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Abstract

With the increasingcomplexity of multipro cessorand distributed processingsystems,the needto develop e�cien t and

accurate modeling methods is evident. Fault-tolerance and degradableperformanceof such systemshas given rise to

considerableinterest in models for the combined evaluation of performanceand reliabilit y [1, 2]. Most of thesemodels

are basedupon Markov or semi-Markov reward processes.Beaudry [1] proposeda simple method for computing the

distribution of performabilit y in a Markov reward process.We present two extensionsof Beaudry's approach. First, we

generalizethe method to a semi-Markov reward process.Second,we remove the restriction requiring the association

of zero reward to absorbing states only. Such reward models can be used to evaluate the e�ectiv enessof degradable

fault-tolerant systems. We illustrate the useof the approach with three interesting applications.

Index Terms | Computer performance,computer reliabilit y, performabilit y, graceful degradation, Markov models,

semi-Markov models, reward processes.

0This work was supported in part by the U.S. Air Force O�ce of Scienti�c Research under Grant AFOSR-84-0132,by the
NASA Langley Research Center under Grant NAG-1-70, and by the Software Productivit y Consortium under Grant 88{023

1



1 In tro duction

Multipro cessorsand distributed processingsystems can provide higher performance and higher reliabil-
it y/a vailabilit y over single-processorsystems. In order to properly assessthe e�ectiv enessof such systems,
measuresthat combine performanceand reliabilit y are needed.For this purpose,Meyer [2] developed a con-
ceptual framework of performability . Markov and semi-Markov reward modelsare usedin the performabilit y
evaluation of computer or communication systems.

This paper presents a new algorithm for the computation of the distribution of accumulated reward
until absorption in a semi-Markov reward process. Failures and repairs of system resourcesare modeled
by a semi-Markov process,called the structure-state process[2]. A performance-level, or reward rate, is
associated with each state of the structure-state process.The resulting semi-Markov reward processis then
able to capture not only failure and repair of system components, but degradable performance as well.
Application examplesusedto illustrate our method are fairly diverseand interesting. The �rst exampleis a
repairable systemwith a limited number of repairs [3]. The secondexample is the M/M/2 queueingsystem
subject to failure and repair. The �nal example is basedon a measurement-based performabilit y model of
a large IBM system [4].

In [1], Beaudry proposedan algorithm for computing the distribution of the accumulated reward until
absorption in a continuous-time Markov chain. We extend her result in two directions. First, we consider
semi-Markov reward processes,thus removing the restriction of exponentially distributed sojourn times. We
have observed in [4] that the use of an exponential distribution as an approximation to a non-exponential
distribution can causeconsiderableerrors in the results. Second,we allow non-absorbing states with zero
reward rate, which do occur in practical models [4]. In Beaudry's method, thesestates would have caused
a \division by zero" in the computations or would have required to approximate their zero reward rate
using a small positive quantit y instead, but we caution the reader that the numerical errors due to such an
approximation can be large (as will be shown in one of the examplesof Section 6).

In Section 2, the problem of computing the distribution of accumulated reward for a semi-Markov
processis intro duced; in Section 3, an informal approach to the solution of this problem is given; in Section
4, a transformation is de�ned, to obtain a new semi-Markov processwhose lifetime is distributed as the
accumulated reward of the original process. The e�cien t construction of the new semi-Markov processis
discussedin Section5, while examplesof the application of our method to the modeling of computer systems
are presented in Section6. Section7 contains someconsiderationsfor further extensions.Proof of important
results are given in the Appendix.

2 The semi-Mark ov Reward Pro cess

Assumethat f X (t); t � 0g is a right continuoussemi-Markov processwith state spaceS � IN = f 0; 1; 2; : : :g
and with probabilit y of being eventually absorbed equal to 1. Let Tk be the time of the k-th transition
(T0 = 0) and de�ne Vk = Tk+1 � Tk , the sojourn time in the k-th visited state (k 2 IN). Let X k = X (Tk ),
the state reached after the k-th transition. Let SA denote the set of absorbing states. De�ne the kernel, the
transition probabilit y matrix, and the initial probabilit y row vector respectively as

Q(t) = [Qi;j (t)] = [prf X k+1 = j ; Vk � t jX k = ig]

P = [Pi;j ] = [prf X k+1 = j jX k = ig] = [Qi;j (1 )] = Q(1 )

� = [� i ] = [prf X (0) = ig]

2



Assumefor simplicit y that 8i 2 SA , Qi;i (t) = U(t � 1), where

U(x) =

8
<

:

0 if x < 0

1 if x � 0

and note that 8i 2 SA , Pi;j = 0 for i 6= j .
f X k ; k 2 INg is a discrete-time Markov chain over the state spaceS with transition probabilit y matrix

P (see[5]). Eventually the processgets absorbed, so the �rst index K , such that X K is absorbing, is �nite
with probabilit y 1.

A real-valued reward rate r i is associated to each state i 2 S. Assume that the reward rates are
non-negative and, in particular, zero for the absorbing states:

8i 2 S; ( r i 2 IR; r i � 0 ) ^ ( i 2 SA ) r i = 0 ):

De�ne the accumulated reward earnedup to time t by

Y(t) =
Z t

0
rX (� )d� :

The measureconsideredin this paper is the distribution of Y (1 ), representing the accumulated reward up
to absorption, conditioned on the initial state i :

Ci (x) = prf Y (1 ) � x j X 0 = ig = pr
� Z 1

0
rX (t)dt � x j X 0 = i

�
:

The problem of computing the distribution of Y (t) for a �nite t in a Markov reward processis considered
elsewhere[6]. The distribution of Y (t) in a semi-Markov reward processis discussedin [7, 8].

The following semi-Markov reward processwill be used as a running example throughout the paper.
Errors arise in a system (initially in an up state) according to a Poisson processwith rate � . When
an error is detected, the system goes to a r ecover state, where it tries to handle the error. The error
handling time is a given constant T. If a seconderror arisesbefore the recovery completes(within T time
units from the occurrence of a previous error), the system fails, going to a down state. This event has
probabilit y 1 � c = 1 � e� �T . Figure 1 shows the transitions between states. Using the given de�nitions,
S = f up; r ecover; downg, SA = f downg, � = [1; 0; 0], and

Q(t) =

2

6
4

0 1 � e� �t 0
c U(t � T) 0 1 � e� � min f t;T g

0 0 U(t � 1)

3

7
5

P =

2

6
4

0 1 0
c 0 (1 � c)
0 0 1

3

7
5

The reward rates are r up = 1, r r ecover = 
 , rdown = 0, where 0 � 
 � 1. If 
 = 0, then Y(1 ) is the total
system uptime until failure and henceC(x) will be the distribution of system uptime. If 
 = 1, then Y(1 )
will be the time to system failure.

