis increasedto allow a (simpler)
Markovian analysis.

A direct approad for the transient analysis of the semi-Markov processinvolves solving the system of
integral equations

X Zx
8i2S; 8] 2S; iij (X) = l(,zj)(l H|(X)) + I:j (X U)in;| (U)
12S

where
(x)=1 i ()] =[priX(x) =jjXo=ig]

is the the matrix expressingthe time-dependert probability of being in state j conditioned on i being the
initial state and 2 3

H(x) = [Hi(x)] = [prfVi  xjXk =ig] = 4" Qij (x)°

j2s

is the vector of the holding time distributions in ead state, independertly of the destination state. The
conditional distribution of the time to absorption is then given by Fi(x) = i (X). Further discussionon

numerical methods for the above integration may be found in [17].
Laplace-Stieltjestransforms (LST) can also be employed. Partition Q(x) as

QMM(x) QIM(x) '

Q) = 0 QL (X)

Let ©(s) be the matrix represeiing the LST of the above and partition it accordingly:

QTT(s) @t(s) "
0 QL (9)

The vector B(s), whoseelemeris are the LST of Fi(x), for i 2 SnSa, can be computed as the solution of
(see[19])

Q(s) =

(I QM(s)r(s) = @TH(s) (6)

(as expected, F(s) is independert of @, (s)). In order to obtain F(t), we usea two-phaseapproad. First
we solve the matrix equation (6) in s-domain and subsequetly use numerical inversion of the vector F(s)
into F (t); see[20] for a discussionon LST inversion.

6 Examples

Limited number of repairs [3]

Consider a system experiencing failures. When a failure occurs, the systemis repaired, but only upto k 1
times. At the k-th failure, the systemwill not be repaired any more, it will remain in the failed state ( gure
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Figure 4: Limited repairs.

_(0) = [1,0;0;:::;0]. Transitions are from state U; to state D; (1 i k) and from state D; to state U+
@ i k 1.

Qu;.p, (t) = "i(t) (distribution of i-th up period)
Qb :uj,, (1) = i(t) (distribution of i-th repair period)

If the reward rate in state Uj isr; > Oand in state D; isO (1 i k), then Dq;:::;Dk 1 are vanishing

X
Qv () = ™0 = " = @ i k 1)
|
—_ A —_ [ X
Quip(¥) = ™) = ' =
Nk
The distribution of the accunulated reward up to absorption is
Cu,(x) = (™2  ?2"™)(x)
%xz X X1 £x X1 Xk 2
= s . (X X1 Xk 1) 0% 1(Xk 1) d"2(X2) d”1(X1)
Z x Z x yira Z %X yira Yk 2Tk 2
- 1 2 1 : X Yyil Yk 2lk 2 Me 1
= k Yok 1 ——
0 o 0 Ne 1 Mk

dk 1lyk 1) d 2(y2) d' 1(y1)
where ? denotesthe cornvolution operator. The expressionfor the LST transform is simpler:
Z, K S w Z1 s
Cu,(s) = e % dCy,(x) = '~ = = e fiod(t)
0 i=1 ' S
Note that if r; = 1 for all the non-absorbingstates, then Cy, (x) is simply the distribution of total uptime
until failure. Interesting casesare:

Qu;p,() CONST(T), forl i k. Ifri=1forl i Kk, then Cy () CONST(KT); if
ri=k+1 i,forl i k,thenCy () CON ST(@T). Note the independenceof the result
from the distributions Qp,.u,,, (). Independencefrom the sgourn time distribution of the stateswith
zeroreward is a general property of this method, further simplifying the analysis.

Quip;() EXPO( i), forl i k,thenCy,() HYPO( 1=r1;:::; «=rk), assumingthat all the
fractions j=r; are dierent.

Qup; () NORMAL(; ?),forl i k.Ifri=1forl i k,thenCy,() NORMAL(k; k ?);
ifri=k+1 i,forl i k, thenCy () NORMAL (KK . kleD@ktl) 2y

13



Qup; () EXPO()andri=1,forl i k,thenCy,() ERL(; k). This could correspond to
the simple caseof a uniprocessorsystem, which can be either up or down.

Qup; () EXPO((k+1 i) )andri=k+1 i,forl i k,thenCy,() ERL(; k), asbefore,
interestingly enough, sincethis could correspond, for example,to a k-processorsystemwithout repair
( i is related to the time to recon gure the system after the i-th failure, not to the time to repair it)

Cum ulativ e computation of an M=M=2=K system before failure

Consider a queueingsystemwith Poissonarrivals, two seners, exponertially distributed servicetimes, and
nite capacity K. Let 1= and 1= be the averageinterarrival and service times respectively. Life-time
and repair-time of ead sener are independert and exponertially distributed with averagel1l= and 1=
respectively. For example the reader might imagine a system performing a certain set of tasks using two
processors. Tasks are sorted according to their priority and low priority onesmay be discarded if there
is no waiting room available. When only one processoris available, tasks are more likely to be discarded
(especially if with lower priority), but the systemis still able to survive. If the secondprocessorfails while
the rst is being repaired, no task can be performed and the systemis considereddown. The measureof
interest is the cumulative computation performed up to the rst failure of the system.

The state of the systemis denoted by a pair (i; j) wherei = 0; 1; 2 is the number of non-failed seners,
and j is the number of jobs in the system (j is absern if i = 0). The systemis initially in state (2;0) with
probability 1. The cumulative computation for this systemis represerted by Y (1 ) for the CTMC in gure
5 when the reward rates are de ned as

20 =0 Tey=: 8 2 rejp=2;
Fao = 0 8 L oray =
r(o) =0

The SHARPE padkage [21] was used to analyze C(x) for the system, both with an \approximate"
approach (the reward for states (2;0) and (1;0) is de ned as 0.000001)and with the \exact" method
proposedin this paper (states (2;0) and (1; 0) are eliminated becausethey are vanishing). The transformed
CTMC isin gure 6. The initial probability vector for the transformed CTMC, given the choice (5. = 1,
is

A (+ +) . A 2 oA = 2 2 :
N D (U B N D D M N VD D

The valuesassignedto the parametersare K = 10, = 1.0, = 0:6, = 0:00001,and = 0:005. The
distribution function C(x) is plotted in gure 7. The di erence betweenthe exactand the approximate values
of C(x) is plotted in gure 8 (note the logarithmic scaleon the x axis). As expected,the approximate solution
is slightly more optimistic than the exact one (shown in gure), sinceit assumeshat somecomputation is
performed in the two states that would otherwise be vanishing. Unfortunately, the presenceof extremely
small reward rates (six orders of magnitude smaller than the reward rates for the other states) causes
numerical problemsin SHARPE. The valuesof C(x) obtained with the approximate method appear to be
correct only up to x = 10%, then they becomeunstable, getting larger than the one obtained using the exact
method.

Measuremen t-based performabilit y of a multipro cessor system

In [4], a performability study of an IBM 3081 system is reported. The analysis involves three aspects:
performance,failure, and recovery behavior. The working statesare classi ed into clusters, accordingto the
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Figure 5: The Markov chain corresponding to the M =M =2=K system.
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Figure 6: The transformed Markov chain corresponding to the M =M =2=K system.
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Figure 7: C(x) of the M =M =2=K system.

10 T T

(1011) O

11 I 1 2
10t 107 108 10

Figure 8: Exact C(x) minus approximate C(x), for 10 x 10000.
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Ho EXP(100000)

Hi 29X P(:003)+ :71EX P (:001039)? EX P (:0047974)]

Ho, :205EXP(:006)+ :5458& X P (:000995)+ :2491ZE X P (:0004539)
Hs :38%EXP(:004)+ :615E X P(:002193)? E X P (:0059258)]

Hy 07EXP(:002)+ :7698& X P (:001030)+ :1571ZF X P (:0002102)
Hs :195EXP(:01)+ :523& X P (:001030)+ :2812E X P (:0005528)

He :33EXP(:004)+ :67[EX P(:000998)? E X P (:014442)]

H; :35EXP(:005)+ :4911F X P(:002163)+ :15881 X P (:0006993)
Heo EXP(:19689)

He :92503E X P(:044518)+ :07496E X P (:0036075)

Hg 25EXP(:15)+ :07EX P(:1) + :59296 X P (:014562)+ :0870& X P (:0021377)
Hn EXP(:003817)?EX P (:0301092)