3 A Change of Pace

The stochastic processf X (t); t � 0g de�ned in the previous section is a semi-Markov reward process,
since a reward rate is associated with each state of the semi-Markov process. A method of computing
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Figure 1: A simple example.

the distribution of accumulated reward until absorption when f X (t); t � 0g is a Markov chain was given
in [1], where transient states were restricted to strictly positive reward rates. More recently , in [9], this
restriction is removed. A similar approach can be usedin the semi-Markov setting. Beaudry's idea in [1] is
to de�ne a new Markov chain f X̂ (x); x � 0g by dividing the transition rates out of state i by r i , so that the
distribution of time to absorption of the new processis the sameas that of Y (1 ) in the original process.
This is true becausethe transformation takes into account the earned reward in the \time" index of the
stochastic process.The sojourn in state i is slowed down or acceleratedaccording to the value of r i , being
larger or smaller than 1. Then, for state i , sojourn times of length � in f X (t); t � 0g and of length � r i in
f X̂ (x); x � 0g are equivalent. Another way of thinking about this transformation is a substitution of the
index variable, from time to reward: a sojourn of t time units corresponds to a gain of tr i reward units
in state i (and a gain of x reward units in state i corresponds to a sojourn of x=r i time units). Figure 2
illustrates this correspondence.

Following the exampleof �gure 1, the sojourn time in state up is left unchangedand sois the onein state
down (which is irrelevant sincestate down is absorbing), but the sojourn time in state r ecover is changed.
The transition toward state down now has rate �=
 and a successfulrecovery takesT
 \time" (or, better,
accruesT
 reward).

There is a di�cult y with the above approach: the reward rate of a transient state could be zero. No
reward is earned during the sojourn in such a state, however the system will eventually move either to
another transient state, possibly with positive reward rate, or to an absorbing state.

Intuitiv ely, zeroreward rates correspond to instantaneoustransitions in f X̂ (x); x � 0g, sincef X̂ (x); x �
0g spendsno time (f X (t); t � 0g gains no reward) in transient states with zero reward rate. Note that it is
possibleto increasethe reward rate in each state by a positive quantit y bshif t (e.g. 1) so that all the reward
rates becomestrictly positive. The following equality then holds:

E [Y (1 ) j X 0 = i ] = E [Y(1 ) j X 0 = i ] � bshif t M TTFi

where Y(1 ) is the cumulativ e reward computed using the shifted reward rates and M TTF i is the expected
lifetime starting in state i (obviously independent of the reward rates). Unfortunately the expressioncan-
not be generalizedto the distribution of Y (1 ), becausethe cumulativ e reward and the lifetime are not
stochastically independent.

Kulkarni [9] showed how to eliminate zero reward transient states if f X (t); t � 0g is a Markov chain.
A similar approach had already been used in the Generalized Stochastic Petri Net (GSPN) framework
[10], where in�nite rates arise directly from the de�nition, not from the presenceof zero reward rates. In
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the GSPN, \timed" transitions represent activities whosetime to completion is exponentially distributed,
while \immediate" transitions represent logic events taking no time. The markings (states) of the GSPN
are partitioned into \tangible" and \v anishing", the latter corresponding to markings where at least one
immediate transition is enabled. Though vanishing markings may describe logical (but instantaneous)
conditions of relevance,they must be eliminated before the underlying stochastic processcan be studied: a
GSPN is hencetransformed into a smaller Markov chain whosestates are the tangible markings only.

Yet another related e�ort is reported in [11], wheregroupsof \fast" statesare approximated to be groups
of vanishing states. In [12], the distribution of sojourn time until absorption for a given subsetof states in
a Markov processis calculated.

In �gure 1, state r ecover becomesvanishing if 
 is 0. This would amount to saying that no useful work
is performed when a recovery is under way, a reasonableassumption.

4 The De�nition of the New Pro cess

In this section a new semi-Markov processf X̂ (x); x � 0g is de�ned, whosestate spaceis a subsetof S and
whose time to absorption has the samedistribution as Y(1 ). This is done by eliminating the vanishing
states and by scaling the sojourn time in each state.

Let S0 be the set of transient states with zero reward rates, ST the set of transient states with positive
reward rates, and de�ne S1 = ST [ SA = S n S0, so that S = S0 [ ST [ SA = S0 [ S1. If the states are
reorderedaccordingto thesesubsets,the one-steptransition probabilit y matrix P and the initial probabilit y
vector � can be partitioned as

P =

"
P [00] P [01]

P [10] P [11]

#

=

2

6
4

P [00] P [0T ] P [0A ]

P [T 0] P [T T ] P [T A ]

0 0 I

3

7
5

� =
h
� [0]; � [1]

i
=

h
� [0]; � [T ]; � [A ]

i

The quantit y

M = [M i;j ] = (I � P [00]) � 1P [01] = P [01] + P [00]P [01] + P [00]2P [01] + � � � =
h
M [0T ]; M [0A ]

i
=

h
(I � P [00]) � 1P [0T ]; (I � P [00]) � 1P [0A ]

i

will be often usedin the following derivations. (I � P [00]) � 1 is the fundamental matrix of the discrete-time
Markov chain f X k ; k 2 INg when all the states in S1 are consideredabsorbing. Hence the entries of M
satisfy [13]:

8i 2 S0; 8j 2 S1; M i;j =
1X

k=1

prf X k = j ; 8n 0 < n < k X n 2 S0 j X 0 = ig

that is, M i;j is the probabilit y that the �rst state visited in S1 will be j , after an arbitrary number of
transitions within S0, given that the processf X k ; k 2 INg is in state i 2 S0.

The state spaceof the new processf X̂ (x); x � 0g is Ŝ = S1. Let T̂i be the \time" of the i -th transition
for f X̂ (x); x � 0g and let T̂0 = 0, V̂i = T̂i +1 � T̂i , and X̂ i = X̂ (T̂i ). The kernel

Q̂(x) =
h
Q̂i;j (x)

i
=

h
prf X̂ k+1 = j ; V̂k � x j X̂ k = ig

i
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is given by

Q̂i;j (x) =

8
><

>:

Qi;j

�
x
r i

�
+

X

l2 S0

Qi;l

�
x
r i

�
M l ;j if i 2 ST

Qi;j (x) if i 2 SA

If state i 2 ST doesnot reach any state in S0, this transformation preservesthe type of the Qi;j (�) distribu-
tion, it merely stretchesor compressesits shape on the horizontal axis, from \time" to \reward". If states
in S0 are indeed reached, Q̂i;j (�) is a mixture distribution, possibly completely di�eren t from Qi;j (�), which
is just a component in the mixture (Qi;j (�) could even be identically equal 0).

The matrix

P̂ = Q̂(1 ) =
h
P̂i;j

i
=

h
prf X̂ 1 = j jX̂ 0 = ig

i
=

"
P̂ [T T ] P̂ [T A ]

0 I

#

is related to P by the following relation:

P̂ = P [11] + P [10]M = P [11] + P [10]P [01] + P [10]P [00]P [01] + P [10]P [00]2P [01] + � � � (1)

P̂ de�nes the DTMC obtained from f X k ; k 2 INg when only transitions into states of Ŝ are considered:

8i 2 Ŝ; 8j 2 Ŝ; P̂i;j =
1X

k=1

prf X k = j ; 8n 0 < n < k X n 2 S0 j X 0 = ig

That is, a singlestep from i 2 Ŝ to j 2 Ŝ in f X̂ k ; k 2 INg can be seenasa sequenceof stepsin f X k ; k 2 INg,
starting from i , ending in j , and such that the visited states, apart from the �rst and the last, belong to S0.