Hyn EXP(2:0)

Hs EXP(1:0)

Figure 9: Holding time distributions.

utilization of resources(CPU, channel, direct accessstorage). States 1 trough 7 correspond to the clusters.
When a failure arisesin a working state, it is loggedas a channel (c), software (€), or direct accessstorage
(d) error. Furthermore, a failure a ecting seweral componerts is classi ed as a multiple (m) error. When

the system enters state ¢, e, d, or m, a recovery processtries to restore the state of the system. Hardware
(h) and software (s) recovery can be attempted on line. If they fail, an oine (0) recovery is necessary
and the systemis considereddown. It is obsened that the failure behavior is dependert on the particular

working state. An extra state, 0, is added, to signify the periods of no data collection. A transition from

state 0 to state x meansthat the state is x at the beginning of an obsenation period. A transition from

state y to state 0 meansthat an obsenation period ended while the state wasy. The state spaceis then

f0;1;2;3;4;5;6;7,c;e;d; m; h; s; og.

The processis assumedto be independert semi-Markovian and the holding time distributions for the
transient statesare tted to the stage-type distributions shawvn in gure 9 (the holding time is independert
of the next state reached):

8i2S; Hi(t) = prfVxk tj Xgx=ig:

The transition probability matrix P resulting from the obsenations is givenin gure 10. Note that state o
is the only absorbing state. Assume o = 1. The following reward rates for the states are de ned:

ro= =r7=1; rc=:9946; re = :2736; rq = :5708; rpy = 2777, rp, = rg=:0001; ro=0

This examplewas also analyzed using SHARPE. Each stage-type distribution was expanded,increasingthe
state space,but obtaining a CTMC asa result.

An obsenation of the transition and reward rates suggeststhat this model has two types of vanishing
states The reward rates for states h and s are nearly 0, they would be specied as 0 if SHARPE had a
provision for zeroreward transient states (the systemgainsno reward in them). The remaining states have
a non-negligible reward, but the holding time in state 0 is negligible in comparisonto the onein the other
states. State O is indeedintroducedasa deviceto represen the interruption of obsenation epochs, it simply
provides a prokabilistic switch from the states having a transition to it (1; ;7;h;s) to the statesreaced
from it (1;2;4; ;7). State 0 is vanishing becausethe original processdoesnot spend time in it (state O

17



0 1 2 3 4 5 6 7 c e d m h S o]
0 :135 :216 :108 :351 :027 :163
1 |:023 :046 :015 :038 :045 :098 :015 :227 :387 :106
2 |:033 :054 :067 :034 :087 :013 :007 :262 :383 :060
3 |:091 :091 :091 :091 :545 :091
4 |:093 :004 :015 :063 :007 :232 :504 :082
5 ]:019 :170 :113 :019 :132 :057 :019 :151 :226 :094
6 |:040 :022 :051 :069 :011 :026 :208 :482 :091
7 |:143 :143 :047 :048 :047 :048 143 :381
c 1
e 5 5
d 1
m 1645 :355
h |:018 :131 :142 :013 :322 :036 :307 :014 :017
s |:006 :159 :182 :007 :304 :046 :285 :008 :003
o] 1
Figure 10: P, the transition probability matrix of the original process.
1 2 3 4 5 6 7 c e d m o]
1 |:0031 :0510 :0150 :0405 :0531 :0986 :0037 :0150 :2270 :3870 :1060
2 |:0585 :0071 :0706 :0456 :0879 :0184 :0070 :2620 :3830 :0600
3 |:0123 :1107 :1008 :0319 :0025 :0148 :0910 :5450 :0910
4 |:0166 :0351 :0100 :0326 :0655 :0152 :0070 :2320 :5040 :0820
5 |:1726 :1171 :0211 :0067 :1325 :0601 :0190 :1510 :2260 :0940
6 |:0274 :0596 :0733 :0250 :0011 :0065 :0260 :2080 :4820 :0910
7 |:1623 :0779 :0480 :0154 :0972 :0519 :0233 :1430 :3810
Cc |:1361 :1490 :0131 :3291 :0431 :3123 :0171 :00005
e |:1480 :1662 :0101 :3169 :0456 :2987 :0130 :0015
d |:1361 :1490 :0131 :3291 :0431 :3123 :0171 :00005
m | :1445 :1612 :0109 :3204 :0449 :3027 :0142 :0011
o] 1
Figure 11: P, the transition probability matrix of the new process(entries are rounded).
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10P)

Figure 12: C[t I(x) for0 x 3 10'.

is really an abstraction), not becauseits reward rate is zero, but the nal e ect is the same: ideally the
processdoesnot gain any reward in statesO, h, or s.