The initial probabilit y vector
�̂ = [�̂ i ] =

h
prf X̂ (0) = ig

i

of the transformed processis given by

�̂ = � [1] + � [0]M =
h
�̂ [T ]; �̂ [A ]

i
=

h
� [T ] + � [0]M [0T ]; � [A ] + � [0]M [0A ]

i
(2)

That is, the probabilit y that the initial state for f X̂ k ; k 2 INg is i 2 S1 is computed as the sum of the
probabilit y that the initial state for f X k ; k 2 INg is i plus the probabilit y that the initial state for f X k ; k 2 INg
belongsto S0 but the �rst state visited in S1, after an arbitrary number of transitions in S0, is i .

De�ne N (n) and N̂ (n) as the number of states in ST visited in the �rst n steps by f X k ; k 2 INg and
f X̂ k ; k 2 INg respectively, including the initial state. Using the de�nition 1(� ) = 1 if event � is true, 1(� ) = 0
otherwise:

N (n) =
nX

k=0

1(X k 2 ST ) ; N̂ (n) =
nX

k=0

1(X̂ k 2 ST ) :

N (1 ) and N̂ (1 ) are the number of states in ST visited beforeabsorption by the two processesrespectively,
including the initial state. We then obtain the following results:

prf N̂ (1 ) = 0g = prf X̂ 0 2 SA g = 1 � �̂ [T ]1 = �̂ [A ]1

8n � 1; prf N̂ (1 ) = ng = �̂ [T ]P̂ [T T ]n � 1
P̂ [T A ]1

where 1 is the column vector with all entries equal to 1. The following results are proved in [12]:

8i 2 S1; 8n � 0; prf N (1 ) = n j X 0 = ig = prf N̂ (1 ) = n j X̂ 0 = ig

8i 2 S0; 8n � 0; prf N (1 ) = n j X 0 = ig =
X

j 2 S1

M i;j prf N (1 ) = n j X 0 = j g
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8n � 0; prf N (1 ) = ng = prf N̂ (1 ) = ng

Using the above de�nitions and results, the following lemmasare proved (in the appendix):

Lemma 1 (dealing with the caseX 0 2 S0)

8i 2 S0; 8n � 0; prf Y (1 ) � x ; N (1 ) = n j X 0 = ig =
X

j 2 S1

M i;j prf Y (1 ) � x ; N (1 ) = n j X 0 = j g

8i 2 S0; Ci (x) =
X

j 2 S1

M i;j Cj (x)

Lemma 2 (relating the two processes,given the number of steps in ST beforeabsorption)

8i 2 ST ; 8n � 0; prf X̂ (x) 2 SA ; N̂ (1 ) = n j X̂ 0 = ig = prf Y (1 ) � x ; N (1 ) = n j X 0 = ig

Lemma 3 (eliminating the condition on the number of steps to absorption from the previous lemma)

8i 2 S1; Ci (x) = F̂i (x)

8i 2 S0; Ci (x) =
X

j 2 S1

M i;j F̂j (x)

where
8j 2 S1; F̂j (x) = prf X̂ (x) 2 SA j X̂ 0 = j g

Removing the dependencefrom the initial state in lemma 3, we obtain:

Theorem 1 (main result)

C(x) def=
X

i 2 S

Ci (x)� i =
X

i 2 S1

Ci (x)� i +
X

i 2 S0

Ci (x)� i

=
X

i 2 S1

F̂i (x)� i +
X

i 2 S0

0

@
X

j 2 S1

M i;j F̂j (x)

1

A � i using Lemma 3

=
X

i 2 S1

F̂i (x)� i +
X

j 2 S1

F̂j (x)

0

@
X

i 2 S0

� i M i;j

1

A

=
X

i 2 S1

F̂i (x)� i +
X

j 2 S1

F̂j (x) (�̂ j � � j ) using Equation (2)

=
X

j 2 S1

F̂j (x)�̂ j

where the last quantit y can be de�ned as F̂ (x), the unconditional distribution of the time to absorption for
processf X̂ (x); x � 0g.

The transformation of this section,applied to the exampleof �gure 1 when 
 , the reward of state r ecover,
is zero, givesŜ = f up;downg,

Q̂(x) =

2

4
c(1 � e� �x ) (1 � c)(1 � e� �x )

0 U(x � 1)

3

5

P̂ =

"
c (1 � c)
0 1

#
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Figure 3: The equivalent Markov chain.

Thus the system stays in state up for a number of periods, until it jumps to state down, where it gets
absorbed. The length of each period is exponentially distributed with parameter � (the semi-Markov process
is independent, sincethe distribution of the period doesnot depend on whether the destination state is up
or down) and the number of periods up to absorption has a geometric distribution with parameter (1 � c).
The sum of the lengths of all the periods is exponentially distributed with parameter � (1 � c), so the process
is equivalent, as far as absorption time is concerned,to a Markov chain with state spacef up;downg where
the transition from state up to state down has rate � (1 � c) and where state down is absorbing (see�gure
3). Then

prf Y (1 ) � xg = prf X̂ (x) = downg = 1 � e� � (1� c)x

5 Elimination of the vanishing states and computation of C(x)

The �rst part of this section discussesthe cost of performing the elimination of the vanishing states when
the state spaceS is �nite. Various methods to compute the functions F̂i (x), neededto obtain C(x) using
theorem 1, are discussedat the end of the section.

In the GSPN, the presenceof a recurrent subset of vanishing states implies that the processbecomes
stochastically discontinuous. By contrast, during the transformation of the processf X (t); t � 0g into
f X̂ (x); x � 0g, this situation cannot arise, sincerecurrent subsetsare neither present initially nor generated
during the construction (slowing down or acceleratingthe sojourn time in a state doesnot changethe relative
transition probabilities from a state to the other states). The absenceof recurrent subsetof vanishing states
guaranteesthe existenceof the inverse(I � P [00]) � 1.

De�ne G as the subgraphobtained from the state transition diagram when only the vanishing states are
considered.G can contain self-loops and transient loops.

A self-loop is a transition from a vanishing state to itself (Pi;i 6= 0 for somei 2 S0) and it can be simply
ignored: Pi;i is set to 0 and the other non-zeroentries in row i for P [00] and P [01] are normalized (the new
value of Pi;j is Pi;j =(1 � Pi;i ), for j 2 S; j 6= i ). Sincestate i is vanishing, this modi�cation doesnot change
the �nal result (only the �nal destination is relevant, not the number of jumps into state i before �nally
leaving it). The diagonal entries of P [00] from now on can be assumedto be zero.

A transient loop is a set of mutually reachable transient states, a strongly connectedcomponent in G.
The presenceof transient loops is not a problem in principle, but it can negatively a�ect the performanceof
the algorithm for the elimination of the vanishing states. Let n0 and n1 be the number of states in S0 and
S1 respectively, let x [ij ] be the number of non-zero entries in P [ij ]; i; j 2 f 0; 1g, and assumethat a sparse
storagetechnique is used(for simplicit y of notation assumex [ij ] larger than both n i and nj ).

If no transient loop is present, a partial ordering is implicitly de�ned on the states of S0 (nodes of G);
from it, a compatible total ordering can be found in time O(x [00]), by meansof a topological sort [14], so
that, if state i follows state j , then j cannot be reached from i in G.
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If the total ordering is applied to S0, P [00] becomesstrictly upper triangular:

(P [00])n0 = 0 and (I � P [00]) � 1 =
n0 � 1X

k=0

(P [00])k

hence(I � P [00]) � 1 is upper triangular with diagonal entries equal to 1. Although (I � P [00]) � 1 is never
explicitly computed in practice, the triangular nature of P [00] allows great e�ciency; the required stepsare
listed in the following, together with the asymptotic execution time requirements:

� solve for M in M = (I + P [00])P [01] n1O(x [00])

� compute W using W = P [10]M n1O(x [10])

� compute P̂ using P̂ = P [11] + W O(n0n1 + x [11])

The total time requirement to compute P̂ is then (given the assumption x [10] � n1 and x [11] � n1)

O((x [00] + x [10])n1) (3)

If transient loopsarepresent, the worst-casebound on the time requirement is higher, an LU -factorization
is involved, and the obtained matrices L and U can have a large �ll-in, possibly O(n2

0):

� factorize P [00] into L and U O(n3
0)

� solve for M in (I � P [00])M = P [01] using L and U n1O(n2
0)

� compute W using W = P [10]M n1O(x [10])

� compute P̂ using P̂ = P [11] + W O(n0n1 + x [11])

So the total time requirement is

O(n3
0 + (x [10] + n2

0)n1) (4)

Comparing (3) with (4), the term O(x [00]n1) is substituted by the term O(n3
0 + n2

0n1). The two terms are
equivalent only if x [00] = O(n2

0) and if n0 = O(n1).
Finally, if transient loops are present, but their size can be considered\small" with respect to n0, the

topological sort idea can still be used to improve the performance. A partial ordering is now implicitly
de�ned among the transient loops (strongly connectedcomponents in G), not among the states (nodes in
G), if each state not in a transient loop is consideredas a transient loop in itself. The strongly connected
components can be found using a modi�cation of the depth-�rst search algorithm [15], so the number of
operations to �nd a total ordering on the states of S0 is still O(x [00]) as before. The total ordering de�ned
this way is such that, if state i follows state j , then either state j cannot be reached from state i in G, or
states i and j are mutually reachable in G (they are in the samestrongly connectedcomponent).

Assumefor simplicit y that there are exactly n0=k transient loops of sizek each: matrix P [00] can then
be put in upper block triangular form, where each block P [00]

i;j ; i � j is of sizek � k. Also, denote with M i;j

and P [01]
i;j the k � 1 blocks forming M and P [01] respectively (a small abuseof notation, since we already

used the samesymbols to indicate elementsof a matrix, not blocks). Each diagonal block must then be
LU -factorized, intro ducing �ll-in only in the block itself, then a block-oriented back-substitution procedure
can be usedto compute M , k rows at a time, without any �ll-in [16, page161]. The required stepsare:
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� for i = 1 upto n0=k do n0=k � � �
factorize P [00]

i;i into L i and Ui O(k3
0)

� for i = n0=k downto 1 do n0=k � � �
for j = 1 upto n1 do n1 � � �

compute A using A =
P n0=k

l= i+1 P [00]
i;l M l ;j O(� )

solve for M i;j in (I � P [00]
i;i )M i;j = P [01]

i;j � A using L i and Ui O(k2)

� compute W using W = P [10]M n1O(x [10])

� compute P̂ using P̂ = P [11] + W O(n0n1 + x [11])

The expressionO(� ) depends on the number of non-zero entries in each P [00]
i;l , but, summing over all the

valuesof l and i it givesO(x [00]), to be summedover all n1 valuesof j , so the total time requirement is

O(k2n0 + kn0n1 + (x [00] + x [10])n1) (5)

If k = O(n0), there is a small (constant) number of large loops: expressions(5) and (4) coincide. If
k = O(1), there is a large number of small (constant size) loops: expressions(5) and (3) coincide. Finally,
if k is a sublinear function of n0, for example k = O(

p
n0), the dominant term in (5) will be determined

by the relative value of n0, n1, x [00], and x [10], but the running time of the algorithm will be in any case
improved by exploiting this ordering, especially considering that the determination of the ordering itself is
an inexpensive operation in comparisonwith the other steps.

So far the discussionhas beenon the computation of P̂ . It should be clear how the samebounds hold
when consideringthe computation of Q̂, although, in general,the analogousexpressionQ̂(x) = Q[11](x=r ) +
Q[10](x=r )M (where Q[11] and Q[10] have the obvious meaning) in generalinvolvessumsof real functions, not
of real numbers. The bounds are nonethelessvalid even in this case,for example the reader could imagine
that they represent the time to output Q̂ in symbolic sparseformat.

The elimination of vanishing stateshelps the subsequent numerical solution both by reducing the overall
size of the problem (especially when n0 is large in comparison to n1 and the �ll-in intro duced in P̂ is
small) and by avoiding the intro duction of distributions having extremely small averages,to approximate
vanishing states. As it will be pointed out in the sectionon the examples,the existenceof \fast" statesputs
an excessive burden on the numerical solution. Furthermore, the incorporation of the reward information
into the rate allows us to reduce the problem of computing the accumulated reward to that of computing
the time to absorption. Once matrix Q̂ has beenobtained, the problem of computing C(x) (by computing
F̂i (x) �rst) for the relevant value(s) of x or, even better, as a function of x, remains. Unfortunately this
problem is generally harder than the elimination of the vanishing states itself. Viable methods include
numerical integration of a system of coupled Volterra equations [17], use of Laplace-Stieltjes transforms,
and, if all Qi;j (�) are phase-type distributions, transformation of the semi-Markov processinto a CTMC to
be solved using appropriate numerical methods. Regardlessof the method employed, additional advantages
can be obtained by lumping all the absorbing states together, an operation always advisableunlessdetailed
information on the particular failure state (reasonor \mo de" of the failure) is required. In the following it
is assumedthat this lumping is performed and the absorbing macro-state is L .

For simplicit y we will drop the \ ^" notation, since the problem is now the computation of the time to
absorption for a semi-Markov processand the fact that this processwas obtained from yet another process
is irrelevant. The goal is the computation of the time-dependent state probabilit y for state L (or the �rst-
passagetime distribution to state L), conditioned on the initial state i , for each state i 2 S n SA such that
� i > 0.
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Conceptually only O(n1) distribution functions are needed,or even less;for example only one function
is neededif the initial state is certain, that is, if 9i 2 S n SA such that � i = 1. Unfortunately, in general,
additional information must be computed to obtain the required distribution(s), so that the solution can be
very expensive in terms of execution time, memory requirements, or both.

If each distribution is approximated using a phase-type expansion,a Markov chain is obtained. A survey
of numerical methods to solve for the time-dependent state probabilities is presented in [18]. There is a
tradeo� betweenthe number of stagesusedin the expansionsand how well the distributions are �tted, but
the �rst and main tradeo� is betweensizeand simplicit y: the state spaceis increasedto allow a (simpler)
Markovian analysis.