Using the notation previously intro duced, S = f1;2;3;4,5;6;7;c;e;d;m; og. Sincethe original process
is independen, alsothe new processis independert, and, in addition, the holding time distributions for its
states are obtained by stretching the corresponding original distributions on the horizontal axis (no mixture
distribution is generated):

8i 2 Snfog; Hi(x) = Hi(;(f) and Fo(X) = Ho(X):

The transition probability matrix B (gure 11) completesthe speci cation of the new process. The matrix
P was obtained applying (1) with the help of the MATLAB padkage [22].

The analysisof the new processs alsoperformedusing SHARPE, expandingthe stage-type distributions,
as was done for the original process,but now matrix P contains non-zero diagonal ertries and this leads,
in the expanded CTMC, to arcs having coinciding sourceand destination. When this happens, the correct
CTMC is obtained by simply ignoring thesearcs (the holding time in the state or stageis increased).

The systemwas modeled with the original description method using seeral setsof data, di ering in the
choice of Hg, rn, and rg, to obsene how the results were a ected (all the other speci cations were as in
gure 9). The choiceswereHy, EXP(10") andr, =rs= 10 ", forn = 1,2,4,6,and 8 (in gure 9,n is
5). Let CI"l(x) be the accurrulated reward up to absorption computed this way, for n = 1,2,4,6,and 8.

The system was then modeled with the exact method, where states 0, h, and s are absen, obtaining
a distribution of the accunulated reward consisterily more pessimistic than the previous ones. The exact
accunulated reward, CI* I(x), is shavn in gure 12).

The absolute di erences between CI 1(x) and ClH(x), Cl&(x), and C*l(x) respectively are reported in
gure 13 (for small values of x, from 10 to 100 reward units) and in gure 14 (for large values of x, up
to 3 10’ reward units). As expected, the di erences tend to be smaller (closer to 0) as n increases,but
raising n too much (n  6) causesnumerical problems in SHARPE. Interestingly enough, C[*l(x), whose
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Figure 13: From top to bottom, Cl* I(x) Cl(x), clt I(x) cP(x), andCcl* I(x) CcH(x), for10 x 100.

computation is numerically correct, is still consisterily apart from C[! I(x). The causeof this behavior is
the large number of visits to states O,h, and s before absorption: state 0 has an extremely short holding
time, but its reward rate is 1; and states h and s have an extremely small reward rate, but their holding
times are not negligible. To obtain an almost perfect match with C[* 1(x) without numerical problems, both
the reward rate for state O and the soourn times for states h and s had to be reduced. In other words,
it may be dicult to obtain exact results using a \limiting" operation that will stress,if not compromise,
most numerical methods: it is safer,and generally faster, to explicitly eliminate the vanishing states.
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5 10 15 20 25 ( 10P)

Figure 14: From top to bottom, Ct I(x) Cl(x), cll I(x) cl@(x), andClt I(x) CM(x), for0 x 310.

7 Observ ations

Cum ulativ e time spent in a subset of states up to absorption

If the reward rates for the transient statesare restricted to be either 0 or 1, the reward rates for the absorbing
statesare 0, and the setB  SnSp isdened asB = fi 2 SnSa * ri = 1g, then C(x) represens the
probability that no more than x time units are globally spert in the statesof the subsetB beforeabsorption.
By changing the set of states having reward rate 1, dierent transformed processescan be obtained and
di erent aspects of the samesystem can be analyzed.