A direct approach for the transient analysis of the semi-Markov processinvolves solving the system of
integral equations

8i 2 S; 8j 2 S; � i;j (x) = 1(i = j ) (1 � H i (x)) +
X

l2 S

Z x

0
� l ;j (x � u)dQi;l (u)

where
�( x) = [� i;j (x)] = [prf X (x) = j jX 0 = ig]

is the the matrix expressingthe time-dependent probabilit y of being in state j conditioned on i being the
initial state and

H (x) = [H i (x)] = [prf Vk � xjX k = ig] =

2

4
X

j 2 S

Qi;j (x)

3

5

is the vector of the holding time distributions in each state, independently of the destination state. The
conditional distribution of the time to absorption is then given by F i (x) = � i;L (x). Further discussionon
numerical methods for the above integration may be found in [17].

Laplace-Stieltjes transforms (LST) can also be employed. Partition Q(x) as

Q(x) =

"
Q[T T ](x) Q[T L ](x)

0 QL;L (x)

#

Let eQ(s) be the matrix representing the LST of the above and partition it accordingly:

eQ(s) =

"
eQ[T T ](s) eQ[T L ](s)

0 eQL;L (s)

#

The vector eF (s), whoseelements are the LST of Fi (x), for i 2 S n SA , can be computed as the solution of
(see[19])

(I � eQ[T T ](s)) eF (s) = eQ[T L ](s) (6)

(as expected, eF (s) is independent of eQL;L (s)). In order to obtain F (t), we usea two-phaseapproach. First
we solve the matrix equation (6) in s-domain and subsequently usenumerical inversion of the vector eF (s)
into F (t); see[20] for a discussionon LST inversion.

6 Examples

Limited num ber of repairs [3]

Consider a systemexperiencing failures. When a failure occurs, the systemis repaired, but only up to k � 1
times. At the k-th failure, the systemwill not be repaired any more, it will remain in the failed state (�gure
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Figure 4: Limited repairs.

4). The state spaceis S = f U1; D1; U2; : : : ; Uk ; Dkg, there is only one absorbing state, SA = f Dkg, and
� (0) = [1; 0; 0; : : : ; 0]. Transitions are from state Ui to state D i (1 � i � k) and from state D i to state Ui +1

(1 � i � k � 1).

QUi ;D i (t) = ' i (t) (distribution of i -th up period)

QD i ;Ui +1 (t) = � i (t) (distribution of i -th repair period)

If the reward rate in state Ui is r i > 0 and in state D i is 0 (1 � i � k), then D1; : : : ; Dk� 1 are vanishing
states. Applying the transformation, Ŝ = f U1; U2; : : : ; Uk ; Dkg and

Q̂Ui ;Ui +1 (x) = '̂ i (x) = ' i

�
x
r i

�
(1 � i � k � 1)

Q̂Uk ;D k (x) = '̂ k (x) = ' k

�
x
r k

�

The distribution of the accumulated reward up to absorption is

CU1 (x) = ('̂ 1 ? � � � ? '̂ k )(x)

=
Z x

0

Z x� x1

0
� � �

Z x� x1 ���� � xk � 2

0
'̂ k (x � x1 � � � � � xk� 1) d'̂ k� 1(xk� 1) � � � d'̂ 2(x2) d'̂ 1(x1)

=
Z x

r 1

0

Z x � y1 r 1
r 2

0
� � �

Z x � y1 r 1 ����� y k � 2 r k � 2
r k � 1

0
' k

� �
x � y1r1 � � � � � yk� 2r k� 2

r k� 1
� yk� 1

�
r k� 1

r k

�

d' k� 1(yk� 1) � � � d' 2(y2) d' 1(y1)

where ? denotesthe convolution operator. The expressionfor the LST transform is simpler:

~CU1 (s) =
Z 1

0
e� sx dCU1 (x) =

kY

i =1

~' i

�
s
r i

�
=

kY

i =1

Z 1

0
e� s

r i
t d' i (t)

Note that if r i = 1 for all the non-absorbingstates, then CU1 (x) is simply the distribution of total uptime
until failure. Interesting casesare:

� QUi ;D i (�) � CON ST(T), for 1 � i � k. If r i = 1, for 1 � i � k, then CU1 (�) � CON ST(kT); if
r i = k + 1 � i , for 1 � i � k, then CU1 (�) � CON ST( k(k+1)

2 T). Note the independenceof the result
from the distributions QD i ;Ui +1 (�). Independencefrom the sojourn time distribution of the stateswith
zero reward is a generalproperty of this method, further simplifying the analysis.

� QUi ;D i (�) � EX PO(� i ), for 1 � i � k, then CU1 (�) � H YPO(� 1=r1; : : : ; � k=rk ), assumingthat all the
fractions � i =ri are di�eren t.

� QUi ;D i (�) � N ORM AL (�; � 2), for 1 � i � k. If r i = 1, for 1 � i � k, then CU1 (�) � N ORM AL (k�; k� 2);
if r i = k + 1 � i , for 1 � i � k, then CU1 (�) � N ORM AL ( k(k+1)

2 �; k(k+1)(2 k+1)
6 � 2).
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� QUi ;D i (�) � EX PO(� ) and r i = 1, for 1 � i � k, then CU1 (�) � ERL(�; k). This could correspond to
the simple caseof a uniprocessorsystem, which can be either up or down.

� QUi ;D i (�) � EX PO((k + 1� i )� ) and r i = k + 1� i , for 1 � i � k, then CU1 (�) � ERL(�; k), asbefore,
interestingly enough,sincethis could correspond, for example, to a k-processorsystemwithout repair
(� i is related to the time to recon�gure the system after the i -th failure, not to the time to repair it)

Cum ulativ e computation of an M =M =2=K system before failure

Consider a queueingsystem with Poissonarrivals, two servers, exponentially distributed servicetimes, and
�nite capacity K . Let 1=� and 1=� be the average interarriv al and service times respectively. Life-time
and repair-time of each server are independent and exponentially distributed with average 1=� and 1=�
respectively. For example the reader might imagine a system performing a certain set of tasks using two
processors. Tasks are sorted according to their priorit y and low priorit y ones may be discarded if there
is no waiting room available. When only one processoris available, tasks are more likely to be discarded
(especially if with lower priorit y), but the system is still able to survive. If the secondprocessorfails while
the �rst is being repaired, no task can be performed and the system is considereddown. The measureof
interest is the cumulativ e computation performed up to the �rst failure of the system.