Extensions of the class of semi-Mark ov pro cessesconsidered

The proposed transformation has been applied to semi-Markov processeswith probability of absorption
equal 1 and with state spaceS partitioned into two subsets,S n Sp, composed of transient states with
non-negative reward rate, and Sa, composed of absorbing states with zero reward rate. A more general
class of semi-Markov processescould be considered, partitioning the state spaceS into two subsets, Sg,
composed of transient states with positive reward rates, and S n Sg, composedof states with zero reward
rates. Statesin SnSg may be recurrent, transient, or absorbing, aslong as the states of Sg are transient.
It is easyto see,though, that this is a trivial generalization, where a recurrent subsetof states with zero
reward can be substituted for a single absorbing state with null reward rate.
Another classof semi-Markov processthat could t the proposedapproad is exempli ed by the process
fX(t);t 0ghaving S= 1IN, 8 2 IN, 8 2 IN, Qi (t) EXP(2),ifj =i+ 1, Qj(t) = 0 otherwise,
o = 1, a classicalexample of non-regular CTMC [23]. The properties of the processobtained applying the
transformation will be dependent on the reward rates assignedto ead state. If welet r; = 1 8i 2 IN, the
transformed processf X (x);x  0g will be non-regular as well: its lifetime, and Y (1 ), will be nite with
probability 1. If, on the other hand, we let r; = 2' 8i 2 IN, the transformed processhas a sgourn time
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EXP(1) in ead state, henceit is regular: its lifetime, and Y (1 ), will be 1 with probability 1.

Analogously, consideran initial processas before, but with Q;i+1(t) EXP(1), an example of regular
CTMC where all states are transient. If welet r; = 1 8i 2 IN, the transformed processis regular and its
lifetime, and Y (1 ), are 1 with probability 1. If instead we let r; = 2 ' 8i 2 IN, the transformed process
hasa sojourn time EXP(2') in state i, henceit is irregular and its lifetime, and Y (1 ), will be nite with
probability 1.

Absorbing states with positiv e reward rate

If apositivereward rate is assignedo an absorbingstate reachable from the initial statei,thenE[Y(1 )Xo =
i]=+1 . Furthermore, if the absorbing states Sa are partitioned into Syo and Sp+, the former containing
stateswith zeroreward rate and the latter containing stateswith positive reward rate, then the value of

= prfY(1 )= +1 jXo=ig=prfX(1)2 Sp- jXo=ig=prfX(1)2 Sa+ j Xo=ig

will in uence the subsequeh analysis. If ; < 1, the conditional distribution of Y (1 ), giventhat the process
is absorbed in a state with zeroreward rate and the initial state i, may be computed,

priY(1) xjXo=1i;X(1)2 SpogQ

aswell asits expectation,
E[Y(1)jXo=1i;X(1) 2 Spo]

Once ; has beencomputed, the problem is reducedto the one previously discussedand it can be solved
with the sametechnique ( i is simply the massat 1 for a defective distribution).

Negativ e reward rates

A further complication arisesin the presenceof negative reward rates, often presen, for example, when
costs are considered. If some absorbing state has a negative reward rate, then S, must be partitioned
iNto Sy, Spo, and Sp+. 9 and " can be de ned as the probabilities of being absorbed in eath
subsetrespectively. If ©> 0, the conditional distribution of Y (1 ) can be de ned, asdonein the previous
paragraph, but its computation is complicated by transient states with negative reward rate. If there is a
lower bound bto the value of theserates, the reward rates of the transient states can be shifted by adding
b to them, sothat they becomenon-negative. In particular, if S is nite, b always exists.

As already mentioned in section 3, though, performing this shift is useful only to compute the expected

value of Y (1 ) using the relation
EIY(1)jXo=il=E[Y(1)]jXo=i] bMTTF

but not to compute its distribution.

8 Conclusion

In this paper we have preseried an algorithm for the computation of the accurmulated reward in a semi-
Markov reward process. This is an extension of an algorithm proposed by Beaudry. The algorithm is
robust, sinceit allows for zero-reward states that are non-absorbing. The algorithm proceedsby replacing
zero-revard absorbing states by a probabilistic switch, thus it is related to the elimination of \v anishing"
states from the reachability graph of a Generalized Stochastic Petri Net [10] and to the elimination of fast
transient statesin a decomposition approad to sti  Markov chains [11]. The usefulnessof the algorithm is
illustrated with seweral examples.
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App endix
Pro of of lemma 1: 8i 2 Sp, 8n 0O,

prfY(l))< Xx; N(1)=njXg=ig
= PijprfY(1) x:N(1)=njXo=jg
J'>2(So[31 X
PijprfY(1) Xx;N(l)=njXo=jg+ PijprfY(1) Xx;N(L)=njXo=jg
i2So 12

De ning the column vectors
Up=[prfY(1) Xx;N@)=njXpg=ig] 12 S

U =[prfY(1) x;N@)=njXp=1ig 125

we obtain
Up= (I POy 1pliy, = mu,

and the rst result follows. The secondresult is obtained summing over n.