The state of the system is denoted by a pair (i; j ) where i = 0; 1; 2 is the number of non-failed servers,
and j is the number of jobs in the system (j is absent if i = 0). The system is initially in state (2; 0) with
probabilit y 1. The cumulativ e computation for this system is represented by Y(1 ) for the CTMC in �gure
5 when the reward rates are de�ned as

r (2;0) = 0; r (2;1) = �; 8j � 2; r (2;j ) = 2�;

r (1;0) = 0; 8j � 1; r (1;j ) = �;

r (0) = 0:

The SHARPE package [21] was used to analyze C(x) for the system, both with an \approximate"
approach (the reward for states (2; 0) and (1; 0) is de�ned as 0.000001) and with the \exact" method
proposedin this paper (states (2; 0) and (1; 0) are eliminated becausethey are vanishing). The transformed
CTMC is in �gure 6. The initial probabilit y vector for the transformed CTMC, given the choice � (2;0) = 1,
is

�̂ (2;1) =
� (� + � + � )

�� + (2� + � )( � + � )
; �̂ (1;1) =

2��
�� + (2� + � )( � + � )

; �̂ (0) =
2� 2

�� + (2� + � )( � + � )
:

The valuesassignedto the parametersare K = 10, � = 1:0, � = 0:6, � = 0:00001,and � = 0:005. The
distribution function C(x) is plotted in �gure 7. The di�erence betweenthe exact and the approximate values
of C(x) is plotted in �gure 8 (note the logarithmic scaleon the x axis). As expected,the approximate solution
is slightly more optimistic than the exact one (shown in �gure), since it assumesthat somecomputation is
performed in the two states that would otherwise be vanishing. Unfortunately, the presenceof extremely
small reward rates (six orders of magnitude smaller than the reward rates for the other states) causes
numerical problems in SHARPE. The valuesof C(x) obtained with the approximate method appear to be
correct only up to x = 103, then they becomeunstable, getting larger than the oneobtained using the exact
method.

Measuremen t-based performabilit y of a multipro cessor system

In [4], a performabilit y study of an IBM 3081 system is reported. The analysis involves three aspects:
performance,failure, and recovery behavior. The working statesare classi�ed into clusters, according to the
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H0 � EX P(10000:0)
H1 � :29EX P(:003)+ :71[EX P(:001039)? EX P(:0047974)]
H2 � :205EX P(:006)+ :54588EX P(:000995)+ :24912EX P(:0004539)
H3 � :385EX P(:004)+ :615[EX P(:002193)? EX P(:0059258)]
H4 � :073EX P(:002)+ :76988EX P(:001030)+ :15712EX P(:0002102)
H5 � :195EX P(:01) + :5238EX P(:001030)+ :2812EX P(:0005528)
H6 � :33EX P(:004)+ :67[EX P(:000998)? EX P(:014442)]
H7 � :35EX P(:005)+ :49119EX P(:002163)+ :15881EX P(:0006993)
H c � EX P(:19689)
He � :925039EX P(:044518)+ :074961EX P(:0036075)
Hd � :25EX P(:15) + :07EX P(:1) + :59296EX P(:014562)+ :08704EX P(:0021377)
Hm � EX P(:003817)? EX P(:0301092)
Hh � EX P(2:0)
H s � EX P(1:0)

Figure 9: Holding time distributions.

utilization of resources(CPU, channel, direct accessstorage). States 1 trough 7 correspond to the clusters.
When a failure arisesin a working state, it is loggedas a channel (c), software (e), or direct accessstorage
(d) error. Furthermore, a failure a�ecting several components is classi�ed as a multiple (m) error. When
the system enters state c, e, d, or m, a recovery processtries to restore the state of the system. Hardware
(h) and software (s) recovery can be attempted on line. If they fail, an o�ine (o) recovery is necessary
and the system is considereddown. It is observed that the failure behavior is dependent on the particular
working state. An extra state, 0, is added, to signify the periods of no data collection. A transition from
state 0 to state x meansthat the state is x at the beginning of an observation period. A transition from
state y to state 0 meansthat an observation period ended while the state was y. The state spaceis then
f 0; 1; 2; 3; 4; 5; 6; 7; c;e;d;m; h; s;og.

The processis assumedto be independent semi-Markovian and the holding time distributions for the
transient states are �tted to the stage-type distributions shown in �gure 9 (the holding time is independent
of the next state reached):

8i 2 S; H i (t) = prf Vk � t j X k = ig:

The transition probabilit y matrix P resulting from the observations is given in �gure 10. Note that state o
is the only absorbing state. Assume� 0 = 1. The following reward rates for the states are de�ned:

r0 = � � � = r 7 = 1; r c = :9946; r e = :2736; r d = :5708; r m = :2777; r h = r s = :0001; r o = 0

This examplewas also analyzedusing SHARPE. Each stage-type distribution was expanded,increasingthe
state space,but obtaining a CTMC as a result.

An observation of the transition and reward rates suggeststhat this model has two types of vanishing
states. The reward rates for states h and s are nearly 0, they would be speci�ed as 0 if SHARPE had a
provision for zero reward transient states (the systemgains no reward in them). The remaining states have
a non-negligible reward, but the holding time in state 0 is negligible in comparison to the one in the other
states. State 0 is indeedintro ducedasa deviceto represent the interruption of observation epochs, it simply
provides a probabilistic switch from the states having a transition to it (1; � � � ; 7; h; s) to the states reached
from it (1; 2; 4; � � � ; 7). State 0 is vanishing becausethe original processdoes not spend time in it (state 0
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0 1 2 3 4 5 6 7 c e d m h s o
0 � :135 :216 � :108 :351 :027 :163 � � � � � � �
1 :023 � :046 :015 :038 :045 :098 � :015 :227 :387 :106 � � �
2 :033 :054 � � :067 :034 :087 :013 :007 :262 :383 :060 � � �
3 :091 � :091 � :091 � � � � :091 :545 :091 � � �
4 :093 :004 :015 � � � :063 � :007 :232 :504 :082 � � �
5 :019 :170 :113 � :019 � :132 :057 :019 :151 :226 :094 � � �
6 :040 :022 :051 � :069 :011 � � :026 :208 :482 :091 � � �
7 :143 :143 :047 :048 � :047 :048 � � :143 :381 � � � �
c � � � � � � � � � � � � 1 � �
e � � � � � � � � � � � � :5 :5 �
d � � � � � � � � � � � � 1 � �
m � � � � � � � � � � � � :645 :355 �
h :018 :131 :142 :013 :322 :036 :307 :014 � � � � � :017 �
s :006 :159 :182 :007 :304 :046 :285 :008 � � � � � � :003
o � � � � � � � � � � � � � � 1

Figure 10: P, the transition probabilit y matrix of the original process.

1 2 3 4 5 6 7 c e d m o
1 :0031 :0510 :0150 :0405 :0531 :0986 :0037 :0150 :2270 :3870 :1060 �
2 :0585 :0071 � :0706 :0456 :0879 :0184 :0070 :2620 :3830 :0600 �
3 :0123 :1107 � :1008 :0319 :0025 :0148 � :0910 :5450 :0910 �
4 :0166 :0351 � :0100 :0326 :0655 :0152 :0070 :2320 :5040 :0820 �
5 :1726 :1171 � :0211 :0067 :1325 :0601 :0190 :1510 :2260 :0940 �
6 :0274 :0596 � :0733 :0250 :0011 :0065 :0260 :2080 :4820 :0910 �
7 :1623 :0779 :0480 :0154 :0972 :0519 :0233 � :1430 :3810 � �
c :1361 :1490 :0131 :3291 :0431 :3123 :0171 � � � � :00005
e :1480 :1662 :0101 :3169 :0456 :2987 :0130 � � � � :0015
d :1361 :1490 :0131 :3291 :0431 :3123 :0171 � � � � :00005
m :1445 :1612 :0109 :3204 :0449 :3027 :0142 � � � � :0011
o � � � � � � � � � � � 1

Figure 11: P̂ , the transition probabilit y matrix of the new process(entries are rounded).
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Figure 12: C [1 ](x) for 0 � x � 3 � 107.

is really an abstraction), not becauseits reward rate is zero, but the �nal e�ect is the same: ideally the
processdoesnot gain any reward in states 0, h, or s.