Pro of of lemma 2: For n = 0, the two quartities are trivially equalto 0. For n 1, the proof is made by
induction onn. Leti 2 Sy, then, for n = 1,

X
priX(x)2Sa; N(1)=1jXo=ig= Qi (X)
j2Sa
and
prfY()l() x;N(1)=1jXo=ig

= 7 prfXp2Sa:81 0<n<h Xn2So: Vo ;(—_jxo=ig
h 1 !

per12SA;V0 rin():ig
i

X
+ 7 prfXn2Sa:8n 0<n<h X,2So: Vo rijxozig
i

h 2
X X X X X . .
= Qij () + PriXn2Sa;8n 1<n<h Xn2S; X1=1;Vo —jXo=ig
i2Sa Fi 12Soh 2 Ti
= Qij (2 + PriXp2Sa;8n 1<n<h Xn2SojX1=1;Vp =;Xo=ig
j2Sa Fi 12Soh 2 Fi
priXs=1; Vo ;(—_on= ig
X x, X x X | .
= Qij () + Qin () prfXn2Sa;8n 1<n<h X,2S5jX1=1g
i2Sa Fi 12Sg fiy 5
X x, X x X .
= Qij () + Qin () prfXn2Sa; 8n 0<n<h X,2S5pjXo=1lg
i2Sa Fi 12Sg My g
X X X X X
= Qij (r_-) + Qi (r__)MI;j
i2Sa | j2Sa 1250 :
= Qi;j (X)
j2Sa
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Supposenow the lemmatrue for 1,2, ,n landletn> 1.

prf X (x) 2.5 N(1)=njXo=ig
X Xprf)’(‘(x u2Sa; N@)=n 1jXo=jgdQ; (u)
Z

X

priY(1) x u;N(L)=n 1jXo=]jgdQ(u)

i2s1

j2sr 0
ZX u
= priY(1) x u;N@)=n 1jXo=jgdQy ()
j2sy O Ti
ZX _ X u
+ priY(1) x u;N@)=n 1jXo=jg M;dQu(-)
jesy © 12 So Fi

prifY(1) Xx;N(1)=njXp=g
x Z

Pro of of
Ifi 2 St,

Ifi 2 Sa,
If i 2 So,

X
T

prfY (1) x o riup N(@)=n 1jXo=jgdQ; (u)

j2s;
X -
+ "prfY(1) x riu; N(@)=n 1jXo=jgdQi (u)
j2sg ©
CpriY(1) x riu; N(1)=n  1jXo=jgdQj (u)
j2sr
X Zxx .
+ ' MjprfY(1) x riu; N(1)=n 1jXp=1gdQi; (u)
28 0 25
X X . . u
prifY(1) x u;N(@)=n 1jXo=jgdQij(-)
j2Ssr Fi
X ZxX : u
+ MjprfY(1) x u;N(1)=n 1jXo=19dQi;j ()
25 0 25, ri
X . . u
priY(1) x u;N(@Q)=n 1jXo=jgdQij(-)
j2s; O ri
X Zx . . X u
+ priY(1) x u;N(@Q)=n 1jXo=jg My;dQi ()
jesy O 12So ri

lemma 3 Distinguish three cases:

using Lemma 1

Ci(x) = prfY(1) x;N(@)=njXo=ig
n o
= priX(x) 2 Sa; N(1)=njXp=ig usingLemma?2
n 0
= Fi(x)
Ci(x) = Fi(x) = 1.
Ci(x) = Mi;j Cj(x)  usingLemmal
i2s1
X
= Mi; I"AJ' (x)
j2S1
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