Using the notation previously intro duced, Ŝ = f 1; 2; 3; 4; 5; 6; 7; c;e;d;m; og. Since the original process
is independent, also the new processis independent, and, in addition, the holding time distributions for its
statesare obtained by stretching the corresponding original distributions on the horizontal axis (no mixture
distribution is generated):

8i 2 Ŝ n f og; Ĥ i (x) = H i (
x
r i

) and Ĥo(x) = Ho(x):

The transition probabilit y matrix P̂ (�gure 11) completesthe speci�cation of the new process.The matrix
P̂ was obtained applying (1) with the help of the MATLAB package[22].

The analysisof the newprocessis alsoperformedusingSHARPE, expandingthe stage-typedistributions,
as was done for the original process,but now matrix P̂ contains non-zero diagonal entries and this leads,
in the expandedCTMC, to arcs having coinciding sourceand destination. When this happens, the correct
CTMC is obtained by simply ignoring thesearcs (the holding time in the state or stageis increased).

The systemwas modeledwith the original description method using several setsof data, di�ering in the
choice of H0, rh , and r s, to observe how the results were a�ected (all the other speci�cations were as in
�gure 9). The choiceswere H 0 � EX P(10n ) and rh = r s = 10� n , for n = 1,2,4,6, and 8 (in �gure 9, n is
5). Let C [n](x) be the accumulated reward up to absorption computed this way, for n = 1,2,4,6,and 8.

The system was then modeled with the exact method, where states 0, h, and s are absent, obtaining
a distribution of the accumulated reward consistently more pessimistic than the previous ones. The exact
accumulated reward, C [1 ](x), is shown in �gure 12).

The absolute di�erences betweenC [1 ](x) and C [1](x), C [2](x), and C [4](x) respectively are reported in
�gure 13 (for small values of x, from 10 to 100 reward units) and in �gure 14 (for large values of x, up
to 3 � 107 reward units). As expected, the di�erences tend to be smaller (closer to 0) as n increases,but
raising n too much (n � 6) causesnumerical problems in SHARPE. Interestingly enough, C [4](x), whose
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Figure 13: From top to bottom, C [1 ](x) � C [1](x) , C [1 ](x) � C [2](x), and C [1 ](x) � C [4](x), for 10 � x � 100.

computation is numerically correct, is still consistently apart from C [1 ](x). The causeof this behavior is
the large number of visits to states 0,h, and s before absorption: state 0 has an extremely short holding
time, but its reward rate is 1; and states h and s have an extremely small reward rate, but their holding
times are not negligible. To obtain an almost perfect match with C [1 ](x) without numerical problems,both
the reward rate for state 0 and the sojourn times for states h and s had to be reduced. In other words,
it may be di�cult to obtain exact results using a \limiting" operation that will stress, if not compromise,
most numerical methods: it is safer, and generally faster, to explicitly eliminate the vanishing states.
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Figure 14: From top to bottom, C [1 ](x)� C [1](x) , C [1 ](x)� C [2](x), and C [1 ](x)� C [4](x), for 0 � x � 3�107.

7 Observ ations

Cum ulativ e time spent in a subset of states up to absorption

If the reward rates for the transient statesare restricted to be either 0 or 1, the reward rates for the absorbing
states are 0, and the set B � S n SA is de�ned as B = f i 2 S n SA ^ r i = 1g, then C(x) represents the
probabilit y that no more than x time units are globally spent in the statesof the subsetB beforeabsorption.
By changing the set of states having reward rate 1, di�eren t transformed processescan be obtained and
di�eren t aspects of the samesystem can be analyzed.

Extensions of the class of semi-Mark ov pro cessesconsidered

The proposed transformation has been applied to semi-Markov processeswith probabilit y of absorption
equal 1 and with state spaceS partitioned into two subsets, S n SA , composed of transient states with
non-negative reward rate, and SA , composed of absorbing states with zero reward rate. A more general
class of semi-Markov processescould be considered,partitioning the state spaceS into two subsets,SB ,
composedof transient states with positive reward rates, and S n SB , composedof states with zero reward
rates. States in S n SB may be recurrent, transient, or absorbing, as long as the states of SB are transient.
It is easy to see,though, that this is a trivial generalization, where a recurrent subset of states with zero
reward can be substituted for a single absorbing state with null reward rate.

Another classof semi-Markov processthat could �t the proposedapproach is exempli�ed by the process
f X (t); t � 0g having S = IN, 8i 2 IN, 8j 2 IN, Qi;j (t) � EX P(2i ), if j = i + 1, Qi;j (t) = 0 otherwise,
� 0 = 1, a classicalexampleof non-regular CTMC [23]. The properties of the processobtained applying the
transformation will be dependent on the reward rates assignedto each state. If we let r i = 1 8i 2 IN, the
transformed processf X̂ (x); x � 0g will be non-regular as well: its lifetime, and Y(1 ), will be �nite with
probabilit y 1. If, on the other hand, we let r i = 2i 8i 2 IN, the transformed processhas a sojourn time
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� EX P(1) in each state, henceit is regular: its lifetime, and Y(1 ), will be 1 with probabilit y 1.
Analogously, consideran initial processas before, but with Qi;i +1 (t) � EX P(1), an example of regular

CTMC where all states are transient. If we let r i = 1 8i 2 IN, the transformed processis regular and its
lifetime, and Y(1 ), are 1 with probabilit y 1. If instead we let r i = 2� i 8i 2 IN, the transformed process
hasa sojourn time � EX P(2i ) in state i , henceit is irregular and its lifetime, and Y(1 ), will be �nite with
probabilit y 1.

Absorbing states with positiv e rew ard rate

If a positivereward rate is assignedto an absorbingstate reachablefrom the initial state i , then E[Y (1 ) j X 0 =
i ] = + 1 . Furthermore, if the absorbing states SA are partitioned into SA 0 and SA + , the former containing
states with zero reward rate and the latter containing states with positive reward rate, then the value of

� i = prf Y (1 ) = + 1 j X 0 = ig = prf X̂ (1 ) 2 SA + j X 0 = ig = prf X (1 ) 2 SA + j X 0 = ig

will in
uence the subsequent analysis. If � i < 1, the conditional distribution of Y (1 ), given that the process
is absorbed in a state with zero reward rate and the initial state i , may be computed,

prf Y (1 ) � x j X 0 = i; X (1 ) 2 SA 0 g

as well as its expectation,
E [Y (1 ) j X 0 = i; X (1 ) 2 SA 0 ]

Once � i has been computed, the problem is reduced to the one previously discussedand it can be solved
with the sametechnique (� i is simply the massat 1 for a defective distribution).

Negativ e rew ard rates

A further complication arises in the presenceof negative reward rates, often present, for example, when
costs are considered. If some absorbing state has a negative reward rate, then SA must be partitioned
into SA � , SA 0 , and SA + . � �

i , � 0
i , and � +

i can be de�ned as the probabilities of being absorbed in each
subset respectively. If � 0

i > 0, the conditional distribution of Y (1 ) can be de�ned, as done in the previous
paragraph, but its computation is complicated by transient states with negative reward rate. If there is a
lower bound � b to the value of theserates, the reward rates of the transient states can be shifted by adding
b to them, so that they becomenon-negative. In particular, if S is �nite, b always exists.

As already mentioned in section 3, though, performing this shift is useful only to compute the expected
value of Y (1 ) using the relation

E [Y (1 ) j X 0 = i ] = E [Y(1 ) j X 0 = i ] � b M TTFi

but not to compute its distribution.

8 Conclusion

In this paper we have presented an algorithm for the computation of the accumulated reward in a semi-
Markov reward process. This is an extension of an algorithm proposed by Beaudry. The algorithm is
robust, since it allows for zero-reward states that are non-absorbing. The algorithm proceedsby replacing
zero-reward absorbing states by a probabilistic switch, thus it is related to the elimination of \v anishing"
states from the reachabilit y graph of a GeneralizedStochastic Petri Net [10] and to the elimination of fast
transient states in a decomposition approach to sti� Markov chains [11]. The usefulnessof the algorithm is
illustrated with several examples.
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App endix

Pro of of lemma 1: 8i 2 S0, 8n � 0,

prf Y (1 ) � x ; N (1 ) = n j X 0 = ig

=
X

j 2 S0 [ S1

Pi;j prf Y (1 ) � x ; N (1 ) = n j X 0 = j g

=
X

j 2 S0

Pi;j prf Y (1 ) � x ; N (1 ) = n j X 0 = j g +
X

j 2 S1

Pi;j prf Y (1 ) � x ; N (1 ) = n j X 0 = j g

De�ning the column vectors

U0 = [prf Y (1 ) � x ; N (1 ) = n j X 0 = ig] i 2 S0

U1 = [prf Y (1 ) � x ; N (1 ) = n j X 0 = ig] i 2 S1

we obtain
U0 = (I � P [00]) � 1P [01]U1 = M U1

and the �rst result follows. The secondresult is obtained summing over n.

Pro of of lemma 2: For n = 0, the two quantities are trivially equal to 0. For n � 1, the proof is made by
induction on n. Let i 2 ST , then, for n = 1,

prf X̂ (x) 2 SA ; N̂ (1 ) = 1 j X̂ 0 = ig =
X

j 2 SA

Q̂i;j (x)

and

prf Y (1 ) � x ; N (1 ) = 1 j X 0 = ig

=
X

h� 1

prf X h 2 SA ; 8n 0 < n < h X n 2 S0 ; V0 �
x
r i

j X 0 = ig

= prf X 1 2 SA ; V0 �
x
r i

j X 0 = ig

+
X

h� 2

prf X h 2 SA ; 8n 0 < n < h X n 2 S0 ; V0 �
x
r i

j X 0 = ig

=
X

j 2 SA

Qi;j (
x
r i

) +
X

l2 S0

X

h� 2

prf X h 2 SA ; 8n 1 < n < h X n 2 S0 ; X 1 = l ; V0 �
x
r i

j X 0 = ig

=
X

j 2 SA

Qi;j (
x
r i

) +
X

l2 S0

X

h� 2

prf X h 2 SA ; 8n 1 < n < h X n 2 S0 j X 1 = l ; V0 �
x
r i

; X 0 = ig

prf X 1 = l ; V0 �
x
r i

j X 0 = ig

=
X

j 2 SA

Qi;j (
x
r i

) +
X

l2 S0

Qi;l (
x
r i

)
X

h� 2

prf X h 2 SA ; 8n 1 < n < h X n 2 S0 j X 1 = lg

=
X

j 2 SA

Qi;j (
x
r i

) +
X

l2 S0

Qi;l (
x
r i

)
X

h� 1

prf X h 2 SA ; 8n 0 < n < h X n 2 S0 j X 0 = lg

=
X

j 2 SA

Qi;j (
x
r i

) +
X

j 2 SA

X

l2 S0

Qi;l (
x
r i

)M l ;j

=
X

j 2 SA

Q̂i;j (x)
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Supposenow the lemma true for 1,2,� � �,n � 1 and let n > 1.

prf X̂ (x) 2 SA ; N̂ (1 ) = n j X̂ 0 = ig

=
X

j 2 S1

Z x

0
prf X̂ (x � u) 2 SA ; N̂ (1 ) = n � 1 j X̂ 0 = j gdQ̂i;j (u)

=
X

j 2 ST

Z x

0
prf Y (1 ) � x � u ; N (1 ) = n � 1 j X̂ 0 = j gdQ̂i;j (u)

=
X

j 2 ST

Z x

0
prf Y (1 ) � x � u ; N (1 ) = n � 1 j X̂ 0 = j gdQi;j (

u
r i

)

+
X

j 2 ST

Z x

0
prf Y (1 ) � x � u ; N (1 ) = n � 1 j X̂ 0 = j g

X

l2 S0

M l ;j dQi;l (
u
r i

)

prf Y (1 ) � x ; N (1 ) = n j X 0 = ig

=
X

j 2 S1

Z x
r i

0
prf Y (1 ) � x � r i u ; N (1 ) = n � 1 j X 0 = j gdQi;j (u)

+
X

j 2 S0

Z x
r i

0
prf Y (1 ) � x � r i u ; N (1 ) = n � 1 j X 0 = j gdQi;j (u)

=
X

j 2 ST

Z x
r i

0
prf Y (1 ) � x � r i u ; N (1 ) = n � 1 j X 0 = j gdQi;j (u)

+
X

j 2 S0

Z x
r i

0

X

l2 ST

M j ;l prf Y (1 ) � x � r i u ; N (1 ) = n � 1 j X 0 = lgdQi;j (u) using Lemma 1

=
X

j 2 ST

Z x

0
prf Y (1 ) � x � u ; N (1 ) = n � 1 j X 0 = j gdQi;j (

u
r i

)

+
X

j 2 S0

Z x

0

X

l2 ST

M j ;l prf Y (1 ) � x � u ; N (1 ) = n � 1 j X 0 = lgdQi;j (
u
r i

)

=
X

j 2 ST

Z x

0
prf Y (1 ) � x � u ; N (1 ) = n � 1 j X 0 = j gdQi;j (

u
r i

)

+
X

j 2 ST

Z x

0
prf Y (1 ) � x � u ; N (1 ) = n � 1 j X 0 = j g

X

l2 S0

M l ;j dQi;l (
u
r i

)

Pro of of lemma 3 Distinguish three cases:
If i 2 ST ,

Ci (x) =
X

n� 0

prf Y (1 ) � x ; N (1 ) = n j X 0 = ig

=
X

n� 0

prf X̂ (x) 2 SA ; N̂ (1 ) = n j X̂ 0 = ig using Lemma 2

= F̂i (x)

If i 2 SA , Ci (x) = F̂i (x) = 1.

If i 2 S0,

Ci (x) =
X

j 2 S1

M i;j Cj (x) using Lemma 1

=
X

j 2 S1

M i;j F̂j (x)
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